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PREFACE. 



This treatise on the Special or Elementary Oeometry consists of 
four parts. 

Part I. is designed as an introduction. In it the student is made 
familiar with the geometrical concepts, and with the fundamental 
definitions and facts of the science. The definitions here given, are 
given once for all. It is thought that the pupil can obtain his first 
conception of a geometrical fact, as well, at least, from a correct, 
scientific statement of it, as from some crude, colloquial form, the 
language of which he will be obliged to replace by better, after the 
former shall have become so firmly fixed in his mind, as not to be 
easily eradicated. No attempt at demonstration is made in this part, 
although most of the fundamental facts of Elementary Plane Geom- 
etry are here presented, and amply and familiarly illustrated. This 
course has been taken in obedience to the canon of the teacher's art, 
which prescribes " facts before theories." Moreover, such has been 
the historic order of development of this, and most other sciences ; 
viz., the/bc^s have been known, or conjectured, long before men have 
been able to give any logical account of them. And does not this 
indicate what may be the natural order in which the individual mind 
will receive science ? When the student has become familiar with 
the things (concepts) about which his mind is to be occupied, and 
knows some, of the more important of their properties and relations, 
he is better prepared to reason upon them. 

Part II. contains all the essential propositions in Plane, Solid, and 
Spherical Geometry, which are found in our common text-books, with 
their demonstrations. The subject of triedrals and the doctrine of 
the sphere are treated with more than the ordinary fullness. The 
earlier sections of this part are made short, each treating of a single 
subject, and the propositions are made to stand out prominently. At 
the close of each section are Exercises designed to illustrate and 
apply the principles contained in the section, rather than to extend 
the pupil's knowledge of geometrical facts. These features, together 
with the synopses at the close of the sections, practical teachers can- 
not fail to appreciate. 

Part III., which is contained only in the University Edition, has 
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been written with special reference to the needs of students in the 
University of Michigan. Our admirable system of public High- 
Schools, of which schools there is now one in almost every consid- 
erable village, promises ere long to become to us something near 
what the German Gymnasia are to their Universities. In order to 
promote the legitimate development of these schools, it is necessary 
that the University resign to them the work of instruction in the 
elements of the various branches, as fast and as far as they are pre- 
pared in sufficient numbers to undertake it. It is thought that 
these schools should now give the instruction in Elementary Geom- 
etry, which has hitherto been given in our ordinary college course. 
The first two parts of this volume furnish this amount of instruc- 
tion, and students are expected to pass examination upon it on their 
entrance into the University. This amount of preparation enables 
students to extend their knowledge of Geometry, during the Fresh- 
man year in the University, considerably beyond what has hitherto 
been practicable. As a text-book for such students, Part III. has 
been written. At this stage of his progress, the student is prepared 
to learn to investigate for himself. Hence he is here furnished with 
a large collection of well classified theorems and problems, whicli 
afford a review of all that has gone before, extend his knowledge of 
geometrical truth, and give him the needed discipline in original 
demonstration. To develop the power of independent thought, is 
th^ most difficult, while it is the most important part of the teach- 
er's work. Great pains have therefore been taken, in this part 
of the work, to render such aid, and only such, as a student ought to 
require in advancing from the stage in which he has been follow- 
ing the processes of others, to that of independent reasoning. In 
the second place, this part contains what is usually styled Applica- 

. tions of Algebra to Oeometry, with an extended and carefully selected 
range of examples in this important subject. A third purpose has 
been to present in this part an introduction to what is often spoken 

• of as the Modern Oeometry, by which is meant the results of modern 
thought in developing geometrical truth upon the direct method. 
While, as a system of geometrical reasoning, this Geometry is not 
philosophically different from that with which the student of Euclid 
is familiar, and which is properly distinguished as the special or dii^ect 
method, the character of the facts developed is quite novel. So 
much so, indeed, that the student who has no knowledge of Geometry 
but that which our common text-books furnish, knows absolutely 

. Qothins: of the domain into which most of the brilliant advances of 



PREFACE. Y 

the present century have been made. He knows not even the terms 
in which the ideas of such writers as Poncelet, Chasles, and Sal- 
mon, are expressed, and he is quite as much a stranger to the thought. 
In this part are presented the fundamental ideas concerning LocU 
Symmetry, Maxima and Minima, Isoperimeiry, the theory of Trans- 
versals, Afiharmonic Ratio, Polars, Radical Aooes, and other modern 
views concerning the circle. 

Part IV. is Plane and Spherical Trigonometry, with the requisite 
Tables. While this Part, as a whole, is much more complete than the 
treatises in common use in our schools, it is so arranged that a shorter 
course can be taken by such as desire it. Thus, for a shorter course in 
Plane Trigonometry, see Note on page 55. In Spherical Trigono- 
metry, the first three sections, either with or without the Introduc- 
tion on Projection, will afford a very satisfactory elementary course. 

A few words as to the manner in which this plan has been executed, 
may be important. In general, the Definitions are those usually given, 
with such slight alterations as have been suggested by reflection and 
experience. There are, however, a few exceptions. Among these is 
the definition of an Angle. I can but regard the attempt to define 
an angle as The difference in direction between two lines, or Hie 
amount of divergence, as needlessly vague, abstract, and perplexing 
to a student, as well as questionable on philosophical grounds. The 
definition given in the text will be seen to be, at bottom, the old 
one, the conception being slightly altered to bring it into more close 
connection with common thought, and also with the idea of an angle 
as generated by the revolution of a line. As to Parallels, and the 
definition of similarity, my experience as a teacher is decidedly in 
fisivor of retaining the old notions. So also in adopting a definition 
of a Trigonometrical Function, I am compelled to adhere to the 
geometrical conception. A ratio is a complex concept, and conse- 
quently not so easy of application as a simple one. For this reason, 
among others, I prefer the differential to the differential coefficient, 
in the calculus, and a line to a ratio, in Trigonometry. Moreover, I 
have found that students invariably rely upon the geometrical con- 
ception, even when first taught the other ; hence I am not surprised 
that all our writers who define a trigonometrical function as a ratio, 
hasten to tell the pupil what it means, by giving him the geometrical 
illustrations. Nor are the superior facility which the geometrical 
conception affords for a full elucidation of the doctrine of the signs 
of the functions, and its admirable adaptation to fix these laws in the 
mind, considerations to be lost sight of in selecting the definition. 
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Surely no apology is needed, at the present day, for introducing 
the idea of motion into Elementary Geometry, notwithstanding the 
rigorous and disdainful manner with which its entrance was long re- 
sisted by the old Geometers. And, having admitted this idea, the 
conception of loci as generated by motion would seem to follow as a 
logical necessity. In like manner, I take it, the Infinitesimal 
method must come in. Its directness, simplicity, and necessity in 
applied mathematics, demand its recognition in the elements. In 
two or three instances, I have presented the reductio ad absurdum, 
where the methods are equivalents, and have always in presenting the 
infinitesimal method woven in the idea of limits, which I conceive to 
be fundamentally the same as the infinitesimal. Thus we bring the 
lower and higher mathematics into closer connection. 

The oi'der of arrangement in Plane Geometry (Chap. I.), is thought 
to be simple, philosophical, and practicaL A glance at the table of 
contents will show what it is. This arrangement secures the 
very important result, that each section presents some particulai 
method of proof and holds the student to it, until it is familiar. 
True, it requires that a larger number of propositions be demonstrated 
from fundamental truths ; but who will consider this an objection ? 

To such as consider it the sole province of geometrical demonstra- 
tion, to convince the mind of the truth of a proposition, not a few 
theorems in these and ordinary pages must seem quite superfluous. To 
them. Prop. I., page 121, may aflford some merriment. But those who, 
with myself, consider Geometry as a branch of practical logic, the 
aim of which is to detect and state the steps which actually lie be- 
tween premise and conclusion, will see the propriety of such demonstra- 
tions; and for each individual of the other class, a separate treatise 
will be needed, since no two minds will intuitively gi*ant exactly the 
same propositions. 

To Ex-President Hill, of Harvard, I am indebted for the confir- 
mation of an opinion which had been previously forming in my mind, 
that the study of Geometry as a branch of logic, should be preceded 
by a presentation of its leading facts. The works of CoMPAGNOiq^, 
Tappan, and our lamented countryman, Chauvenet, have been 
within reach during the entire work of preparation, and this volume 
would have been different, in some respects, if any one of these able 
treatises had not appeared before it. 

In the preparation of Part III. the works of Eouohb et Combb- 
BOUSSE and Mulcahy have been freely used. For the very concise 
and elegant form in which the principle of Delambre, for the pre- 
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cise calculations of Trigonometrical Functions near their limits, is 
embodied in Table III., I am indebted to the recent work of Presi- 
dent Eli T. Tappan, of Kenyon College, Ohio. 

My long and intimate intercourse with Professor G. B. Merbiman, 
now of the department of Physics in the University, has been a 
source of great profit to me in the preparation of the entire work. 
His sound, practical judgment as a teacher of Geometry, and culti- 
vated taste and skill as a Mathematician, have been ever at my ser- 
vice, and have done more than I can tell, in giving form to the work, 

both as respects its matter and its spirit. 

Edward Olkey. 

Uniykrsity of Michigan, 

Ann Arbor, January, 1872. 
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SECTION I 

LOGICO-IHATHEMATICAL TERMS.* 

1. A Proposition is a statement of something to be considered: 
or done. 

III. — Thus, the common statement, "Life is short," is a proposition; so, 
also, we make, or state a proposition, when we say, " Let us seek earnestly after 
truth." — ** The product of the divisor and quotient, plus the remainder, equals-^ 
the dividend," and the requirement, ** To reduce a fraction to its lowest terms," 
are examples of Arithmetical propositions. 

2. Propositions are distinguished as Axioms^ Theorems, LemmaSy, 
Corollaries, Postulates, and Problems. 

3. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

III. — Thus, " A part of a thing is less than the whole of it," " Equimultiples 
of equals are equal," are examples of axioms. If any one does not admit the 
truth of axioms, when he understands the terms used, we say that his mind is 
not sound, and that we cannot reason with him. 

4. A Theorem is a proposition which states a real or supposed, 
fact, whose truth or falsity we are to determine by reasoning. 

III. — ** If the same quantity be added to both numerator and denominator 
of a proper fraction, the value of the fraction will be increased," is a theorem. 
It is a statement the tnith or falsity of which we are to determine by a course - 
of reasoning. 



* That ii>, terms need in the science in consequence of its lo|?ical character. The science a^ 
the Pure Mathematics maf be considered as a department of practical logic. 
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5. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells how a thing is done : a demon- 
stration tells why it is so done. A demonstration is often called 
proof. 

6. A Lemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 

III. — Thus, in order to demonstrate the rule for finding the greatest common 
divisor of two or more numbers, it may be best first to prove that " A divisor 
of two numbere is a divisor of their sum, and also of their difference." This 
theorem, when proved for such a purpose, is caUed a Lemma. 

The term Lemma is not much used, and is not very important, since most 
theorems, once proved, become in turn auxiliary to tlie proof of othere, and 
hence might be called lemmas. 

7. A Corollary is a subordinate theorem which is suggested, 
or the truth of which is made evident, in the course of the demon- 
stration of a more general theorem, or which is a direct inference 
from a proposition. 

III. — Thus, by the discussion of the ordinary process of performing subtrac- 
tion in Arithmetic, the following Corollary mighi be suggested: "Subtraction 
may also be performed by addition, as we can readily observe what number 
must be added to the subtrahend to produce the minuend." 

8. A Postulate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

III. — Quantities of the same kind can be added together. 

9. A Problem is a proposition to do some specified thing, and 
is stated with reference to developing the method of doing it. 

III. — A problem is often stated as an incomplete sentence, as, " To reduce 
fractions to a common denominator." — This incomplete statement means that 
^ We propose to show how to reduce fractions to a common denominator." 
Again, the problem " To construct a square," means that " We propose to draw 
a figure which is called a square, and to tell how it is done." 

10* A JRvle is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 
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11» A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

12. A Scholium is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it. 

III. — Thus, after having discussed the subject of multiplication and division 
In Arithmetic, the remark that ** Division is the conveiBe of multiplication," is 
a scholium. 



SYNOPSIS. 



Subject of the section. 

Proposition. lU, 

Varieties of propositions. 

Axiom. lU, 

One who wiU not admit the truth 

of axioms. 
Theorem. lU, 
Demonstration. Difference between 

a solution and a demonstration. 



Lemma. lU. Why the term is unim- 
portant. 
Corollary. lU. 
Postulate. III. 
Problem. How stated. ISL 
Rule. 
Solution. 
Scholium. HL 
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THE GEOMETRICAL CONCEPTS.* 



POINTS. 

13. A Point is a place without size. Points are designated by 
letters. 

III. — If we wish to designate any particular point (place) on the paper, we 
put a letter by it, and sometimes a dot on it. Thus, 
in Fi^, 3, the ends of the line, which are points, are 
designated as ** point A," " point D ;" or, simply, 
as A and D. The points marked on the line are 

designated as " point B," " point C," or as B and ^ 

C. F and E are two points above the line. 
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Fig. 3. 
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* A concept is a thing tbonprfat abont ;— a thought-object. Thup, in Arithmetic, namber is 
the concept ; in Botany, plants ; in Geometry, as will appear in this section, point9^ Uxvq,«>^^\A 
eolids. Theee may atoo be said to constitate the «u((ject-maUer ot \\i« «&V&\x<c«&. 
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LINES. 

Id. A Idne is the path of a point in motion. Lines are repre- 
sented upon paper by marks made with a pen or pencil, the point of 
the pen or pencil representing the moving point. A line is desig- 
nated by naming the letters written at its extremities, or somewhere 
upon it. 



III. — 



In each 



B 



case in "Fig. 4, conceive a point to start from A and move along 
the path indicated by the mark to B. The path 
thus traced is a line. Bince a true 'point has no 
size, a line has no breadth^ though the marks by 
which we represent lines have some breadth. 
The first and third lines in the figure are each 
designated as *'the line AB." The second line 
is considered as traced by a point starting from 
A and coming around to A again, so that B and A 
coincide. This line may be designated as the 
line Aw/iA, or AmnB, In the fourth case, there 
are three lines represented, which are designated, 
respectively, as AwB, AwB, and AcB; or, the 
last, as AB. 

15. Lines are of Two Kinds, 

Straight and Curved, A straight line is 
also called a Right Line. A curved line 
is often called simply a Curve, 

16. A Straight lAne"^ is a line 
„ , traced by a point which moves constantly 

m the same direction. 




17. A Curved Line is a line traced by a point which con- 
stantly changes its direction of motion. 

iLL'a — Thus in 1, Fig. 4, if the line AB is conceived as traced by a point 
moving from A to B, it is evident that this point moves in the same direction 
throughout its course; hence AB is a straight line. If a body, as a stone, be 
let fall, it moves constantly toward the centre of the earth ; hence its path 
represents a straight line. If a weight be suspended by a string, the string 
represents a straight line. Considering the line represented by AiB, Fig. 4, as 
the path of a point moving from A to B, we see that the direction of motion is 
constantly changing. For example, if this were a line traced on a map, we 



* The word *' line *' used alone eifniifies *' straight line. 
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w^illd say, that, startiDg from A, the pomt begins to move nearly north, but 
keeps changing its direction more and more toward the east, until at 8 it moves 
directly cast; and from 3 it continues to change its course and moves 
more and more toward the south, till at i it is moving directly south. The 
same general tinith is illustrated in 2 and 4, Fig, 4. The path of a ball thrown 
into the air, in any direction except directly up, represents a curved line. Most 
of the lines seen in nature are curved, as 
the edges of leaves, the shore of a river 
or lake, etc. Sometimes a path like that 
represented in JP^, 5 is called, though im- 
properly, a Broken Line, It is not a line 
at all ; that is, not one line : it is a series of straight lines. 




SURFACES. 

18. A Surface is the path of a line in motion.* 

19. Surfaces are of Two Kinds^ Plane and Curved. 

20. A Plane Surface^ or simply a Plane, is a surface with 
which a straight line may be made to coincide in any direction. 
Such a surface may always be conceived as the path of a straight 
line in motion. 

21. A Curved Surface is a surface in which, if lines are 
conceived to be drawn in all directions, some or all of them will 
be curved lines. 

Ill's. — Let AB, Fig. 6, be supposed to move to the right, so that its extremi- 
ties A and 6 move at the same rate and in the 
same direction, A tracing the line AD, and 6, the 
line BC. The path of the line, the figure ABCD, 
is a surface. This page is a surface, and may be 
conceived as the path of a line sliding like a ruler 
from top to bottom of it, or from one side to the 
other. Such a. path will have length and breadth, 
being in the latter respect unlike a line, which has ^** ^• 

only length. 

As a second illustration, suppose a fine wire bent into the form of the 
curve AmB, Fig. 7, and its ends A and B stuck into a rod, XY. Now, taking the 
rod XY in the fingers and rolling it, it is evident that the path of the line 
represented by the wire A??iB, will be the surface of a ball (sphere). 

* Should it be raid that irrej^lar sar&cce are not incladed in thie definition, the sufficient 
reply i9, that ench snrfiices are not eubjectei of Geometrical investigation, except approzi' 
mately, by means of regular -snrfEices. 
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Again, suppose the rod XY be placed on the surface of this pape^ so 

that the wire AmB shall stand straight up 
from the paper, just as it would be if we 
could take hold of the curve at m and raise 
it right up, letting XY lie as it does in the 
figure. Now slide the rod straight up or 
down the page, making both ends moye at the 
same rate. The path of AmB will be like the 
surface of a hjilf-round rod (a semi-cylinder). 

Thus we see how surfaces plane and curved may be conceived as the paths of 

lines in motion. 




X A 



B Y 



FiQ. 7. 
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Fio. 8. 



Ex. 1. If the curve A?iB, Fig. 8, 
be conceived as revolved about 
the line XY, the surface of what 
object will its path be like ? 




Ex. 2. If the figure OMNP, Fig. 9, be 
conceived as revolved about OP, what kind 
of a path will MN trace? What kind of 
paths will FN and OM trace? 

AuB. One path will be like the surface 
of a joint of stove-pipe, i. e., a cylindrical 
surface ; and one will be like a flat wheel, 
i. e.y a circle. 



Fie. 9. 



Ex. 3. If you fasten one end of a cord at a point in the ceiling and 
hang a ball on the other end, and then make the ball swing around 
in a circle, what kind of a surface will the string describe ? 

[Note. — The student is not necessarily expected to give the geometrical 
name of the surface, but rather to tell in his own way what it is like, so as to 
make it clear that he conceives the thing itself.] 

Ex. 4. If you were to draw lines in all directions on the surface of 
the stove-pipe, might any of them be straight ? Could all of them 
be straight ? What kind of a surface is this, therefore ? 

Ex. 5. Can you draw a straight line on the surface of a ball ? On 
the surface of an egg ? What kind of surfaces are these ? 

Ex. 6. When the carpenter wishes to make the surface of a board 
perfectly flat, he takes a ruler whose edge is a straight line, and lays 
this straight edge on the surface in all directions, watching closely 
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to see if it always touches. Which of our definitions is he illus- 
trating by his practice ? 

Ex. 7. When the miller wishes to make flat the surface of one of 
the large stones with which wheat is ground into flour, he sometimes 
takes a ruler with a straight edge, and smearing the edge with paint, 
applies it in all directions to the surface, and then chips off the stone 
where the paint is left on it. What principles is he illustrating ? 

Ex. 8. How can you conceive a straight line to move so that it 
shall not generate a surface ? 



ANGLES. 

22. A Flane Angle^ or simply an AngUy is the opening be- 
tween two lines which meet each other. The point in which the 
lines meet is called the veirtex^ and the lines are called the sides. 
An angle is designated by placing a letter at its vertex, and one at 
each of its sides. In reading, we name the letter at the vertex when 
there is but one vertex at the point, and the three letters when there 
are two or more vertices at the same point. In the latter case, the 
letter at the vertex is put between the other two. 

III. — In common language an 
angle is called a comer. The 
opening between the two lines 
A6 and AC, in which the figure 1 
stands, is called the angle A ; or, 
if we choose, we may call it the 
angle BAC. At L there are two 
veilices, so that were we to say 
the angle L, one would not know 
whether we meant the angle (cor- 
ner) in which 4 stands, or that in 
which 5 stands. To avoid this 
ambiguity, we say the angle HLR 
for the former, and RLT for the 
latter. The angle ZAY is tlie cor- 
ner in which 11 stands ; that is, 
the opening between the two 
lines AY and AZ. In designating 
an angle by three letters, it is im- 
material which letter stands first 
so that the one at the vertex is 
pat between the other two. Thus, 
PQS and SQP are both designa- 
tloDS of the angle in which 6 
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stands. An angle is also frequently designated by putting a letter or figure in 
it and near the vertex. 

23. The Size of an Angle depends upon the rapidity with 
which its sides separate, and not upon their length. 

III. — The angles BAG and MON, Fig. 10, are equal, since the sides separate 
at the same rate, although the sides of the latter are more prolonged than those 
of the former. The sides DF and DE separate faster than AB and AC, hence the 
angle EOF is greater than the angle BAC. 

24:. Adjacent Angles are angles so situated as to have a com- 
mon vertex and one common side lying between them. 

III. — In Fig, 10, angles 4 and 5 are adjacent, since they have the common 
vertex L, and the common side LR. Angles d and 10 are also adjacent, as are 
also 8 and 9. 

25. Angles are distinguished as Right Angles and Oblique Angles. 
Oblique angles are either Acute or Obtuse. 

26. A Right Angle is an angle included between two straight 
lines which meet each other in such a manner as to make the adja- 
cent angles equal. An Acute Angle is an angle which is less 
than a right angle, i. e., one whose sides separate less rapidly. 
An Obtuse Angle is an angle which is greater than a right angle, 
•i e.y one whose sides separate more rapidly. 
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III. — As in common language an angle is called 
a comer y so a right angle is called a square comer ; 
an acute, a «Aarp comer; and an obtuse angle might 
be called a blunt corner. In Fig. 11, BAC and 
DAB are right angles. In Fig. 10, 1, 2, 3, 5, 8, 9, 
and 10 are acute angles, 4 and 6 are obtuse, and 7 is 
a right angle. 



A c 

Fig. 11. 



A SOLID. 



27. A Solid is a limited portion of space. It may also be con- 
ceived as the path of a surface in motion. 

III. — Suppose you have a block of wood like that represented in Fig. 12, 
with all its comers (angles) square corners (right angles). Hold it still in your 
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fingers a moment, and fix your mind 
upon it Now take the block away and 
think of the space (place) where it was. 
This space will be of just the same form 
as the block of wood, and by a little ef- 
fort you can think of it just as well as of 
the wood. This space is an example of 
what we call a SoUd in Geometry. In 
fiict, the solids of Geometry are not solids ^lo- ^^^ 

at all in the common sense of solids ; they are only just places of certain shapes. 

Again, hold your ball still a moment in your fingers and then let it drop, and 
think of the place it filled when you had it in your fingers. It is this place, 
shaped just like your ball, that we think about, and talk about as a sdid^ in 
Geometry. 

In order to see how a solid may be conceived as the path of a surface, sup- 
pose you cut out a piece of paper of just the same size as the end of the block 
represented in Fig. 12. Let ABCD represent this piece of paper. Now, holding 
the paper in a perpendicular position, as ABCD is represented in the figure, 
move it along to the right, so that its angles shall trace the lines AC, BH, DE, 
and CF. When the paper has moved to the position CHFE, its path will be 
just the same space as the block of wood occupied. This path, or the space 
through which the sm*face represented by the piece of paper moved, is the solid. 

Ex. 1. If a semicircle is conceived as revolved around its diameter, 
what is the path through which it moves ? See Fig, 7. 

Ex. 2. If the surface OMNP, Fig, 9, is conceived as revolved around 
OP, what is the path through which it moves ? 

Caution. — ^The student needs to be careful and distinguish between the 
surface traced by the Une MN, and the solid traced by the surface OMNP. 

Ex. 3. If the surface represented by ABC be con- ^ 
ceived as revolved about its side CA, what kind of 
a solid is its path ? 

[Note. — As has been said before, the student is not 
necessarily expected to name these solids, but rather to 
show, in his own language, that he has the conception.] 

Ex. 4. As you fill a vessel with water, what is the a 
solid traced by the surface of the water ? 
Ans. The same as the space within the vessel. 
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Ex. 5. If a circle is conceived as lying horizontally, and then 
moved directly up, what will be the solid described, ^. e,, its path ? 
Do not confound the surface described with the solid. What de- 
scribes the surface ? What the solid ? 
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EXTENSION AND FOBUL 

28. JBbctension means a stretching or reaching out. Hence, a 
Point has no extension. It has only position (place). A Line 
stretches or reaches out, but only in length, as it has no width. 
Hence, a line is said to have Ofie Dimension, viz., length. A Surface 
extends not only in length, but also in breadth ; and hence has 
Two Dimensions, viz., length and breadth. A Solid has Three Di- 
mensionSy viz., length, breadth, and thickness. 

III. — Suppose we thiuk of a point as capable of stretching out (extend leg) 
in one direction. It would become a line. Now suppose the line to stretch out 
(extend) in another direction — to widen. It would become a surface. Finally, 
suppose the surface capable of thickening, that is, extending in another direc- 
tion. It would become a solid. 

29* The Limits (extremities) of a line are points. 
The Limits (boundaries) of a surface are lines. 
The Limits (boundaries) of a solid are surfaces. 

30. Magnitude (size) is the result of extension. Lines, sur- 
faces, and solids are the geometrical magnitudes. A point is not a 
magnitude, since it has no size. The magnitude of a line is its 
length ; of a surface, its area ; of a solid, its volume. 

31. Figure or Form (shape) is the result of position of 
points. The form of a line (as straight or curved) depends upon the 
relative position of the points in the line. The form of a surface (as 
plane or curved) depends upon the relative position of the points 
in it. The form of a solid depends upon the relative position of the 
points in its surface. Lines, surfaces, and solids are the geometrical 
figures.* 

III. — In Mg, 14, it is easy to conceive the form of the lines by knowing the 

position of pointa in the lines. By taking a 

quantity of common pins of different lengths, 
sticking them upright in a board, and conceiv- 
ing the heads to represent points in a surface, 
we can readily see how the position of the points 
in a surface determine its form. 
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Ex. 1. Suppose a line to begin to con- 



* Linee, Bnrfacei*. and solids are called ma^nitudefl when reference is had to their extent, 
and figores when reference is had to their /on». 
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tract in length, and continue the operation till it can contract no 
longer, what does it become ? That is, what is the minor limit of a 
line? 

Ex. 2. If a surface contracts in one dimension, as width, till it 
reaches its limit, what does it become ? If it contracts to its limit 
in both dimensions, what does it become ? 

Ex. 3. If a solid contracts to its limit in one dimension, what does 
it pass into ? K in two dimensions ? If in three dimensions ? 

Ex. 4. What kind of a surface is that, every point in which is 
equally distant from a given point ? 

32* Geometry treats of magnitude and form as the result of 
extension and position. 

The Geometrical Concepts are points, lines, surfaces (including 
plane and spherical angles), and solids (including solid angles). 

The Object of the science is the measurement and comparison of 
these concepts. 

Plane Oeometry treats of figures all of whose parts are confined to one plane. 
8oUd Geometry ^ called also Qeoinetry of Space, and Oeometry of Three Dimenmm^ 
treats of figures whose parts lie in different planes. The division of Part II. 
into two chapters is founded upon this distinction. In the Higher or QeneraX 
G^eometry these divisions are marked by the terms " Of Loci in a Plane,'^ and 
'' €f Lod in Spcuie:' 

SYNOPSIS. 

What. — How designated. — 111. 



i What.— How c 

Point ....•{ Dimensions of. 

( Limit of Line.- 



-Surface. — Solid. 
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What. 

How designated. 
Dimensions of. 
Limit of Surface. 

( Straight.— Whflt—72f. 
Kinds { Curved.— What.— m 

( Broken (?). 

What 

Dimensions ofl 

Limit of Solid. 

irs^^o S Plane.— What— iK. 

Jimos ^ Curved.— What— i«. 

I What — Size depends on what— Adjacent. 
, Angle \ ( Right— What.— m 

( Kinds \ rihUnna J Acute.-^ 



\ rkKi;^«^ i Acute.— What— iW. 
( Obbque j obtuse.-What-ia. 

Solid What — lU. — Examples. 

frp^ « (Magnitude. — What — Result of what 

iTeats oi ^ Figure or form.— What— Result of what. 

Concepts.- What 
Object— WhRt. 
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A FEW OF THE MORE IMPORTANT FACTS OF THE 

SCIENCE. 
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SECTION I. 

ABOUT STRAIGHT LINES. 

33. Pvoh. — To measure a straight line with the dividers and 
scale. 

Solution. — ^Let AB, Fig. 15, be the line to be measured. Take the dividers, 

. Fig. 2 (frontispiece), and placing 

the sharp point A firmly upon 

Ck iQ the end A of the line AB, open 

the dividers till the other point 
B (the pencil point) just reaches 
the other end of the line B. 
Then letting the dividera re- 

I' — iK main open just this amount, 

^'°* ^^' place the point A on the lower 

end of the left hand scale, as at o^ Fig, 1, and notice where the point B reaches. 
In this case it reaches 3 spaces beyond the figure 1. Now, as this scale is 
Inohes and tenUia of inches,* tlie line AB is 1.3 inches long. 

ilx. 1. What is the length of CD ? Ans. .15 of a foot. 

Ex. 2. What is the length of EF ? Ans, .75 of an inch. 

Ex. 3. What is the length of CH ? Ans, 1^ inches. 

Ex. 4. What is the length of IK ? Ans. .18 of a foot. 

Ex. 5. Draw a line 3 inches long. 
Ex. 6. Draw a line 2.15 inches long. 
Ex. 7. Draw a line 1.25 inches long. 
Ex. 8. Draw a line .85 of an inch long. 



* The next scale «^o the right is divided into lOths and lOOtbs of a foot. Thus fromp to IC 
1 tent>i of t foot 4sA the smaller divisions are hundredths. 
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[NoTB. — Suppose a fine elastic cord were attached by each of its ends to the 
points A and B of the dividers ; when they were opened so as to reach from 
C to D, Fig. 15, the cord would represent the line CD. Now applying the di- 
viders to the scale is the same as laying this cord on the scale. Without the 
cord, we can imagine the distance between the points of the dividers to be a line 
of the same length as CD.] 

Ex. 9. Find in the same way as above the length and width of this 
page. Also the distance from one corner (angle) to the opposite one 
(the diagonal). 
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34:. Frob. — To find the sum of two lines. 

Solution.— To find the sum of AB and CD, I * first draw the indefinite line 
Ex, With the dividers I obtain the length of AB, by placing one point on A 

and extending the other to B. /^i 'B 

This length I now lay off on the 
indefinite line Ex, by putting one 

point of the dividers at E and E' + g x 

with the other marking the point Fio. lo. 

F. EF is thus made equal to AB. 

In the 6ame manner taking the length of CD with the dividers, I lay it off from 

F on the line Fa;. Thus I obtain EC=EF + FC=AB + CD. Hence, the sum of 

AB and CD is EG. 

[NoTK — The student may measure EG by (33) and find the sum of AB and 
CD in inches or feet ; but it is most important that he be able to look upon EG 
as the sum itself.] 

Ex. 1. Find the sum of AB and EF, Fig, 15. 
Ex. 2. Find the sum of EF, CD, and GH, Fig. 15. 

Ex. 3. Make a line twice as long as CD, Fig. 16. Three times as 
long. 



35. Prob. — To find the difference of tioo lines. 

Solution. — To find the difference of AB and CD, I take the length of the 
less line AB with the dividera ; and placing 
one point of the dividers at one extremity 

of CD, as C, make Ze = AB. Then is eO ci • ^ — 'D 

the difference of AB and CD, since eO = Fig. 17. 

CD - Ctf = CD - AB. 

Ex. 1. Find the difference of IK and EF, Fig. 15. 
Ex. 2. Find the difference of GH and CD, Fig, 15. 

* Thete elementary eolutiona are e^ometimeB put in the eingular^ aa the motQ«>VsQc^V&^Vi\%* 



14 ELEMENTARY GEOMETBY. 

Ex. 3. Find how much longer IK, Fig. 15, is than the sum of EF, 
Fig. 15, and CD, Fig. 16. 

Ex. 4. Find the difference of the sum of AB and CH, and the 
sum of CD and EF, Fig. 15. 



36. Frob. — To compare the lengths of two lines ; that is^ to find 
their ratio {approximately*). 

Solution. — To compare the lengths of AB and CD, I lay off AB, the shorter, 

upon CD, as Co. (If AB could be 

Ci j^ ^ — y — ^TV^ applied two or more times to CD, 

I should apply it as many times as 

jt g. CO would contain it) Now I apply 

^ 73—^ s ' 9 V" the remainder of CD, Tiz., oD, to AB, 

^'®* ^^' as many times as AB will contain it, 

which is once with the remainder 6B. This remainder I now apply to «D, and 
find it contained once with a remainder cD. Again, I apply this last remainder 
to 5B, and find it contained twice with a remainder dB, This last remainder I 
now apply to cO, and find it contained 8 times, without any remainder. This 
last measure, dB, is a common measure of the two lines. Calling dB 1, 1 now 
observe that 

cfB = l; 
cD =3<fB=3; 
bd =2cD=6; 
ac =bB =z bd + dB = 7; 
« oD = ac + eD =z 10; 

AB = Ab + b& =: aD + ac =z 17; 
CD = Ca + oD = AB + aD = 27. 

Hence the lines AB and CD are to each other as the numbers 17 and 27 ; AB 
is i} of CD; or, expressed in the form of a proportion, AB : CD : : 17 : 27. 

[Note. — This process will be seen to be the same as that developed in Arith- 
metic and Algebra for finding the greatest or highest Common Measure of two 
numbers, and should be studied in connection with a review of those processes. 
See Complete Arithmetic (115), and Complete School Algebra (137)-] 

Ex. 1. Find, as above, the approximate ratio of AB to CD, Fig, 15. 

Balio, 13: 18. 

Ex. 2. Find, as above, the approximate ratio of CD and IK, Fig, 15. 

Ratio, 5 : 6. 



* This method does not get the excuit ratio, because of the imperfection of measurement, and 
also because lines are sometimes incommensurable, as will appear hereafter. 
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Ex. 3. Find, as above, the approximate ratio of EF to CH, Fig. 15. 

RatiOy 1 : 2. 

Ex. 4. Find, as above, the approximate ratio of EF to CD, Fig. 15. 

RatiOy 5:12. 
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37* To Intersect is to cross; and a crossing is called an 
Intersection. 

38. To Sisect anything is to divide it into two equal parts. 

39* Prob.— To bisect a given line. 

Solution. — To bisect the line AB, I take the dividers; and opening them 
so that the line between their points is more than 
half as long as AB, I place the sharp point A on 
the point A, and holding it firmly there, make a 
little mark with the pencil point B, as nearly as I 
can guess, opposite the middle of the line. Then, 

being careful to keep the dividers open just the js; 

same, I place the sharp point on B, and make a 

mark intersecting the first one, as at m. Now, 

doing just the same on the other side of the line, 

1 make two marks intersecting each other, as at n. 

Finally, I draw a line from m to n, and where this 

line crosses AB is its middle point; that is, AO is equal to OB. [Why this is 

80 we do not propose to tell now. The student needs only to learn how to do 

it He should measure AO and OB, and thus test the accuracy of his work.] 
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Ex. 1. Is it necessary that the dividers be opened just as wide 
when the marks are made through n, as when they are made 
through m? Try it 
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Ex. 2. Suppose you make the marks through m as directed, but, 
in making those through n, you have the 
dividers wider open when you put the point 
on A than when you put it on ^ ; will the 
line joining m and n then cross AB in the 
middle ? If not, on which side of the mid- 
dle will be ? Try it. 

Ex. 3. Can you bisect a line by making ^ 
the marks all on one side of it ? If so, do it 
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Fig. 20. 
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4:0. Axiom** — A straight line is the shortest path between two 
points. 

III. — If a cord is stretched across the table, it marks a straight line. In this 
way the carpenter marks a straight line. Having rubbed a cord, called a chalk- 
line, with chalk, he stretches it tightly from one point to another on the surfaces 
upon which he wishes to mark the line, and then raising the middle of the 
cord, lets it snap upon the surface. So the gardener makes the edges of his 
paths straight by stretching a cord along them. These operations depend upon 
the principle that when the line between the points is the shortest possible, it 
is straight 

4:1* Axiom* — Two points in a straight line determine its 
position. 

III.— If the farmer wants a straight fence built, he sets two stakes to mark 
its ends. From these its entire course becomes known. This is the principle 
upon which aligning (or sighting) depends. Having given two points in the 
required line, by looking in the du'ection of one from the other, we look along a 
straight line, and are thus able to locate other points in the line. If the points 

A and B are marked, by 
•^ putting the eye at A and 

5" - 6" 1 1e looking steadily towards 

C" B, we can tell whether D 

and E are in the same 
straight line with A and B, or not So we can observe that C and C" are not 
in the line ; but that C is. This process of discovering other points in a line 
with two given points is called aligning, or sighting. In this way a row of 
trees is made straight, or a line of stakes set. It is the principle upon which 
the surveyor runs his lines, and the hunter aims his gun. In the latter case, 
the two sights are the given points, and the mark, or game, is a third point, 
which the marksman wishes to have in the same straight line as the sights. 
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42* Axiom* — Between the same two poitits there is one straight 
line, and only one. 

III. — Let any two letters on this page represent the situation of two points ; 
we readily see that there is one, and only one, straight path between them. 
Again, let a comer of the desk represent one point and a comer of the ceiling 
of the room represent another point ; we perceive at once that, if a point is 
conceived to pass in a straight line from one to the other, it will always trace 

* An axiom may be iUustrated, bnt it needs no demonstration. We may explain the terms 
nsed and elaborate the condensed statement ; but if, when its meaning is clearly understood, 
any one does not grant the truth of its statement, he has not a Bound mind, and we cannot 
reason with him. 
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the same path. In short, as soon as two points are mentioned, we think of the 
distance between them as a single straight line, — for example, the centre of the 
earth and the centre of the sun. 

Once more, conceive A and B, Fig, 21, to be two points in the path of a point 
moving from A in the direction of B. Now aU the points in the same direction 
from A as B is, are in this path ; and any point out of this line, as C or C\ is 
in a different direction from A. 

In this manner we draw a straight line on paper by laying the straight edge 
of a ruler on two points through which we wish the line to pass, and passing a 
pen or pencil along this edge. 

CoE. — Two straight lines can intersect in but one point; for, if 
they had two points common, they would coincide and not intersect. 

Ex. 1. A railroad is to be run from the town A to town B. If it is 
made straight, through what points will it pass ? Can it pass through 
any points not in the same direction from A as B is ? 

Ex. 2. If I live on the south side of a straight railroad, and my 
friend on the north side, but five miles farther east, and two miles 
farther north, and the road from my house to his is straight, how 
many times does it cross the railroad ? 

Ex. 3. Can you always draw a straight line which shall cut a. 
curve (whatever curve it may be) in two points ? Try it. 

Ex. 4. Detroit is directly east of where I live. How could I drive- 
my horse there and never turn his head to the east ? Would he have 
to travel in straight lines or in a curve ? If I drive him on a curve,, 
how can I manage it so that his head will be 
east for but an instant? If his head is all 
the time east, wtat is the line in which I 
drive him ? 

;^^ i^Q, 

SuG. — The figure will suggest how the firat may p^ 22. 

be accomplished. 






4:3 • A Ferpendicular to a given line is a line which makes 
a right angle (26) with the given line. The latter is also perpen- 
dicular to the former. Oblique Lines are such as are not perpen- 
dicular to each other, and which meet if sufficiently extended. 

III.— In Fig. 11, B A is perpendicular to DC ; so also AC is perpendicular to» 
BA. In Fig, 10, KG and Kl are perpendicular to each other. The other lines 
in Fig, 10 are oblique to each other. 

3- 
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Fig. 23. 



44. Prob* — To erect a perpendicular to a given line at a given 
point in the line. 

Solution. — Suppose I want to erect a perpendicular to the line XY, at the 
^ point A. With the dividers I measure 

off a distance AB on one side of the point 
A, and an equal distance AC on the other 
side. Then opening the dividers a little 
wider, I put the sharp point on B and 
^ make a mark with the pencil point, as 
at 0, about where I think the perpen- 
dicular will go. Then, keeping the dividei-s open just the same^ I put the shaip 
point on C, and make a mark intersecting the former one at 0. Now, drawing 
a line through and A, it is the perpendicular sought 

Ex. 1. Suppose I make a mistake and close up the dividers a 
little after making the first mark through 0, and then make the sec- 
ond mark ; which way will the line lean ? Will it be a perpendicu- 
lar or an oblique line in this case ? What kind of an angle would 
OAY be ? What OAX ? What kind of angles are these when OA is a 
perpendicular ? 

Ex. 2. Suppose I should mistake a point nearer to A than B was 
taken, and use it as I did C, having the dividers open just alike when 
I made the two marks through ; which way would the line lean 
(incline) ? (Same questions as in the last) 

III. — ^A carpenter wishes to get the 
piece of timber AF at right angles to 
MN, into which it is mortised at A. So he 
measures off AB and AC, equal distances 
from A ; and taking two poles of equal 
length (say 10 feet long), has the end of one 
held steadily at B and the end of the other 
at C, and moves (racks, as he calls it) the 
end F to the right or left until the ends E 
and D of the poles are exactly opposite, as 
in the figure. AF is then perpendicular to 
Pio. 24. MN. 




43* Pfoh. — From a point without a given lim,to draw a perpen- 
dicular to the line. 
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Solution.— -I wish to draw a perpendicular fi-om to the line XY. I first 
open the dividers wide emtugh, so that when I q 

place the sharp point on the pencil will mark 
the line XY in two points, as B and C, when it 
swings around. Marking these two points, I 
put the sharp point first on B and afterward on 
C, keeping them open just alike in both cases, 
and make the two marks intei'secting at D. 
Placing the straight edge of the ruler on the 
points and D, I draw the line OA along its 
edge. OA is the perpendicular required. 



\B 



X^^ 



Oy 



Fig. 25. 



Ex. 1. Let fall a perpendicular from a point, as O, upon a straight 
line, as XY, without making any marks on the opposite side of XY 
from o. 

Ex. 2. A mason wishes to build a 
wall from o,in the wall AB," straight 
across" (perpendicular) to the wall 
CD, which is 8 feet from AB. He has 
only his 10-foot pole, which is subdi- C 
vided into feet and inches, with which 
to find the point in the opposite wall at which the cross wall must 
join. How shall he find it ? 




SECTION II. 

ABOUT CmCLES. 

4:6, A Circle is a plane surface bounded by a curved line every 
point in which is equally distant from a point within. 

47. The Circufnference of a Circle is the curved line every 
point in which is equally distant from a point within. 

48, The Centre of a Circle is the point within, which is 
equally distant from every point in the circumferenca 

49* An Arc is a part of a circumference. 

SO* A Radius is a line drawn from the centre to any point 
in the circumference of a Circle. 

51, A Diameter of a Circle is a line passing through th€ 
centre and terminating in the circumference. 
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IiJi. — A circle may be conceived as the path of a 
line, like OB, Fig. 27, one end of which, 0, remains 
at the same point, while the other end, B, moves 
around it in the plane (say of the paper). OB is the 
Badius, and the path described by the point B is the 
Circumference, AB is a diameter. In Fig, 28, the 
curved line ABGDA (going clear around) is the CiT' 
eumference, is the Centre^ and the space within the 
circumference is the Oirde. Any part of a circum- 
ference as AB, or any of the curved Imes BB, Fig. 27, 
is an arc. So also AM and EF, Fig. 29, are arcs. EF 
is an arc drawn from 0' as a centre, with the radius 
O'B. 

52. A Chord is a straight line joining 
any two points in a drcumference, but not 
passing through the centre, as BC or ad> 
Fig. 28. The portion of the circle included 
between the chord and its arc, as AmD, is a 
Segment. 



53. A Tangent to a circle is a straight 
Q .qt line which touches the circumference, but 

Fio. 2!). does not intersect it, how far soever the line 

be produced. 

54:. A Secant is a straight line which intersects the circumfer- 
ence in two points. 




PiQ. 2S. 




Ex. 1. Suppose DC, Fig, 11, to represent a small wooden rod, and 
BA a wire stuck into it at right angles. Now if you take the end C 
of the rod in your fingers and place the end D on the table so that 
the rod shall stand upright, and then revolve the rod once around 
like a shaft, what will the wire describe ? "What the end B ? What 
any point in BA ? If you only revolve the rod a little way, what will 
the point B describe ? What does BA represent ? 

Ex. 2. If you take a string, OP, and hold one end at a particular 

point, 0, on your slate or blackboard, while 
with the other hand you hold the other 
end, p, of the string upon the enji of u 
pencil or crayon, and then move the end 
P around 0, making a mark as it goes, 
what will the mark made represent when 
the pencil or crayon has gone clear 




-••••^■^^^ 
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around? What will the string represent? What is the surface 
passed over by the string ? 

Ex. 3. If you take the dividers, Fig, 1, and open them (say 2 
inches), and then place the sharp point, A, firmly on the paper while 
you turn them around, making the pencil point, B, mark the paper 
as it goes, what kind of a line will be described ? What is the line 
joining the points of the dividers ?* What line describes the cir- 
cle? If the dividers only turn a little way, what is the line 
described ? 

Ex. 4. If a boy skating on the ice makes a curve which bends 
everywhere just alike, what kind of a path will he make ? Does 
the boy describe a circle ? How might you conceive the circle in- 
closed by his path, as described ? Is a circle described by a point or 
by a line ? 

[Note. — The word "circle" is used in common language as equivalent to 
" circumference." It is also thus used in General Gtometiy. But, however the 
words may be used, the pupil should be taught to mark the distinction between 
the plane sur&ce inclosed and the bounding line.] 

Ex. 5. In how many points can a straight line intersect a circum- 
ference? In how many points can one circumference intersect 
another ? 

Ex. 6. There is a piece of ground in the form of a circle, the 
radius of which is 100 rods, by which run two roads; one road 
runs within 80 rods of the centre, and the other within 100 rods. 
How do the roads lie with reference to the ground ? 

Ex. 7. When you unwind a thread by drawing it off a spool in 
the ordinary way, what geometrical line does the unwound thread 
represent ? 

Ex. 8. In a circle whose diameter is 50 feet, there are drawn two 
chords, one is 20 feet long, and the other 30 feet. Which is nearer 
the centre ? 

Ex. 9. There are two circles whose radii are respectively 12 and 
18 feet. The distance from the centre of one to the centre of the 
other is 26 feet. Do the circumferences intersect ? Would they in- 
tersect if the centres were 3 feet apart ? How would they lie in ref- 
erence to each other in the latter case ? How if their centres were 
30 feet apart ? How if they were 35 feet apart ? 

* The imagination may be aided by supposing a fine elaetic cord stretched between the 
poiatB of the dividen and carried by them. 
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Ex. 10. What kind of a line is represented by water flying from a 
swiftly-revolving grindstone ? 

Ex. 11. If you draw two chords in the same circle, one of which 
is twice as long as the other, will the arc cut oflf by the longer chord 
be twice as long as the arc cut off by the shorter ? Will it be more 
than twice as long, or less ? 




Fig. 31. 



55* Theorem. — The chord of a sixth part of the circumference 
of a circle is just equal to the radius of {he same circle. 

III. — If I draw a circle, and then, being careful not to open or close the di- 
viders, place the sharp point on the circumference 
at some point, as A, and mark the circumference at 
another point, as B, with the pencil point, and then 
move the sharp point to B and mark again, as C, I 
find that when I have measm'ed off six such chords, 
each equal to the radius, I return exactly to A, the 
point of starting. 

Moreover, if I draw the chords AB, BC, etc., I 
have a regular figure with six equal sides. A figure 
with six sides is called a hexagon. This hexagon is 

called regular, because its sides are equal each to each, and its angles are also 

mutually equal. 

Again, if I unite the alternate angles of the regular hexagon, as FB, BD, and 

DF, I have a regular triangle, called an equilateral triangle. 

S6. Inscribed Figures are figures drawn in a circle, and 
having the vertices of all their angles in the circumference, as the 
hexagon and triangle in the last illustration. When the figure is 
without, and all its sides touch but do not cut the circumference, it 
is circumscribed about the circle. 

Ex. 1. Draw a regular hexagon whose side is two inches. 

Ex. 2. Inscribe an equilateral triangle in a circle whose radius is 
one inch. 



S7. Frob. — Tofiyid the centre of a circle when the circumference 
is drawn (or, as we usually say, known). 

Solution. — The circumference of my circle is drawn, but the centre is not 
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marked. So I want to find the centime. I draw 
any two chords, as AB and CD (the nearer they are 
at right angles to each other the better for accu- 
racy). I then bisect each chord with a perpen- 
dicular, as AB with the perpendicular MN, and 
CD with RS (39). The mtersection of these two 
perpendiculars, as 0, is the centre of the circle. 
[The pupil must do everything with his pencil, 
ruler, and dividers, just as he says. He must not 
be of those who " say and do not." He must do the Fia. 3>. 

things told, " over and over," till he can do them neatly and easily.] 





58m Proh. — To pass a circumference through three given points. 

Solution.— I wish to pass a circumference through the three given points 
A, B, and C. [The pupil should first designate three 
points by dots on his paper, slate, or board, and then 
proceed according to the solution.] In order to do this, 
I Join A and B with a line, and also B and C. I now 
bisect these lines with the perpendiculars MN and RS, 
as in the last problem. The intersection of these per- 
pendiculars, 0, is the centre of the required circle. 
Now settmg the sharp point of the dividers upon and v./ 

opening them till the pencil point just reaches A (B or t^ 

C will answer as well), I draw the circumference with ^^^' 33. 

as its centre and the radius OA, and find that it passes through the three 
given points A, B, and C. 

Ex. 1. To pass a circumference through the three vertices of a 
triangle, i. e., to circumscribe a circumference about a triangle, as 
this operation is technically called. 

SuG.— This is just like the last. A, B, and C being the yertices of the triangle. 
The four figures in the margin 
represent the successive steps in 
the solution. First draw the given 
triangle. Then take the first step 
in the solution, then the second, 
etc. 

Ex. 2. Given the centre of 
a circle and a point in the 
circumference, to draw the 
circle. 

Sua. — Make a dot on the board 
to indicate the centre, and an- 
other dot to indicate the point 
in the circumference to be found. 
This is what is given. You are 
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then to draw the circumference, which shall pass through the latter point, and 
have the former for its centre. 

Ex. 3. Draw an arc of a circle, and rub out the mark, if you make 
any, at the centre, so that you cannot see where the centre is. Then 
find the centre, and complete the circumference according to these 
problems. 

Sue. — Mark three points in the given arc, and then the example is just like 
the last [Do not fail to do it, " over and over," till you can do it quickly and 
neatly. These exercises reqube much care in order to get good figures.] 



S9» Theorem, — The circumference of a circle is about 3.1416 
times its diameter. The Greek letter n (called p) is used to repre- 
sent this number ; and hence the circumference is said to be n times 
the diameter* 

III. — The pupil can illustrate this fact by taking any wheel which is a true 
circle, and measuring the diameter with a narrow band of paper (something 
that will not stretch), and then wrapping this measure about the circumference. 
He will find that it takes a Uttle more than three diameters to go around. Of 
course he cannot tell exactly how much more. In fact, nobody knows exactly. 
But the number given above is near enough for most purposes. For many pur- 
poses 3| is sufficiently accurate. 

By drawing a circle veiy carefUlly, say 1 inch in 
diameter, as in the margin, and dividing the diameter 
into lOths inches, a nice pair of dividers can be 
opened one 10th inch and made to step around the 
circumference. If it is all done with nicety, it will be 
found to be a little over 31 steps around, when it is 
10 across. 

VjjsT'jo^ ' Ex. 1. The distance across a wagon-wheel 

Pig. 85. (the diameter) is 4 feet, how long a bar of iron 

mil it take to make the tire ? 

Ex. 2. Suppose the crown of your hat is a circular cylinder 7 
inches in diameter, how much ribbon will it take for a band, allow- 
ing J- of a yard for the knot ? 

Ex. 3. How many times will the driving-wheel of an engine, which 
is 6 feet in diameter, revolve in going from Detroit to Chicago, a 
distance of 288 miles, allowing nothing for slipping ? 

Ex. 4. A boy^s hoop revolved 200 times in going around a city- 
square, a distance of 140 rods. What was the diameter of his hoop ? 




ABOUT ANGLES. 



25 



Ex. 5. What is the radius of a circle whose semi-circumference is 
Tt? In a circle whose radius is 1, what part of the circumference 

does -x represent ? What part -r ? What part does 27t represent ? 



SECTION III. 



ABOUT ANGLES. 

60. JProb* — To show how angles are generated and measured, 

III. — An angle is generated by a line revolving about one of its extremities. 
Thus, suppose OB to have started from coincidence with OA, and, remaining 
fixed, the line to have revolved to the position OB, 
the angle BOA would have been generated. When 
the revolving line has passed one-quarter the way 
ai'ound, as to DO, it has generated a right angle ; 
when one-half way around, as to FO, two right 
angles ; when entirely around, four right angles. 

Now, if any circle be described from as a cen- 
tre, Ihe arc incltided hy tJie aides of any angle having 
its vertex at O, is the same part of a quarter of this 
eireumference as the angle is of a right angle. Hence 
the angle is said to be measured by the arc included 
by its sides. Thus, the angle COA is measured by 

the arc ac ; i. e., it is the same part of a right angle that arc a^ is of arc 
(See Trigonometry, 3-10.)' 




Fio. 36. 



ad. 



61» Theorem. — Tlie relative lengths of arcs described with the 
same radius can be found in a manner altogether similar to that 
given in (36) for comparing straight lines* 

III. — If I wish to compare the two arcs ab and cd described with the same 
radiiy I take the dividers, and placing the sharp point on 
d (one end of the shorter arc), open them till the other 
point is at e. I then measure this distance off on ab as 
many times as I can, — in this case 2 times, with a remain- 
der /&. This remainder, /6, I measure off in the same 
way upon (fc, and find it goes once with a remainder gc. 
This remainder, gc, I apply to the arc/&, and find it goes 
once with a remainder hb. This last remainder I find is 
contained in the last preceding, gc, 2 times. Then, count- 
ing up the parts, I find that dc is made up of 5 parts each 
equal to hb, and ab of 18 such parts. Therefore, ab is 2f 
tunes as long as dc. [The angle O is therefore 2f times the 

angle C] 

Fio 37. 
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Ex. 1. Draw an acute augle and also an obtuse angle, and then 
compare them as above, 

Ex. 2. Draw a small acute angle and a large acute one, and then 
compare them as above. 

Ex. 3. Draw a small acute angle, and then draw another angle 
3 times as large. 

Ex. 4. Draw an acute angle, and also a right angle, and com- 
pare them as above. 

Suo. — Article (39) shows how to draw a right angle. 

Ex. 5. Draw any angle, and then draw another equal to it. 

Ex. 6. Show that the angles a, by and c are respectively ^, |, and 
.6 of a right angle.* 







Fi«. 89. 



Fig. 38. 



Ex. 7. Show that angles a and J, Mg. 39, are respectively 1^ and 
1^ times a right angle. 

Ex. 8. Draw a regular inscribed hexagon, as in Fig. 31, and then 
comparing any one of its angles with a right angle, find that it is 
H times a right angle. 

Ex. 9. Draw an equilateral triangle, as 
in Fig, 31, and find that any angle of it 
is f of a right angle. 

Ex. 10. Show that a right angle is 
measured by J of a circumference. 

Solution. — ^If CD is perpendicular to AB, 
the four angles formed are equal, and each is a 
right angle. But, as all of them taken together 
are measured by the whole circumference, one 
of them is measured by i of the circumference. 




* Of conree, abeolnte accaracy is not to be expected in sach eolutiuns. 
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63* An Inscribed Angle is an angle whose vertex is in 
the circumference of a circle, and whose sides are chords, as A, 
/Vj. 41. 

€3. STworem. — An inscribed angle is measured by one-half the 
arc iticluded between its sides. 

III. — The meEmtng of this ia Qutt eui inecribed angle like A, wUich includes 
any particular arc, aa cd, is only half as large as an angle would beat the centre, 
aa eOd, whose sides Included Ihe same arc, ed, or an equal arc. Thus, in this 
case, drawing the arc ab I'roiu A iks a centre, with tlie same radius, Od, used ii 
drawn with, I find that o^ whicli measures A la ^ ofed which met^sures eOd. 





Ex. 1. Which of the angles a, b, c, d, e is the largest ? What is a 
measured by ? What b ? What c ? Whaf d ? What e ? Fig. 43. 

Ex. 2. Which is the greatest angle, a, b, or c, Fig. 43 ? By what 
is a meaeared ? By what d ? By what c ? What is the measure 
of a right angle P [See Example 10 in the preceding set.] 







Ex. 3. Suppose I take a sqnare card like CEDF, with a hole in one 
comer as at c, and sticking two pins firmly in my paper, as at a and 
B, place the comer of the card between them, as in Fig. 44, and 
then, keeping the sides of the card snug against the <g\a&, y^ "^ 
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pencil through the hole c and move it around to A and then back 
to B ; what kind of a line will the pencil trace ? Will it make any 
difference whether c is a right angle or not ? If any difference, 
what? 

Ex. 4. By what part of a circumference is an angle of a regular 
inscribed hexagon measured ? See [SS), and Fig. 31. How many 
right angles is the angle of the hexagon equal to ? What is the 
sum of the six angles equal to ? Ans. to last, 8 right angles. 

Ex. 5. Show, from the way in which an equilateral triangle is 
constructed in Fig. 31, that one of its angles is measured by J^ of a 
circumference, and hence is f of a right angle. 



64. Theorem. — When two lines inter sect, they form either four 
right angles, or two equal acute and two equal obtuse angles. 

III. — [The pupil can illustrate this for himself by drawing lines and noticing 
what angles are equal.] 

Ex. 1. Having a carpenter's square, an instrument represented by 
. MON, I wish to test the angle O and ascer- 

tain whether it is, as it should be, a right 

angle. I draw an indefinite right line AB, 

, and placing the angle O at some point c on 



• I 

• I 
I • 
1 • 

• I 

\ • 

I ■ 
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*^ this line with ON extending to the right on 
CB, I draw a line along OM. Turning the 
square over so that ON shall lie on CA, I 
draw another line along OM. Three cases 
may occur. — 1st. Suppose the first line 
^ ^ ® drawn along OM is OF, and the second CE ; 

what kind of an angle is ? 2d. Suppose 
the first line drawn is CE and the second CF ; what kind of an angle 
is O ? 3d. Suppose the first and second lines drawn along OM coin- 
cide and are CD ; what kind of an angle is ? 

Ex. 2. Show that the sum of all the angles formed by drawing 
lines on one side of a given line, and to the same point in the line, 
is two right angles. 



65. JProh. — To bisect a given angle. 

Solution. — I wish to divide the angle AOB into two equal parts, t 0.,to 
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bisect it With 0, the vertex, as a centre, and any convenient radius, as Oa, I 

strike an arc, as da, cutting the sides of the angle. 

Then from a and b as centres, with the same radius 

in each case, I strike two arcs intersecting as at P. 

Drawing a line through P and 0, it bisects the 

angle ; ». «., the angle POA = angle BOP. [Let 

the pupil try this by cutting out the angle AOB, ^ /^- \pr- ^A 

and then folding the paper along the line P, or cut- 
ting it through in the line OP, and then putting one 
angle on the other, and thus see if they do not fit.} 

Ex. 1. Draw an angle equal to J of a right angle. 

SuG. — First draw a right angle and then bisect it 

Ex, 2. Draw an angle equal to ^ of a right angle. 

SuG. — ^Draw a circle. Inscribe an equilateral tiiangle. [Do it neatly, by 
rule, as in {^S)\ Then bisect any angle of this triangle. This will be i of a 
right angle, since the whole angle is f . See Ex. 9 ifil). 

Ex. 3. How does it appear that the angle EOF, Fig. 31, is i of a 
right angle ? 



66. FaraUel Straight lAnes are such as, lying in the same 
plane, will not meet how far soever they are produced either way. 

III. — The sides of this page are parallel lines, 

as are also the top and bottom. The lines in 

Mg. 47 are parallel. 



67. Proh. — To draio a line through 
a given point and parallel to a giveji line. 

Solution. — I wish to draw a line through the point O and parallel to the 
Ime AS. [The pupil should first draw some 
Ime, as AS, and mark some point, as 0.] Ic- ^ 
take as a centre, and with a radius * greater 
than the shortest distance to AS, as Oa, draw an . , , 

indefinite arc aP. Then with a as a centre, and ^ 

the same radius, I draw an arc from to the 

line AB at b. Taking the distance Ob (the chord) in the dividers, I put the sharp 
point on a and strike a small arc intersecting this indefinite arc, as at P. Fi* 
nally, drawing a line through and P, it is the parallel sought 

* Thie meanf* "pat the tnharp point of the dividers on O &ncl open them till the distance be- 
tween tbe points (the rad1af>) is more than tiie (li^tance from Q to f<B>'' 
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6S. Theorem. — Two parallel lines are everywhere the same dis- 
tance apart. 

III. — Let AB and CD be two parallel lines. I will examine them at the two 

points O and P. To And how far apart the 

-B lines are at these points I draw the peipen- 
diculars OM and PN. [The pupil should not 

D guess at these, but actually draw them as in- 



^ M N 

Fio. 49. structed in (44:).] Measuring these, I find them 

equal. 

We can understand that this proposition must be true, since the lines could 

not approach each other for awhile and then separate more and more without 

being crooked ; or, if they kept on approaching each other, they would meet 

after awhile, and so not be parallel. 



69* Theorem. — Parallel lines make no angle with each other, 

III. — Let AB be a straight line, and suppose CD another straight line 

passing through the point 0. Now let 
CD turn around, first into the position 
D'C\ then into D"C", etc., all the time 
passing through 0. It is evident that 
the angle which this line makes with 
the line AB is all the time growing less, 
i. e., <i'< a, and a" <a'. It is also evi- 
„ ^^ dent that this angle will become 

TvTA nil 

when the lines become parallel ; for it 
becomes less and less all the time, but is always something so long as the lines 
are not parallel. 




70. Theorem. — Parallel lines have the same direction with 
each other. 

III.— Thus, in Fig. 4t7y the parallel lines all extend to the right and left, t. 6., 
in the same direction. 

Ex. 1. How shall the farmer tell whether the opposite sides of 
his farm are parallel ? 

Ex. 2. If we wish to cross over from one parallel road to another, 
is it of any use to travel farther in the hope that the distance across 
will be less ? 

Ex. 3. If a straight line intersects two parallel lines, how many 
angles are formed? How many angles of the same size? May 
they all be of the same size? When? When will they not be all 
of the same size ? 
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SECTION IV. 

ABOUT TRIANGLES. 

71. A Plane Triangle, or simply A Triangle, is a plane 
figure bounded by three straight lines. 

72, With respect to their sides, triangles are 
distinguished as Scalene, Isosceles, and Equilateral. 
A scalene triangle has no two sides equal. An 
isosceles triangle has two sides equal. An equi- 
lateral triangle has all its sides equal. 

73» With respect to their angles, triangles are 
distinguished as acute angled, right angled, and 
obtuse angled. An acute angled triangle has three 
acute angles. A right angled triangle has one right 
angle. An obtuse angled triangle has one obtuse 
angle, 

Ex. Fig. 51 aflfbrds illustrations of all the different kinds of 
triangles. Let the pupil point them out until he is perfectly familiar 
with the terms. He should also practise drawing the different kinds 
of triangles, for the purpose of familiarizing the names applied to 
the different kinds. 




Fie.SL 




74. Theorem. — The sum of the angles of a triangle is two 
right angles. 

III. — Cut out any triangle from a piece of paper. 
Then cut off two of the angles, as 1 and 2, and turn 
them about and place them by the side of the other 
angle, as in the lower figure. You will then see that 
the line OP is straight^ and that the three angles of 
the triangle just make up the two right angles OED 
and PED. 

Ex. 1. If one angle of a triangle is a right 
angle, what is the sum of the other two ? 

Ex. 2. Can a triangle have more than one 
right angle ? If two of its angles were right angles, what would 
the third angle be ? 
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Ex. 3. Can a triangle have more than one obtuse angle ? 

Suo. — Tiy and see if you can draw a triangle with two right angles, or two 
obtuse angles. 

Ex. 4. Construct any triangle, and draw 
arcs measuring its angles. Then diaw a circle 
with the same radius as the one used to 
measure the angles, and lay off upon the cir- 
cumference the arcs measuring the angles. 
The sum of these arcs will always make up 
just a semi-circumference. What does this 
show ? 

^^' ^' Ex. 5. If two angles of one triangle are 

equal to two angles of another, can the third angles be unequal ? 
Why? 




7S. Prob» — To make two triangles just alike. 




Fig. 64. 




Fig. 65. 



Solution. — There are three ways of doing this : 

1st Way, — Suppose I have any triangle, as ABC, 
and want to make another just like it. I first draw 
an arc measuring any one of the angles, as A, of the 
given tiiangle. Then I make an angle D equal to 
the angle A, and draw the sides De and Of. Now I 
measure DE = AB, and DF= AC. If I now draw EF, 
the triangle DEF will be just like ABC, so that, were 
I to cut them out, I could apply one like a pattern to 
the other, and it would just fit 

2d Way. — I have a triangle A, and wish to make 
another just like it I draw arcs measuring any two 
of its angles, as and P. Then, making a line MN 
equal to OP, I make an angle at M equal to 0, and 
<me at N, on the same side of MN, equal to P. 
Now making these two sides M6 and Na long enough 
to meet (or, as we say, " producing them till they 
meet"), I have a second triangle, B, just like the first 
triangle, A. Were I to cut out the first triangle, it 
would fit on the second just like a pattern. 

3d Way. — I have a triangle ACB, and want to make 
another just like it I make a line DE equal to some 
side of the given triangle, as AB. Then taking AC as 
radius, I describe an arc from D as a centre, and in 
like manner, witli BC as radius and E as a centre, 
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describe another arc. Through the intei-sec- 
tions of these arcs, as F, I draw DF and EF. 
The triangle DEF is just like ABC. [Try it by 
drawing as desciibed, and then cutting out one 
triangle, and seeing if you cannot fit it as a 
pattern on the other.] 

Ex. 1. In any triangle, which side is 
opposite the greatest angle ? Which op- 
posite the least angle ? 




Fig. 56. 



Ex. 2. If you have two triangles with an angle in each equal, but 
the sides about this angle longer in one triangle than in the other, 
can you make one fit on the other as a pattern ? Gut out two such 
triangles and try it. 

Ex. 3. Can you make a triangle so that one of its sides shall be 
as long as both the others, or longer than both ? 

Ex. 4. Can you make a triangle so that one of its sides shall be 
less than the difference between the other two, or equal to the 
difference ? 

Ex. 5. If you have two triangles with only one side and one angle 
in the one equal to one side and one angl^ in the other, can you 
apply one as a pattern and make it fit on the other ? Cut out two 
such triangles and try it. 

Ex. 6, If you have two triangles with only two sides of one re- 
spectively equal to two sides of the other, can you make one fit as a ^ 
pattern on the other ? Try it. 

Ex. 7. If you have two triangles with two sides in one equal re-- 
spectively to two sides in the other, and the included angle in one- 
greater than in the other, how is it with the third sides of the- 
triangles ? 



76. Tliearem. — The lines which Usect the angles of a triangle* 
meet within the triangle at a common point, 

Iix. — Try it, by drawing a triangle, and then bisect- 
ing its angles, as taught hi ifiS), Ton will need to do 
it very neatly, or the lines will not meet It is a 
dsieste opersdon. Txy it in various forms of triangles, 
as equilateral, right angled, sc&lene, obtuse angled, etc 

3 




Y\«i. w. 
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71. Theorem^ — The lines drawn from the vertices of a triangle 

to the middle of the opposite sides meet in a 
common point within the triangle, 

III. — ^Draw a triangle. Bisect each of the sides 
as taught in (39). Then join each angl^ aud the 
middle of its opposite side with a straight line. If 
you do the work well, the three lines will cross 
each other at a common point within the triangle. 




Fig. D8. 




78. Theorem^ — The perpendiculars which bisect the sides of a 

triangle meet at a common point, which may he 
within or without the triangle, or in one of its 
sides, according to the form of the triangle. 



III. — Draw an acute angled triangle^ and bisect its 
sides by perpendiculars. If you do it with accuracy, 
they will meet at a common point totthin the triangle. 

Draw an obtuse angled triangle^ bisect its sides with 
perpendiculai*s, and they wUl meet at a common 
point toWumt the triangla 

Draw a rig?U angled triangle^ and the perpendiculars 
will meet in the side opposite the right angle (the 
hypotenuse). 



Ex. 1. Br&w&n equilateral tnAJigle,B,ndhnA 
the three points characterized in the last three 
articles. Are they all in one place^ or are they 
Fio. 60. in different places ? 

Ex. 2. Draw a scalene triangle, and find the three points as above. 
Are they all in the same place, or are they in different places ? 




79. Prob. — To inscribe a circle in a given triangle. 

C 
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Solution. — I wish to inscribe a circle in 
the triangle ABC ; that is, a circle to which 
the sides of the triangle shall be tangents. 
[First draw the triangle.] I bisect the angles 
as taught in (65) ; and then trom the point 
0, where these intersect, I let fall perpen- 
diculars upon the sides, as taught in {4S). 
Then from as a centre, with a radius equal 
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to one of these perpendiculars (they are all equal), I draw a circle, and it is the 
circle required. 



80, JProb. — To circumscribe a circle about a given triangle. 

Solution. — I wish to circumscribe a circle 
about the triangle ABC which I have drawn. To 
do this, I hmet ths sides with perpendiculars, and 
find their common intersection 0* as taught in 
(7^). With O as a centre and a radius equal to 
OB, the distance from to the vertex of any on© 
of the angles, as these distances are all equal, I 
draw a circle. This is the circumscribed circle, 
that is, the circle in whose circumference the ver- 
tices of the triangle lie. [This is really the same 
as Pbob. (58\\ Pro. «l. 
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SECTION V. 

ABOUT EQUAL FIGURES. 

81. JSqual, in geometry, signifies alike in all respects, i. e., of the 
same shape and the same size. 

82, Equivalent figures are such as have the same area, t. e., are 
of the same size, irrespective of their form. 

Ex. 1. Can a triangle be equal to a circle ? Can it be equivalent f 
Can a circle be equivalent to a square ? Can it be equal to a square ? 

Ex. 2. Can a right angled triangle be equal to an equilateral tri- 
angle ? Can a right angled triangle be equal to an isosceles triangle ? 
If either is possible, construct figures illustrating it 



83 • Frobm — To apply one straight line to another. 

Solution. — [^jp/%»n^ figures to each other is a very important thing in, 
geometry, and may seem a little curious at first ; 

but it is, in reality, very simple. The pupil must ^ ^ 

become perfectly familiar with it.] We will first C D 

apply the line AB to the equal line CD. Take 

the line AB,* and placing the end A upon the £ p 

end C of the line CD, make the line AB take the ^ ^__^^u 

same direction as CD, and put the former upon T ' 

the latter. Now, since the lines are equal, the ''w. 62. 



* That ie, think aboat it Just as it It were a little rod ^Mch -yoa co\x\^ \i\«^ u\k vcA\aai.^«. 
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extremity (or the point) B will fall upon D, and the two lines will coinddo 
throughout their whole extent. 

Again, we will apply the Ime EF to the line CH. Taking the line EF (think 
of it as a little rod which you can pick up and handle), put the point E upon 
C, and making the line EF take the same direction as CH, put the former upon 
the latter. Now, since EF is shorter than CH, the point (extremity) F will fall 
somewhere on the line CH, as at I. Therefore the lines do not coincide 
throughout their whole extent, and are not equal. 





N 



84, Prob. — To apply one plane angle to another. 

Solution. — ^First we will apply one angle to another equal angle. Thus, to 

apply BAC to the equal angle EDF. Take the 
angle BAC (think of it as if it were two little rods 
put firmly together at this angle, and so that you 
could pick them up and handle them), and placing 
the vertex (point) A upon the vertex (point) D, 
make the side AC take the direction DF. As 
AC happens to be longer than DF, the extremity 
C will fall beyond F, at some point, as O. But we 
do not care for this, as the size of an angle does 
not depend upon the length of the sides. Now, 
while A lies on D, and the line AC on DF, let the 
line AB be conceived as lying in the plane of the 
paper also (i. 6., on it). Since the angle BAC is 
equal to EDF, the line AB will take the direction 
DE, and will fall on it, though the point B will 
fall somewhere beyond E, as at N, as AB 
chances to be longer than DE. The two angles 
therefore coincide, and are equal. [Notice care- 
fully Just what is meant by saying that the angles 
are equal. We do not mean that the sides are 
of the same length, but that the opening between 
them is the same, i. «., that one is just as sharp 
a comer as the other.] 

Queries, — ^If BAC were greater than EDF, and 
we should begin by putting A upon D, and make AC fall upon DF, where would 
AB fall, without the angle EDF or within it ? If BAC were less than EDF, and 
we proceed as before, placing the vertex A on D, and AC on DF, would AB fall 
without EDF or within it ? 

Again, let us attempt to apply the angle HGI to LKM. Placing the vertex C 
on the vertex K, makhig the side CI take the direction KM, and then bringing 
CH into the plane of the paper, the side CH will fall within the angle LKM (aa 
in the line KR), since the angle HGI is less than LKM. The angles, therefore; 
do not coincide. 
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8S» JPv&b. — When two triangles have two sides and the included 
angle of one equal to two sides and the included angle of the other , to 
apply one triangle to the other. 

Solution. — ^In the two triangles ABC and DEF, let the angle A be equal to 
the angle D, the side AB = the side DE, and AC = DF. We 
will ^ply the triangle ABC* to DEF. Take the triangle 
ABC and place the vertex A upon the vertex D, making the 
side AC take the direction DF. Since AC = DF, the ex- 
tremity C will then fall on F.f Now bring the triangle ABC 
into the plane of DEF, keeping AC in DF, and the line AB 
will take the direction DE, since the angle A = the angle D. 
Again, as AB = DE, the extremity B will fall upon E. Thus 
we have placed ABC upon DEF, so that A falls upon D, 
C upon F, and B upon E, and find that they exactly 
coincide. « «. 

Pio. 64. 

Ex, 1. Suppose you attempt to apply ABC in the last figure to 
DEF by placing B on D, and letting BC fall upon DF. Where will c 
fell ? Measure it and find out. Which side will then fall nearly or 
quite on DE ? Will it fall exactly on it ? On which side will it fall ? 
Can you make the triangles coincide (fit) in this way ? 

Ex. 2. Can you make the triangles in the last figure coincide by 
placing C upon D, and letting CA fall upon DF ? Where will A fall ? 
What line will fall on or near DE? Will it fall without DE, or 
within? 

Ex. 3. Construct two isosceles triangles,J as ACB and DEF, in 
which AC = CB = DE = EF. Can you ap- 
{dy DEF to ABC by putting D upon A ? 
Descriibe the process. Can you put D 
upon A and DE upon AB, and make the 
triangles coincide? Can you make the 
triangles coincide by putting F upon A? 
If so, describe the process. Can you make them coincide by putting 
E upon A ? If not, point out the difficulties. 



* Ttdnk of ABC ^ made of little rode, bo that yon can pick it ap and place it upon DEF 
in the manner described. 

t It will make it clearer if the pnpll thinko of ABC* <^t thin stage of the operation, as 
having the side AC on DFi bat the angle B not down on the paper ; jnst as if he were to cut 
ont ABC* <md set the edge AC on the line DF^ and aftervoard bring the triangle ABC down 
on to DE Ft keeping the edge AC on the line DF> 

X The t«*cher mast insist upon the figures being drawn, and that accurately, according to 
nle. 
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Ex. 4. Construct two eqnal trapezinms/ 
as ABCD and EFCH, and describe the process 
of applying one to the other. 

Solution.— I will apply EFCH to ABCD. As 
the angle E is equal to the angle B, I will begin by 
putting the vertex E on B, and making EH fall upon 
BC. Since EH = BC, H will fkll on C. Now, as 
angle H = angle C, HC will take the direction (fkll 
on) CD ; and since HG = CD, G will fall on D. 
Again, as G= D, GF will take the direction DA; 
and since CF = DA, F will fall on A. FinaUy, ai 
F = A, FE will take the direction AB; and since 

FE = AB, E will fall on B, as it ought, since I started by conceiving E as 

placed on B. 

Ex. 5. Describe the application of ABCD in the last figure to EFCH, 
by beginning with C upon H. 

Ex. 6. Having two equal equilateral triangles, can you apply one 
to the other by beginning indifferently with any one angle of one 
upon any one angle of the other ? Draw two such triangles, and go 
through with the details of the application. 



Fio. 66. 



86, Prob, — Given two triangles with two angles and the incltided 
side of the one respectively equal to two angles and the included side 
of the other, to apply one triangle to the other. 

Solution.— [The pupil should first draw any triangle, at 
ABC. Then make a line DF equal to AB, and at the ex- 
tremities D and F make angles, as D and F, respectively 
equal to A and B. This is preliminary.] Having the two 
triangles ABC and DEF, in which A = D, B = F, and AB = DF, 
I propose to apply one to the other. I will apply ABC to 
DEF. Taking ABC, I place A upon D, and make AB take 
the direction and fall upon DF. Smce AB = DF, B will &11 
upon F. Now keeping the line AB in DF, I conceive the 
triangle ABC to come into the plane of DEF. Since A = D, 
the side AC will take the direction DE, and the extremity C 
of AC will fall somewhere in the line DE,or in DE produced. 
Also, smce B = F, the Ime BC will take the direction FE, and the extremity C 
of BC will fall somewhere in FE or FE produced. Finally, as C falls in DE and 




Pio. 67. 



* The teacher mast inelet upon the fignres being dnwn, and that accarately, according to 
fole. 
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Ft both, it must be at E, their intersection. Thus I find that the triangle ABC, 
when applied to DEF, coincides with it throughout. 

Ex. 1. Qiv^n the two triangles DEF and ABC, in which DE; 
D = A, but E > B ; show how an attempt 
to apply one to the other fails. 

Solution. — Since angle D = angle A * I ap- 
ply the vertex D to the vertex A, and make DE 
take the direction AB. As DE = AB, E will fall 
on B, and the sides DE and AB will coincide. 
Again, since D = A, the side DF will take the 
direction AC when the planes of tlie triangles 
coincide ; and the extremity F will fall in AC, 
or in AC produced (really in AC produced, in 
this case). Finally, since E > B, EF will fall to 
the right of BC, and the application fails. Pio. gs. 

Ex. 2. Construct two trapeziums with their respective sides equal, 
as AC = HE, AB = HG, BD = OF, and CD = EF, q 

but with their angles unequal ; and show how C^ 
an attempt to apply one to the other fails. 

Ex. 3. If the sides of two trapeziums, as in 
the last figure, are equal, and two of the 
angles including a side in one are respectively 
equal to the corresponding angles in the other, 
as A = H, and B = G, can one be applied to the 
other ? If so, give the details of the process. 
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SECTION VI. 

ABOUT SIMILAB FIGURES, ESPECIALLT TRIANGLES. 

87. Similar Figures are such as are shaped alike — i. e,, have 

the same form. 

A more scientific definition is. Similar Figures are such as have 
their angles respectively equal, and their homologous (correspond- 
ing) sides proportional 



• Be careftil to dlrtingnleh between the vertex, which U a point, and the angle, which is the 
upeidnff between the linei». 



40 



ELEMEKTABT GEOMETBT. 




SS. Homologous^ or Corresponding Sides of similar fignrefl, 
are those which are included between equal angles in the respectiye 
figures. 

In Similar Teiangles, the Homologous Sides abb those 
opposite the equal angles. 

III. — The triangles ABC and DEF are similar, for they are of the same 

shape. But it is easy to see that 
ABC is not similar to IHK or 
MON. The pupil should notice 
that A = D, C = F, and B = E. 
Also, side 6 is 1^ times h, side /is 
1^ tunes e, and side c? is 1} times 
a; so that f :e : : e ih, and 
/ : c : : (i : a, and d la : : e :b, 
Now there are no such relations 
existing between the parts of 
ABC and IHK. The angles B 
and K are nearly equal, but A is 
much laiger than H, and C is 
smaller than I. So these triangles are not mutually equiangular, t. 6., each angle 
in one has not an equal angle in the other. Again, as to their sides, IH is a 
little less than AC, but HK is greater than AB. These two triangles are, there- 
fore, not similar. 

In the similar triangles ABC and DEF, b is homologous with e, since they are 
opposite the equal angles B and E. For a like reason a is homologous with ef, 
and c with f. It may also be observed, that the shortest sides in two similar 
triangles are homologous with each other ; the longest sides are also homolo- 
gous with each other, and the sides intermediate in length are homologous 
with each other. 

Ex. 1. Can a scalene triangle be similar to an isosceles triangle ? 
Can an obtuse angled triangle be similar to a right angled triangle ? 

Ex. 2. Are all squares similar figures ? 

Sua. — First, are tide angles equal ? Second, is any one side of one square to 
some side of another square as a second side of the first is to a second side of the 
second, etc. ? 

Ex, 3. A farmer has two fields, each of which has 4 sides and 4 
right angles. The first field is 20 rods by 60, and the other 40 by 
80. Are they similar? 

Bug.— Are they mutually equiangular? Then are the lengths in the same 
ratio as the widths ? If they are not similar, how long would the second have 
to be in order to make them similar? Draw two such figures, and see if they 
look alike in shape- 



ABOUT SIMILAB FIGUBES, ESPEOIALLT TRIANGLES. 



41 



89* JProb, — To find a fourth proportional to three given line^. 



Ah 



Solution. — I have the three given lines 
A, B, and C, and wish to find a fourth Ihie 
such that Q^ 

A shall be to B as C is to the fourth line^ i. e.^ 
A : B : : C : fourth Une, 

To do this, I draw two indefinite lines OX q 
and OY, from a common point O. On one 
of these, as OX, I lay off Oa = A, and Oe = 
6. Then on the other 1 make Ob = C, and 
draw (tb. Finally, drawing a parallel to ab 
through the point t (67), I have Od as the line ^ * 
sought Thus, calling Od, D, the proportion is 

Oa : Oe : : Ob : Off, or 
A : B : : C : 0. 

N.B. — The order in wTuch the lines are iaken^ and the way of drawing the lines 
ab and ed, are essenHaL The following directions will insure correctness : Lay 
off the FIRST and second on the samb line, as on OX ; and the third on the 
OTHER LINE, as ou OY. I7ien join the extremities of the first and third, and 
draw the parallel through the extremity of the second. 




Fig. 71. 



AH 



Ex. 1. Show that if the order of the proportionals in Fig, 71 is 
8 : A : : C : fourth line, the fourth 
proportional is E, Fig. 71. 

Ex. 2. Show that a fourth propor- C»- 
tional to A, B, and is D. Also, that 
a fourth proportional to C, A, and B 
is E. Show that, if the order be 
A : C : : B : fourth line, D is still the 
fourth proportional. Show that 
B : C : : A : 2C, nearly. 



E»- 
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Ex. 3. Solve the proportion 3 : 8 : : 5 : a;, and find x geometrically. 



Sua.— Using the scale of lOOtlis of a 
foot, the figure is that in the margin. OD 
is the iburth proportional, or « = OD, 
which is found by measurement to he 18^, 
as it is by arithmetic. 




Fia. 73. 
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90. JProb. — To draw a triangU similar to a given triangle, and 
having a given side. 

SoLunoK. — Ist Method. — I have a triangle ACB, and want to make another 
shnilar to it, but having the side homologous to BC equal to a. I draw aD 
indefinite line, and on it take EF, equal to a. Then at F I make an angle equal 

to C, and make the side indefinite. Now I find 
a fourth proportional to BC, EF, and AC. Having 
found this, as in the last article, I lay it off from 
F, as FD. Drawing DE, I have DEF, the triangle 
required. 

I can readily satisfy myself that DEF is simi- 
lar to ABC, for besides the fact that it looks as if 
it were of tlie same shape, by measuring the other 
two angles, I find that E = B, and D = A. More- 
over, I know that BC, EF, AC, and DF are pro- 
portional, because I made them so. And, by 
finding a fourth proportional to BC, EF, and AB, 
I find it exactly equal to DE. In like manner 
constructing a fourth proportional to AC, DF, and 
AB, I find it to be DE. 8o that the two triangles 
are mutually equiangular, and have their homolo- 
gous sides (those opposite the equal angles) pro- 
portional. Hence, the triangles are similar. 

2d Method. — But an easier way to construct DEF is to make the angle F = 
C as before, and then make E = B, and produce the sides till they meet in D. 
The triangles will then be similar, and tiie proportionality of the sides can be 
tested. 

Ex. 1. Given a triangle whose sides are 7, 11, and 15, to construct 
a similar triangle having the side corresponding to the one which is 
11 in the given triangle, 8. 

Ex. 2. Construct two triangles with equal angles, and then com- 
pare the sides, and see whether 
you can make two triangles whose 
angles shall be respectively equal, 
and their sides not be propor- 
tional. 



SuG. — Having the triangle ABC, make 
DEF equiangular with it, and then 
compare the homologous sides. In the 
figure D is made equal to C, and F to 
A; whence E = B. DE and BC are 
homologous sides, because opposite the 
equal angles F and A. DF is homolo- 
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gous with AC, because it is opposite angle E, which equals B. For a simi- 
lar reason EF is homologous with AB. Now, taking two sides of ABC, as BC 
and AB, and a side of DEF homologous with one of them, as DE, and finding a 
fourth proportional Oo, it will be found exactly equal to EF; so that 

BC : DE : : AB : EF (= Oe). 

Ex. 3. Make two triangles, two of whose angles shall be, one f 
and the other J of a right angle ; but make the side included between 
these angles twice as great in the second triangle as in the first. 
What will be the ratio of the side opposite the angle f in the first 
triangle to the homologous side in the second ? What the relation 
of the sides opposite the angles ^ ? 

Ex. 4. If you make one triangle whose sides are 5, 8, and 3 ; and 
a second whose sides are 15, 24, and 9, will they be mutually equi- 
angular? Which angles are the equal ones ? Which are the homol- 
ogous sides? 

Ex. 5. There are three pairs of similar 
triangles in Mg. 76. Can you point them 
out? Also point out their homologous 
parts. Are all the triangles which you 
can make out from the figure similar to 
each other ? *'^«' w. 

Ex. 6. Wishing to know the height EC of a house, I set up a 
stake DB 5 feet long; and putting my 
eye close to the ground, I moved back 
from the stake to A, so th^t the top of 
the stake and the top of the house were 
just in range (in a line). Then by meas- 
uring I found AB = 10 feet, and AC = 80 
feet What was the height of the house ? 

Ex. 7. If you take three sticks of different lengths and put them 
together by joining their ends two and two, so as to represent a 
triangle ; can you, by putting together the same sticks in a different 
order, make a triangle of different form from the first ? Will the 
angles opposite the same sticks always be the same ? 

Ex. 8. If you take more than three sticks (say 4), and make of 
them the boundary of a figure, by putting their ends together two 
and two, can you put them together so as to make another figure of 
different form ? Can you make figures having different angles ? 

Ex. 9. If you take three sticks, A 3 inches long, B 5 inches, 
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and C 6 inches ; and also three other sticks, D d inches long, E 15 
inches, and F 18 inches ;* can you place them together so as to make 
dissimilar triangles ? Will the corresponding angles of the two tri- 
angles be equal however you may arrange the sticks ? If the sides 
of two triangles are proportional, will their angles be equal and the 
triangles similar? 

Ex. 10. If you take four sticks, A 3 inches long, B 5 inches, C 6 
inches, and K 4 inches ; and also four other sticks, D 9 inches long, 
E 15 inches, F 18 inches, and L 12 inches ;* can you place them to- 
gether so as to make four-sided figures which shall be dissimilar 
{i. e., not of the same shape) ? Will the corresponding angles of the 
two figures be necessarily equal ? If the sides of a four-sided figure 
are proportional, does it follow that the corresponding angles are 
equal, and the figures similar ? 

Ex. 11. Why do the braces in the frame 
of a building stifibn it? Is a four-sided 
figure stiff? t. e., are its angles incapable 
of change while its sides remain of the 
same length ? Can the angles of a triangle 
be changed while the sides remain un- 
changed ? 
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ABOUT AREAS. 

91. A QuadrUaternl is a plane surface inclosed by four 
right lines. 

92. There are three (Tlasses of quadrilaterals, viz., IVapeziums, 
Trapezoids, and Parallelograms. 

93. A Trapezium is a quadrilateral which has no two of its 

sides parallel to each other. 

94. A Trapezoid is a quadrilateral which has but two of its 

sides parallel to each other. 



* Notice that the sides arc proportional, i. «.. in the same ratio talcen two and two. 
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95. A JPa/taUelogram is a quadrilateral which has its oppo- 
site sides parallel. 

96. A Rectangle is a parallelogram whose angles are right 
angles. 

97* A Square is an equilateral rectangle.* 

98. A JRhomhvs is a parallelogram whose angles are not right 
angles, and all of whose sides are equal 

99. A Mhonibaid is a parallelogram whose angles are not 
right angles, and two of whose sides are greater than the other two. 

III. — The jQgures in the 
nuur^ are all quadrilat- 
erals. A is a trapezium. 
(Why?) B is a trapezoid. 
(Why?) C, D, E, and F are 
parallelograms. (Why ?) 
D and E are rectangles, 
although D is the form 
usually referred to by the 
term rectangle. So C is 
the form usually referred 
to when a parallelogram is 
spoken of, without sajdng 
what kind of a parallel- 
ogram. C is also a rhom- 
boid. (Why?) E is a square. 
(Why?) F is a rhombus. 
(Why?) This page is a 
rectangle; so also are the 
common panes of glass. 




B 
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100. A Diagonal is a line joining two angles of a figure, not 
adjacent 

III.— In commou language, a diagonal is a line naming " from comer to 
comer." 

Ex. 1. To construct a square, haying given a side; or, in other 
words, to construct a square on a given line. 



• The paptt fhoiild be able to give thin and all nimilar definitions at lmi<rth. Thos, A Square 
jto a aiirfiu:e inckMed by torn eqnal right linet making right anglea with each other. 
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M 



1st Meihod.-^Let A be the given side. Draw 
the indefinite line OX, and lay off OM = A. At 
M erect a perpendicular MY, as taught in (44). 
On this take MN = A. From N and as centres, 
with a radius equal to A, describe arcs intersect- 
ing, as at P. Draw HP and PO. 

2d Method. — Let Q be the given side. Con- 
struct equal angles at the extremities of Q, and 
produce the sides till they meet, and one of 
them till it will meet another side of the square 
proposed. With S as a centre, and ST or SR as 
radius, describe a semicircle. Draw RV, and it 
forms a right angle at R. The construction can 
now be finished as before. 



Ex. 2. Construct a rhombus whose side 
is 2 inches, and one of whose acute angles 
is f of a right angle. 

Ex, 3. Construct a rectangle whose ad- 
jacent sides are 3 and 5.* 

Ex. 4. Construct a rhomboid whose adjacent sides are 3 and 7, 
and their included angle i a right angle. 

Ex. 5. How many diagonals has a triangle? How many has a 
quadrilateral ? How many has a figure with five sides (a pentagon) ? 
Of six? Of eight? 
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101, The Area of a surface is the number of times it contains 
some other surface taken as a unit of measure ; or it is the ratio of 
one surface to another assumed as a standard of measure. 

102* The Unit of Area usually assumed is a square, a side of 
which is some linear unit: thus, a square inch, a square foot, a 
square yard, a square mile, etc. By these terms is meant a square 1 
inch on a side, one foot on a side, one yard on a side, etc. 

The acre is an exception to the general rule of assuming the 
square on some linear unit as the unit of area, there being no linear 
unit in use whose length is the side of a square acre. 

III. — The area of a board is the number of squares 1 foot on a side which it 
would take to cover it The area of a floor may be spoken of in square yards, 
and is the same as the number of square yards of carpeting it would take to 
cover it. 



* TalF^ aoy conveDient unit, ap | inch, 1 inch. 
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103. The Altitfide of a parallelogram is the distance between 
its opposite sides ; of a trapezoid, it is the distance between its parallel 
sides ; of a triangle, it is the distance from any vertex to the side 
opposite or to that side produced. 

104. The JSases of a parallelogram or of a trapezoid are the 
sides between which the altitude is conceived as taken ; of a triangle, 
it is the side to which the altitude is perpendicular. 



altitudes, 
has two 



III. — The dotted lines in B, C, D, and F, Fig. 79, represent 
When the altitude is the distance between two parallels, the figure 
bases. The altitude of a parallelogram may 
be reckoned between either pair of parallel 
sides, but it is most common to conceive it as 
the distance between the two longer sides. 
The altitude of a rectangle in the same as 
either side to which it is parallel. A triangle 
may have three altitudes, and any side of a 
triangle may be conceived as its base. In 
Fig. 81, AB is conceived as the base in each case, and CD the altitude. 



Ex. What side of a triangle must you conceive as the base, in 
order that the altitude shall fall upon it, and not upon its pro- 
longation ? From what angle will the altitude be reckoned in such 
a case? 




lOS* Theorem. — The area of a rectangle is the product of its 
two adjacent sides; or, what is the same thing, the product of its 
altitude and base. 

III. — ^Let ABCD represent a rectangle, of which AB is 8 units long, and 
AC 5. Now, let us conceive a square a constructed on one of these units. 
Using this surface as the unit of area, it is evident 
that in the rectangle cABd there will be 8 such. 
Hence, the area of this rectangle is 8 (square units). 
Now, drawing parallels to the base through the 
several points of division of the. altitude, it is evident 
that the whole rectangle ABCD is made up of as 
many rectangles like eABd as there are units in the 
altitude — in this case 6. Hence the whole area is 6 
times the area of (;AB(f, i.e., 5 times 8 (square units) 
= 40 (square units). 

N.B. — Tlie pupil should be careful to observe that the language ** product of 
ha$e inio alUhidey^ is only a convenient form of abbreviaied ejogrewUfx. 11 >& 
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Ju8t as absurd to talk about multiplying a line by a line, as to talk about multi- 
plying dollars by dollars. Thus 8 inches in length can be taken 5 times, and 
makes 40 inches in length. But what does 8 inches in length, multiplied by 5 
inches in length mean ? Or what is 8 dollars taken 5 dollar$ times ? The midti- 
plier must always be an abstract number, and the product be like the multipli- 
cand, from the very nature of multiplication. With this the explanation given 
above agrees. When we say that the area of ABCD = 8 x 5, we mean 5 times 
8 square units, which equals 40 square units. 



106 • Theorem. — Tlie area of any parallelogram is the same as 
the area of a rectangle having the same base and altitude as the parole 
lelogram, and hence is the product of its base and altitude. 

III. — This truth is easily illustrated by cutting out a parallelogram, as 

ABCD. Then, cutting off the triangle DEC, 
being carefUl to make DE perpendicular to 
BC, and placing DC upon AB so as to bring 
the triangle DEC into the position AFB, the 
two parts will just make up the rectangle 
AFED. Hence we see that the area of ABCD 
is the same as the area of AFED, which latter 

is a rectangle haying the same base AD, and the same altitude ED, as the given 

parallelogram. 




Fig. 83. 



107 • Theorem. — The^ area of a triangle is half the product of 
its base and altitude. 

III. — To illustrate this trutid, cut out two triangles A and B just aUhe. By 

placing them together, a 

7 parallelogram can be 

A /' formed whose base and 

altitude are the same as 

the base and altitude of 

^*®- 8*- the triangle. The area of 

the parallelogram is the product of its base and altitude. Hence the area of 

one of the triangles is one-half the product of its base and altitude. 

In &ct, by cutting one of the triangles, as A, into two triangles, its parts can 
be put with B so as to make a rectangle having the same base and altitude as 
the triangles. [The pupil should do it.] 




108. Theorem. — The area of a trapezoid is the product of its 
altitude into the line joining the middle points of its inclined sides, 

III.— To illustrate this truth, cut out any trapezoid, as ABCD, and through 
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the middle of the inclined sides, as a and 5, cut 

off the triangles Aam and Bhn^ being careful to 

cut in lines am and bn perpendicular to the 

base. These can be applied as indicated in the 

figure, so as to fill out the rectangle omnp. 

Hence we see that the area of the trapezoid is ^*®- *• 

just equal to the product of its altitude into the line joining the middle points 

of its inclined sides, as ab. 

Ex. 1. How many square yards of plastering in the walls of a 
room 20 feet by 30, and 15 feet high, including the ceiling ? 

Ans. 233f 

Ex. 2. A salesman is selling a piece of velvet which is worth $8 
per yard. The velvet is cut " on the bias," as the technical phrase 
is, i. e,y obliquely, instead of square across. The piece he is selling is 
measured along the selvedge in the usual way half a yard. He is 
disposed to charge the customer somewhat more than 14. Is he 
right ? The customer claims that he is getting but half a yard of 
velvet, and so ought to pay but 14. Is he right ? 

Ans. Both are right, — the salesman in his demand, and the 
customer in his statement. How is it ? 

Ex. 3. There are two parallel roads one mile apart A has a farm 
which extends along one of the roads half a mile, and the lines run 
perpendicularly from one road to the other. B has a farm Ijing be- 
tween the same roads, and half a mile front on each road, but run- 
ning obliquely across. Which 
has the larger farm ? ^ ^ ^ 

Ex. 4. Of the four triangles 
ACB, ADB, AEB, and AFB, Fig, 
86, which has the greatest 
area, CF being parallel to AB ? 

Ex. 5. Which is the largest triangle which 
can be inscribed in a semicircle, having the 
diameter for its base ? 



Ex. 6. Can you vary the area of a triangle 
while the sides remain of the same length ? 
Can you vary the area of a quadrilateral while the sides remain of the 
same length ? 

Ex. 7. If you have two lines each 5 inches long, and two each 3 
inches long ; into what kind of a parallelogram must you form them 
in order to have its area the greatest ? 

4 




Fig. 86. 




Fig. 87. 
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Ex. 8. Rough boards are usually narrower at one end than at the 
other, for which reason the lumberman measures their width in the 
middle. What is the number of square feet in the following : 

12 boards 16 feet long, 10 inches wide (in the middle) ; 

15 boards 11* feet long, 9 inches wide " " ; 

8 boards 10 feet long, 13 inches wide " " ? 

What principle is involved in such measurement ? 

Ex. 9. What is the area of a triangle whose altitude is 6 &et, and 
base 10 feet ? Are these elements sufficient to ^x the form of the 
triangle ? 

Ex. 10. If a line be drawn from any angle of a triangle to the 
middle of the opposite side, what is the relation of the areas of 
the two partial triangles ? Why ? 



THE FYTHA60REAN PROPOSITION. 

109* Theorem. — The sqtuzre described on the hypotenuse of a 
right angled tYiangle is equivalent to the sum of the two squares 
described on the other ttvo sides. 

III. — The meaning of this proposition may be illustrated thus : Let ABC be 

a right angled triangle, right angled at C, and the 
y\ p sides AC and CB be 4 and 3 respectively. Then 

y\y<',\ y\ measuring AB, it will be found to be 5, and we 

I^V' \'K Xcx^v'\ observe that 4' + 3' = 6*. This is also seen from 

\''\.-K]/^X'^\y'^'\^ ^6 figure, in which the square on AC contains 

\i^y^ \ V^ '*'= ^^ square units, and that on CB 3»= 9 ; while 

that on AB contains 5' = 25, i. 6., as many as on 
both the other sides. We cannot so readily iUva- 
trate the truth of the proposition when the ratio 
of the sides is any other than that of 3, 4, and 5, 
but it is equally true in all cases, as will be proved 
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Pio. 88. Ill the next part of this book. 

Ex, 1. Can you make a right angled triangle whose sides shall be 
5, 8, and 10 ? 

SuG.— As 10 is the longest side, it will have to be the hypotenuse. Now 5* 
+ 8' = 25 + 64 = 89. But 10* = 100. Hence, 10 is too long for the hypote- 
nuse of a right angled triangle whose other sides are 5 and 8. 

Ex. 2. Can you make a right angled triangle whose sides shall be 
9, 12, and 15 ? 
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Ex. 3. A carpenter has framed the four sills of a building to- 
gether, and placed them on the foundation. He then wishes to 
adjust them so that the angles shall be 
right angles. He places one end of his 
ten foot pole db at a, 6 feet from c ; and, 
holding it in position, orders his attendants 
to move the sill AB to the right. How far 
will the end h of the pole be from c when 
the angle B is a right angle ? 

Ex. 4. A gate is to be 10 feet long and 4 feet high. How long 
must the brace be to go in as a diagonal and hold the gate in the 
form of a rectangle ? 

Ex. 5. The angles of a room are all right angles, and its dimen- 
sions are 20 feet by 30 on the floor, and 15 feet high. What is the 
length of the longest diagonal extending from one comer on the 
floor to the opposite corner in the ceiling ? 

Ans. A little more than 39 feci 

Ex. 6. The numbers 3, 4, and 5 are much used by artizans as 
parts of a right angled triangle. Will any equi-multiples of them 
answer the same purpose, as twice them, t. c., 6, 8, and 10; or three 
times them, as 9, 12, and 15, etc. ^ 

Ex. 7. In an obtuse angled triangle, is the square of the side oppo- 
site the obtuse angle greater or less than the sum of the squares of 
the other two sides ? How is it with the square of the side opposite 
an acute angle ? 



Sua. --In the right angled triangle ABC, AC = 
CB* + AB*. In the obtuse angled triangle C^is 
equal to CB in the right angled triangle. But AC" 
is greater than AC'; hence AC" > BC + AB». 
By a similar inspection the other case may be 
determined. 
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110* Proh* — To find a mean proportional between two lines. 

Solution. — I wish to find a mean propor- 
tional between the lines M and N, i. e.y a line 
X, such that 

M : a? : : a? : N, whence aj" = M X N, and 
«= VM X N. 

I draw a line AB equal to the sum of M and 
N, makmg DB = M, and AD = N. I draw » 
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semicircumference on AB, and at D erect CD perpendicular to AB. CD is x^ 
the mean proportional required. 

Ex. 1. To construct a square which shall be equal in area to a 
given rectangle. 

Sua. — Draw any rectangle. Then find a mean proportional between its 
adjacent sides as described above. A square constructed on this line will be 
equal in area to the rectangle ; since, if x is the side of the square, and M and N 
are the adjacent sides of the rectangle, 2^ = 1^1 x N. But x* is the area of the 
square, and M x N is the area of the rectangle. 

Ex. 2. To find the square root of 15 by means of the ruler and 
compasses. 

Sua.— Since 15 = 3 x 5, if DB = 3 and AD = 5, Fig, 91, x (CD) = -v/ 3 x 6 
= V 15. Therefore, making a figure having DB and AD of these lengths, 
CD can be measured, and thus the square root of 15 obtained, approximately, in 
numbers. 

• 

N. B. — In such a case CD represents exactly the required root^ although tM 
may not be able to express the value exactly in numbers. In this case geometry 
does exactly what arithmetic can only do approximately. 

Ex. 3. Draw a line which shall represent, exactly, the square root 
of 5. 

Sua.— Make DB = 1, and AD = 5. 

Ex. 4. Draw a rectangle whose adjacent sides are 2 and 3^ and 
then draw a square of the same area. 



111. Theorem.— The areas of similar triangles are to each 
other as the squares of their homologous sides. 

^ III.— The meaning of this is, that if ABC and DEF 

K are similar, and any side of ABC is 2 times as great as the 

1 N. homologous side of DEF (as is the case in the figure, CB 

\ N^ being = 3FE, CA to 2FD and AB to 2DE) the area of 

ABC is 4 times the area of DEF. In fact, in a simple 

X. case like this, we can divide ABC into four triangles 

N^ exactly equal to DEF, as is done by the dotted lines. 
B 

Ex. 1. A and B have triangular pieces of land, 

which are similar to each other, and similarly 

situated. But A's front is to B^s as 5 to 3 ; how 

much more land has A than B ? 

^ * Ans. 2| times as much. 
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Ex, 2. In order that one triangle may be similar to and 4 times as 
great as another, how must any side 
of the first compare with the ho- 
mologous side of the second ? 

Ex, 3. In order that the areas of 
two similar triangles may be to 
each other as 4 to 9, what must 
be the ratio of their homologous 
sides ? 
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112. Theorem. — The homologous sides of similar triangles are 
to each other as the square roots of their areas. 

This theorem is inyolved in the theorem that the areas of similar triangles 
are to each other as the squares of their homologous sides. It is illustrated in 
the preceding examples. 

Ex, Construct a triangle with one of its sides 2 in length. 
Then construct a similar triangle H times as large. What must be 
the length of the side of the second triangle which is homologous 
with the side 2 of the first. 



Solution. — Let CAB be the given triangle, whose side AB is 2. Since the 
second is to be li times as great as the fii'st, the ratio of the areas is 2 : 3. 
Hence, V^: y/^ 
:: AB (or 2) : x, 
the side of the re- 
quired triangle ho- 
mologous with side 
2 of the given tri- 
angle. Construct 
the square roots of 
2 and 8, as a6 and 
oe in the figure, 
and then find a 
fourth proportional 
to ab, ae, and AB. 

This is found to be v tu 

ay. Taking DE = 

ay, construct on it a triangle DEF similar to ABC, and it will be li times as 
large. 
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THE ASEA OF A CIRCLE. 

113* Theorem. — Tlie area of a circle whose radius is r, is wr*, 
i.e., 3.1416 times the square of its radius, 

Ii^i*. — If we take a circle whose radius is r and circumscribe about it a square 
ABCD, we observe that the area of this square is 4r*. Hence we see that the 
area of a circle is less than 4 times the square of its radius. Again, drawing two 

diameters EF and CH at right angles to each other, 
_ ^ and joining their extremities, we have the inscribed 

square CEHF. The ai*ea of this square is equal to 
the area of the two triangles CEF and EHF. But 
area CEF = ^CO xEF = irx2r = r*; and in like 
manner EHF = r". Hence area CEHF = 2r*. 
We thus see that the area of a circle is more than 
two times the square of the radius. The area 
of a circle is therefore somewhere between two 
and four times the square of its radius. Just bow 
many times r* the area is, we do not propose to find 
in this place, but only say that it has been found to 
be 3.1416 times f*. We must also remark that this 
is not exact; but it is near enough for practical purposes. In fact, nobody 
knows exactly how many times the square of the radius the area of a circle is. 

Ex. 1. If you cut from a square the largest possible circle, show 
that you cut away a little less than J of the square, or more exactly 
.2146 of it 

Ex. 2. What is the area in acres of a circle whose diameter is 3 
miles ? Ans. 4523.904. 

Ex. 3. A horse is so tied to a tree that he can graze on every side 
of it to a distance of 100 feet. What is the area in acres over which 
he can graze ? Ans. A little less than f of an acre. 

Ex. 4. What is the area of a circle whose radius is 1 ? 

[Remember this result] 

Ex. 5. What is the area of a circle whose radius is 2 ? 3 ? 4 ? 
How do these areas compare with the area of a circle whose radius 
isl? 



114. Theorem. — The areas of circles are to each otJ^r as the 
squares of their radii, 

III. — This is readily seen from the last theorem. Thus the area of a circle 
whose radius is 5 is 25;r ; and of one whose radius is 6, the area is 86;r. Now, 
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the ratio of these areas 25^ : 36^ is the same as 25 : 86, i e., as the squares of 
tlie radii of the two circles. 

Ex. 1. In the figure the radius of the outer 
circle is twice that of the inner. How do their 
areas compare ? How do the 4 parts into which 
the larger circle is divided compare with each 
other ? 

Ex. 2. The radii of 2 circles are 3 and 6 re- 
spectively ; what is the relation of their areas ? 

Ans, 9 : 25 ; or one is 2 J times as large as the fiq~96. 

other. 

Ex. 3. I have a circle whose radius is 5^ and wish to make anotiier 
whose area is twice as great ; what must be its radius ? 

Ans. VEOy or 7.071 nearly. 

Ex. 4. Can we compare the areas of circles by means of the squares 
of their diameters as well as by means of the squares of their radii ? 
How much greater is the square of the diameter of any circle than 
the square of the radius? 

Ex. 6. Two 5-inch stovepipes run together into one 7-inch pipe. 
Is the capacity of the one pipe equal to that of the two ? 

Ex. 6. Two men bought grindstones of equal thickness. The 
stones cost $4 and $9 respectively. One was 2 feet in diameter and 
the other 3. What was the difference in the rates paid ? 
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SECTION VIII. 

OF POLYGONS. 

US. A Polygon is a portion of a plane bounded by straight 
lines. 

The word polygon means many-angled ; so that with strict propriety we 
might limit the definition to plane figures with five or more sides. This limita- 
tion in the use of the word is frequently made. 

116. A polygon of three sides is a triangle ; of four, a quadrilat- 
eral; of five, dk pentagon ; of six, a hexagon; of seven, a heptagon ; 
of eight, an octagon; of nine, a nonagon; of ten, a decagon; of 
twelve, a dodecagon. 
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117. A Regvlar Folygon is a polygon whose sides are 
equal each to each^ and whose angles are equal each to each. 

118. The Perimeter of a polygon is the distance around it, 
or the sum of the boundmg lines. 



119. Theorem. — Any polygon may he divided by diagonals 
drawn from any angle, into as many triangles as the polygon has 
sides, less two sides. 



IiiL. — In the figure the polygon has 7 sides. 
By drawing the diagonals from C to the other 
angles, we divide the polygon into 5 (7—2) 
triangles. 
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120. Theorem. — The sum of the an- 
gles of any polygon is twice as many right 
angles as the polygon has angles {or sides), 
less four right angles. 



III. — Draw a polygon, as ABCDEFC, and the arcs a, J, c, d, «,/, g, measuring 

its angles. With the sams radius draw a 
circle. Beginning at some point, as O, 
lay off OA = a, AB = 5, BC = c, CD = d, 
DE = e, EF =/, and FC = g. It is found 
in this case that the sum of these meas- 
ures is two circumferences and a half. 
Now, one circumference is the measure 
of 4 right angles. Hence, 2i circumfer- 
ences measure 2i x 4 = 10 right angles. 
Thus it appears that the sum of all the 
angles of the polygon is 10 right angles. 
This agrees with the theorem; for, by 
that, the sum should be 2 right angles x 7 
— 4 right angles, which is 10 right angles. 




121. Prob. — To draw a regu- 
lar polygon. 
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Solution. — Draw a circle, and divide 
the circumference into as many equal ares 
as the polygon has sides. The chords of these arcs will constitute the perimeter 
of the polygon. 
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The practical difficulty lies in dividing the circumference as required. The 
circumference can be divided into 6 equal arcs by (55). Drawing radii to these 
points of division, and bisecting the included angle, a division into 12 equal 
parts is effected. These can be again bisected, and the division into 24 equal parts 
effected, etc. Again, the circumference can be divided into 4 equal parts by 
drawing two diameters at right angles to each other (see Fig. 95). These arcs 
can be bisected as indicated above, and the division into 8 equal parts effected. 
Bisecting the latter arcs, we have 16 equal parts, etc. There is also a way to 
divide the circumference into 10 equal parts, but it is too difficult to be given 
here. For all regular polygons except those of 3, 6, 12, 24, etc., and 4, 8, 16, etc., 
sides, the pupil, at this stage of his progress, is expected to effect the division 
hy trial. 



EXEBCISES. 

1. By drawing diagonals from any one angle, into how many tri- 
angles can a pentagon* be divided ? Show it with a figure. Into 
how many an octagon ? A dodecagon ? A nonagon ? A hexagon ? 

2. What is the sum of the angles of a hexagon ? Determine the 
number mentally, and then measure the angles geometrically, as in 
t}he solution of {120), observing that the latter result verifies the 
former. In like manner determine the sum of the angles of a pen- 
tagon. Of an octagon. Of a decagon. Of a nonagon. Of a tri- 
angle. Of a quadrilateral. 

3. If the angles of a hexagon are equal each to each — that is, if 
the hexagon is equiangular — what is the value of any one angle ? 

Ans. 1^ right angles. 
[Note.— A regular polygon is equiangular.] 

4. What is the value of any angle of a regular octagon? Of a 
Tegular pentagon ? Of a regular dodecagon ? 

A^istoer to the last, If right angles. 

5. Construct a regular dodecagon. 

6. Construct a regular heptagon. 

Bug's.— Observing that as the chord for the hexagon 
is the radius, and hence the chord for the heptagon is 
a UtUe less, we can readily find by trial ^nst how wide 
to open the dividers so that they shall step around 
the circumference at 7 steps. This is not a veiy 
scientific way of constructing a figure, it is true, but 
it is the only way we can get the chord in this case. ^oTw. 

* Polygons are not to be assamed regalar anIeBB they are e-o designated. 
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7. Construct a regular octagon. 
Bxjo.— See the general solution (121). 



X 




Fie. 100. 




Fie. 101. 



8. Construct a regular nonagon. 

Solution. — First get a quarter of the cir- 
cumference by marking the points where two 
diameters at right angles to each other would 
cut the circumference. AX is an arc of 90**. 
Then from A take AY = 60** by using radius as 
a chord. YX is therefore an arc of 30°. Divide 
this into three equal parts by trial. Measure 
YB equal to two- thirds of YX, and AB and BC 
are arcs of 40°, and the chords AB and BC are 
chords of the regular nonagon. 



9. To draw a five-point star. 

Solution.— Draw a circle, and dividing the 
circumference into five equal parts. Join the 
alternate points of division, as in the figure. 



io. To circumscribe a square about a circle {S6)' Also an equi- 
lateral triangle^ and a regular hexagon. 



SYNOPSIS OF PLANE FIGUBE8. 
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r What? 



QQ 

o 

M 



O 

GQ 

CO 

OQ 



r What ? 



Triangles. 



CD 

O 
O 

O 
04 



Sides. Perimeter. 
rWhat? Altitude. 
'g 5^ r Scalene. 

a *s s Isosceles. 

^ Equilateral. 



3^ 



Diagonal. 
Base. 
'g $' f Acute. 

pi Eight. 

3 ^ t Obtusi 



QUADRILAT- ^ 
ERALS. "^ 



r What ? 
Trapezium. 
Trapezoid. 



Parallelo- 
gram. 



"^ Ehombus. 
Ehomboid. 



g"^''- 1 Square. 



Pentagon. 
Hexagon. 
Heptagon. 
Octagon. 
Nonagon, etc. 



^ Eegular. What? 



CQ 
O 



O 

pq 



r What ? 

Circle. J Circumference. 
Centre. 
^ Eadius, Diameter. 

( Ellipse. 
Conic Sections.* -j Parabola. 

( Hyperbola. 

Higher Plane Curves.* 



* Thege are inserted Bimply to give completenesB. Of coarse, the fitadent is not expected 
to know more than their names. 



PART II. 



THE FUNDAMENTAL PEOPOSITIONS OF ELEMENT- 
AEY GEOMETRY, DEMONSTRATED, ILLUS- 
TRATED, AND APPLIED. 



OHAPTEE L 

PL AXE GEOMETRY. 



SECTION I. 

OP PERPENDICULAR STRAIGHT LINES. 



PROPOSITION L 

122m Tlieorem. — At any point in a straight line, one perpen^ 
dicular can be erected to the line, and 07ily one, which shall lie on the 
same side of the liiie, 

O' Dbm. — Let AB* represent any line, and P be 

/C any point therein ; then, on the same side of 

/ AB there can be one and only one perpendic- 

/ ular erected at P. For from P draw any ob- 

/ lique line, as PC, forming with AB the two 

"/\ angles CPB and CPA. Now, while the ex- 

— ^ Q tremity P, of PC, remains at P, conceive the 

line PC to revolve so as to increase the less of 

^'o- ^02. the two angles, as CPB, and decrease tlie 

greater, as CPA. It is evident that for a certain position of CP, as C'P, these 

« 
♦ In claBB recitation the pupil Bhoald p:o to the blackboard, after having had hie proposition 

aligned him, and first draw the figure required for the demonstration. This should be done 

neatly, accurately, with dispatch, and without any aids. The figure being complete, he 

stands at the board, pointer in hand, enunciates the proposition, and then gives the demon- 

Btration as it is in the text, pointing to the several parts of the figure as they are referred to. 
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angles will become equal. In this position C'P becomes perpendicular to AB 
{26).* Again, if the line C'P revolve from the position in which the angles 
are equal, one angle will increase and the other diminish ; hence there is onlp 
one position of the line on this side of AB in which the adjacent angles 
are equal. Therefore there can be one and only one perpendicular erected to 
AB at P, which shall lie on the same side of AB. q. b. d. 

123. Cor. 1. — On the other side of the line a second perpen- 
dicular , and only one, can be drawn from the same point in the line, 

124. Cor. 2. — If one straight line meets another so as to make 
the angle on one side of it a right angle^ the angle on the other side is 
also a right angle, and the first line is perpendicular to the second, 

125. Cor. 3. — If two lines intersect so as to make one of the 
four anghs formed a right angle, the other three are right angles, and 
the lines are mutiially perpendicular to each other, 

Dbm.— Thus, if CEB is a right angle, CEA, ^ 

being equal to it, is also a right angle. Then, 
as AEC is a right angle, the adjacent angle 
AED is a right angle, since they are equal. 

Also, as CEB is a right angle, and BED equal 

to it, BED is a right angle. Hence CD being A E B 

perpendicular to AB, AB is perpendicular to 

CD, as it meets CD so as to make the adjacent 

angles AEC and AED, or CEB and BED equal to 

each other (43), ^ 

Fig. 103. 



PROPOSITION IL 

126. Theorem. — When two straight 
lines intersect at right angles, if the por* 
tion of the plane of the lines on one side 
of either line be conceived as revolved on 
that line as an axis until it coincides 
with the portion of the plane on the other 
side, the parts of the second line will coin- 
cide. 



A 



B 



D 

Fig. 104. 



Dem. — ^Let the two lines AB and CD intersect 
at right angles at E ; and let the portion of the 
plane of the lines on the side of CD on which 
B lies be conceived to revolve on the line CD as an axis,t until it M\s in the 

♦ When a preceding principle is referred to, it should be accurately quoted by the pupil. 

t As if the paper, which may represent the plane of the lines, were folded in the line CD. 
It is important that this process be clearly conceived, as it la to be toaAft VVi^ Vi^-^vA ^i \aas£s 
fabeeqnent demonBtntlome. 
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portion of the plane on the other side of CD. Then will EB fall in and coincide 
withAE. 

For, the point E being in CD, does not change position in the reyolution ; 
and, as EB remains perpendicular to CD, it must coincide with EA after tlie 
reyolution, or there would be two perpendiculars to CD on the same side and 
from the same point, E, which is impossible {122), Hence EB coincides with 

tA, Q. B. D. 



P 



PROPOSITION in. 

127. Theorem. — From any point without a straight line, one 
perpendicular can be let fall upon that line, and only one. 

Deh. — Let AB be any line, and P any point without the line ; then one per- 
pendicular, and only one, can be let fall from P 
upon AB. 

For, conceive any oblique line, as PC, drawn, 
making the angle PCB>PCA. Now, while the 
extremity P of this line remains fixed, conceive 
the line to revolve so as to make the greater angle 
PCB decrease, and the less angle PC A increase. 
At some position of the revolving line, as PD, the 
two angles which it makes with the line AB will 
become equal. When these adjacent angles are equal, the line, as PD, is per- 
pendicular to AB {269 43). Moreover, there is (mli/ one position of the line in 
which these angles are equal ; hence, only one perpendicular can be drawn 
from a given point to a given line. q. e. d. 



\\ 



A. 



D E 
Fio. 1C5. 



B 



PROPOSITION IV. 

128. Theoreim. — From a point without a straight line, a per- 
pendicular is the shortest distance to the line. 

Dem.— Let AB be any straight line, P any point without it, PD a perpendicu- 
lar, and PC any oblique line; then is PD<PC. 
p Let the portion of the plane of the lines above 

AB be revolved upon AB as an axis, until it coin- 
cides with the portion below AB. Let P' be the 
point where P falls in the plane below AB. Now 
conceive the upper part of the plane as revolved 
back to its original position, and draw PP' and P'C. 
B Again, revolving the upper portion of the plane 
as before until P falls at P', since the points D and 
C remain fixed, the lines PD and P'D will coin- 
cide, as also the angles PDC and P'DC. Hence, 
PDC = P'DC, and PD is the perpendicular from 
P upon AB (26, 43, 125), Moreover, PD = PD 
jijQ jQg^ and PC :^ P'C, since they coincide when applied. 

Finally, PP' being a straight line, is shorter than 



p-l/ 



:s- 
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PCP, which is a broken line, since a straight line is the shortest distance be- 
tween two points. Hence PD, the half of PR', is less than PC, the half of the 
broken line PCP. q. b. d. 



PROPOSITION T. 

129. Theorem. — If a perpendicular he erected at the middle 
point of a straight line, 

1st Any point in the perpendicular is equally distant front the 
extremities of the line. 

2d. Any point without the perpendicular is nearer the extremity of 
the line on its own side of the perpendicular. 

Dbh.— Ist Let PD be a perpendicular to AB at its middle point D. Then, 
being any point in the perpendicular, OA = OB. 

For, revolye the figure OBD upon OD as an axis 
until it falls in the plane on the other side of PD. 
Since ODB and ODA are right angles, DB will fall 
iu DA (120) ; and, since DB := DA, B will fall at A. 
Hence, OA and OB coincide, and OA = OB. 

2d. O' being any point without the perpendicular 
on the same side as B, 0'B<0'A. 

For, drawing O'A and O'B, let O be the point at 
which O'A cuts the perpendicular. Draw OB. Now 
0'B<BO + 00', since 03 is a straight and O'OB is a broken line. But, as 
OAzrOB, we may substitute it m the mequality, and have O'B <0A + 00', which 
sum = O'A. 

130. Cor. — If each of two points in one line is equally distant 
from the extremities of another line, the former line is perpendicular 
to the latter at its middle point, 

Dem. — Every point equally distant from the extremities of a straight line lies 
in a perpendicular to that line at its middle point, by the proposition. But, 
two points determine the position of a straight line. Hence, two points, each 
equally distant from the extremities of a straight line, determine the position 
of the perpendicular at the middle point of the line. 




EXERCISES. 

1. Proh. — To erect a perpendicular to a given line at a given 
point in the line. 
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^ 



isr 



Fig. 108. 



Solution. — [The process Is given in 
(44)y and should be repeated here ex- 
actly as given there, with the reasons for 
the solution^ as follows.] A is one point 
in the line OA, which is equally distant 
from B and C, by construction, and O is 
another. Hence OA is perpendicular to 
BC at A, by {130), 



2. Frob. — To bisect a given line. 



^ 



Fig. 109. 



B 



Solution.— [For the process see (39). The 
student should first do it as he did then. The 
reason why this process bisects AB is as follows.] 
Since m is one point equally distant fi'om the ex- 
tremities A and B, and n another, there are two 
points in mn each equally distant from the ex- 
tremities of AB. Hence mn is perpendicular to 
AB at its middle point O, by (130), [The reason 
for the process in Fig. 20 is the same. Let the 
student give this method, and show how the cor- 
ollary (130) applies.] 



\B 



Fig. 110. 



Cx 



/^ 



3. Prob^ — From a point without a 
given line, to let fall a perpendicular upon 
the line. 

Solution.— [Repeat the process as in (45), 
and give the reason for it as follows.] O is one 
point equally distant from B and C, and D is 
another. Hence a line drawn from O to D is 
perpendicular to BC by (130). 



P' 



4. Wishing to erect a line perpendicular to AB at its centre, I 

take a cord or chain somewhat 
longer than AB, and, fastening 
its ends at A and B, take hold of 

' *-..^ the middle of the cord or chain 

,,"'^B and carry it as far from AB as I 

, '"' can, first on one side and then on 

the other, sticking pins at the 
most remote points, as at P and 
P'. These points determine the 
perpendicular sought. What is the principle involved? 

5. Two boys are skating together on the ice, and both start from 



P 

Fig. 111. 
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the same point at the same time, one skating directly to the shore 
and the other obliquely. They both reach the shore at the same 
time. Which skates the faster ? What principle is involved ? 

6. Several persons start at different times from the same point in 
a straight road that runs along a wood, and each travels directly 
away from the road. Will they come out at the same, or at different 
points on the opposite side of the wood ? What principle is involved ? 
What is the geometrical language for the colloquial phrase " Directly 
away from the road*' ? 

7. If I go from A to B, Fig, 111, by first passing over AP, will I 
gain or lose in distance by going on a little farther in the direction 
of AP before I turn and go straight to B ? What principle is in- 
volved ? Would I gain or lose by stopping short of P on the line 
AP ? Why ? 



SECTION II 



OP OBLIQUE STRAIGHT LINES. 



PROPOSITIOir L 

131m Theorem. — When an oblique line meets another straight 
line forming two adjacent angles, the sum of these angles is two right 
angles. 

Dem. — Let the oblique line CD meet the straight ^r 

line AB forming the two adjacent angles CDB and 
CDA ; then CDB + CDA equals two right angles. 

For suppose CD to revolve toward the position of 
the perpendicular CD ; the angle CDB will increase 

at the same rate that CDA diminishes; hence thrir ^ ^ „ 

9um will remain constant (i. «., the same). But, 

when CD becomes perpendicular, the sum of the 

adjacent angles formed with AB is two light angles by definitions (26, 43). 

Therefore CDB + CDA = two right angles, q. e. d. 

132. Cob. — The sum of all the consecutive angles formed ly any 
number of lines meeting a given line on the same side and at a given 
point is two right angles. 

5 
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►IV 



t 



C" 



c: \ • / 




D B 

Pio. 113. 



Dbm.— Thus ADC' + C^DC*^ + C*^DC'" 4- C'"DC" 
+ CDC + CDC + CDB = ADC + CDS. which 
sum is two right angles by the proposition. Or, in 
general terms, the angles Uius formed can always be 
united into two groups, constituting respectively the 
two adjacent angles formed by one line meeting 
another. 



133. Def. — Two angles whose sum is two right angles, are 
called Supplemental Angles, Hence, the Supplement of an angle is 
what remains after subtracting it from two right angles. 




PROPOsiTioir n. 

13^* Theorem. — When any two straight lines inter sect^ the 
opposite or vertical angles are equal to each other y and the sum of the 
four angles formed is four right angles. 

Dem. — Let AB and CE intersect at D ; then CDA = the opposite angle BDE, 
ADE = the opposite or vertical angle CDB, and ADC + CDB + BDE + EDA = 
four right angles. For, since CD meets AB, ADC + CDB = two right angles 

{131). Also, since BD meets CE, CDB + BDE = 
two right angles. Hence ADC + CDB = CDB + BDE; 
and, subtracting CDB from both members, there 
remains ADC = BDE. In a similar manner ADE can 
be proved equal to CDB. [The student should give 
the proof.] 
Again, since ADC + CDB = two right angles, and 
BDE + EDA = two right angles, by adding the corresponding members together, 
we have ADC + CDB+ BDE + EDA = four right angles. 

13S. Cor. — The sum of all the consecutive angles formed by any 
number of lines meeting at a common point is four right angles. 

Dem. — The truth of this corollary is rendered 
apparent by drawing a line through the common 
vertex, and observing that the sum of all the angles on 
each side thereof is two right angles; whence the 
sum of all the angles on both sides, which is the 
same as the sum of all the consecutive angles formed 
by the line, is four right angles. [Let the student put 
letters on the figure, and demonstrate by means of it! 



Fig. 114. 
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PROPOSITION ni. 

136m Theorem. — If two supplemental angles are so situated as 
to be adjacent to each other, the two sides not common will fall in the 
same straight line. 

Dbm. — Let the sum of the two angles 
BOA and CO'D be two right angles. 
Prolong CO', forming the angle DO'E. 
Then is DO'E supplemental to GO'D {131, 
133)f and hence equal to BOA, which is 
supplemental to GO'D by hypothesis. 
Now, if AOB be placed adjacent to GO'D, 
the vertex being at 0', and the side OA 
felling in O'D, OB will fall in O'E, since 
BOA = DO'E. Hence, when the angles 
are so situated, OB becomes the prolonga- 
tion of CO'. Q. B. D. 




PROPOSITION IT. 

137 m Theorem. — If from a point without a straight line a per- 
pendicular he drawn^ oblique lines from the same point cutting the 
Une at equal distances from the foot of the perpendicular are equal to 
€ach other; the angles which they form with the perpendicular ar^ 
equal to each other ; and the angles which they form with the line are 
equal to each other. 

DEii. — ^Let AB be any straight line, P any point without it, PD a perpen- 
dicular, and PC and PE oblique lines cutting 
AB at C and E, so that DG=DE ; then PG=PE, 
angle GPD = angle DPE, and angle PCD = 
angle PED. 

Revolve the figure PDE upon PD as an 
axis, until it falls in the plane on the other 
side of PD. Since AB is perpendicular to PD, 
DB will fall in DA; and, since DE = DC, E 
will fall at C. Now, as P remains stationary, 
the triangles PDE and PDC coincide. Hence, 
PC = PE, angle GPD = angle DPE, and Fio.in. 

Angle PCD = angle PED. q. b. d. 

QUBRT.— How does the equality of PE and PC follow from {129). 




PROPOSITION T. 

138. Theorem. — If from a point without a line a perpendicu- 
lar be drawn to the line, and also from the same point ^loo oftixcjue, 



68 



ELEMENTARY PLANE GEOMETBY. 



lines making equal angles toith the perpendicular^ the obliqvs lines 
are equal to each other y cut the line at equal distances from the foot 
of the perpendicular, and make equal angles with it.* 

Dbm.~PD being a perpendicular to AB, and angle CPD equal to angle 

DPE, PC equals PE, CD equals DE, and PCD 
equals PED. 

Revolve the figure PDE upon PD as an 
axis, till it falls in the plane of PDC. Since 
angle EPD = angle CPD, PE will take the 
direction PC, and E will fall somewhere in 
the indefinite line PF. But, since PDE and 
PDC are right angles, DE will fall in DA (126) 
and E will fall somewhere in the indefinite 
line DA. Now, as E falls at the same time in 
PF and DA, it must fall at their intersection 

C. Hence, PE coincides with PC, and DE with DC. Therefore PE = PC, DE 

= DC, and angle PED = PCD. q. e. d. 




Fio. na 




PROPOSITION TI. 

139. Theorem. — If from a point without a line a perpendicular 

be let fall on the line, and two oblique 
lines be drawn, the oblique line which cuts 
off the greater distance from the foot of 
the perpendicular is the greater. 

Dem. — Let AB be any straight line, P any point 
without it, and PC and PF two oblique lines of 
which PF cuts off the greater distance from the 
foot of the perpendicular; that is DF > DC. 
Then is PF > PC. 

Revolve the figure FPD upon A B as an axis, until it falls in the plane on the 
opposite side of AB. Let P' be the point at which P falls ; and revolve the figure 
FPD back to its original position. Draw P'D, P'F, and P'C producing the 
latter till it meets PF in H. Then P'D = PD, P'C = PC. and P'F = PF. Now 
the broken line PCP' < than the broken line PHP', since the straight line 
PC < the broken line PHC. For a like reason the broken line PHP' < PFP', 
smce HP' < HFP'. Hence PCP' < PFP', and PC the half of PCP' < PF the 
half of PFP'. Q E. D. 

ScH. — If the two oblique lines to be compared lie on different sides of the 
perpendicular, as PF and PE, DF being greater than DE, lay off DC = DE, and 
draw PC. Then since PC = PE, if it is found less than PF, as in the demon- 
stration, PE is less than PF. 

* ThiB proposition is the converse of the last. Tlie significance of this statement will be 
more tally developed farther on ( 154). 
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14:0. Cor. 1. — From a^ given point without a line, there can not 
be two equal oblique lines drawn to the line on the same side of a per- 
pendicular from the point to the line. 



!• Cor. 2. — Two equal oblique lines drawn from the same 
point in a perpendicular to a given line, cut off equal distances 
on that line from the foot of the perpendicular, 

Dbm. — ^For, if the distances cut off were unequal, the lines would be unequal. 



EXERCISES. 

1. Having an angle given, how can yon construct its supplement? 
Draw any angle on the blackboard, and then construct its supple- 
ment 

' N 
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2. The several angles in the figure are such parts of a rignt angle 
as are indicated by the fractions placed in them. If these angles 
«re added together by bringing the vertices together and causing 
the adjacent sides of the angles to coincide, how will MA and CN 
lie? Construct seven consecutive angles of these several magni- 
tudes. How do the two sides not common lie ? "Why ? 

3. If two times A, B, two times D, three times E, three times c, three 
times C, two times F, in the last figure, are added in order, how will 
AM and CN lie with reference to each other ? Why ? 

Ans. They will coincide. 

4. If you place the vertices of any two equal angles together so 
that two of the sides shall extend in opposite directions and form 
one and the same straight line, the other two sides lying on opposite 
sides thereof, how will the latter sides lie ? By what principle ?. 

5. Upon what principle in this section may the common method 
of erecting a perpendicular at the middle of a straight line (39, 44) 
be explained ? Upon what the method of letting fall a perpendicular 
upon a straight line from a point without (43) ? 
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6. A and B start at the same time, from the same point in a certain 
road ; A travels directly to a point in another road at right angles to 
the first, and at ten miles from their intersection, and B travels di- 
rectly toward a second point in the second road, which point is seven 
miles from the intersection. Both reach their destination at the 
same time. Which travels the faster ? What principle is involved ? 



SECTION III. 

OF PARALLELS. 
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PROPOSITION L 

142. Theorem* — Two straight lines lying in the same plane 
and perpendicular to a third line are parallel to each other. 

Dem. — Let AB and CD be two straight lines 
lying in tlie same plane and each perpendicu- 
lar to FE ; then are they parallel. 

For if AB and CD are not parallel, they 
will meet at some point if sufficiently pro- 
duced (66). But, if they could meet, we should 
have two straight hues from one point (their 
Fig. 121. point of meeting), perpendicular to the same 

straight hue, which is impossible (l;?7). There- 
fore, as the lines lie in the same plane and cannot meet how far soever they be 
produced, they are parallel. Q. B. D. 

143* CoR. 1. — Through the same point one parallel can always 
he drawn to a given line, and only one. 

Dem. — ^Let AB be the given line, and C the given point, there can be one 
and only one perpendicular through C to AB (127) Let this be FE. Now 
through C one and only one perpendicular can be drawn to FE. Let this be 
CD. Then is CD parallel to AB by the proposition. That there is only one 
such parallel, we shall assume as axiomatic* 

144. Cob. 2. — If a straight line is perpendicular to one of two 
parallels^ it is perpendicular to the other also. 

Dem. — If FE is perpendicular to AB it is perpendicular to CD. For, if 
through C where FE intersects CD, a perpendicular be drawn to FE, it is par- 



* Nona regarderoDB cette propoeition comme £tidsntb. P.-F. CoMPAeMON. So also 
Ohautenst. 



OF PABALLEL LINES. 



71 



allel to AB by the proposition. But, by Cor. 1, there can be but one line ^ 
through C parallel to AB. Hence the perpendicular to FE at G coincides with, 
oris, the parallel CD. 



PROPOSITION IL 

1^5. Theorem. — T^oo straight lines which are parallel to a 
thirdy are parallel to each other, 

Dkm.— Let AB and CD be each parallel to EF ; 
then are they parallel to each other. 

For draw HI perpendicular to EF ; then will it 
be perpendicular to CD because CD is parallel to 
EF. For a like reason HI is perpendicular to AB. 
Hence CD and AB are both perpendicular to HI, 
and consequently parallel, q. s. d. 

Fio. 122. 
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146* Definitions. — When two lines are cut by a third line 
the angles formed are named as follows : 

JExterior Angles are those without the two 
lines, as 1, 2, 7, and 8. 

Interior Angles are those within the two 
lines, as 3, 4, 5, and 6. 

Alternate Mxterior Angles are those 
without the two lines and on different sides of the 
secant line, but not adjacent, as 2 and 7, 1 and 8. 

Alternate Interior Angles are those 
within the two lines and on different sides of 
the secant line but not adjacent, as 3 and 6, 4 and 5. 

Corresponding Angles are one without and one within the 
two lines, and on the same side of the secant line but not adjacent, 
as 2 and 6, 4 and 8, 1 and 5, 3 and 7. 




Fio. 12S. 



PROPOSITION in. 

14:7. Theorem. — If two lines are cut by a third line, making 

the sum of the interior angles on the same side of the secant line 

equal to two right angles, the two lines are parallel 

Dem.— Let AB and CD be met by the line EF, making EGD + FKB = two 
right angles ; then are AB and CD parallel. 



I 
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Fig. 134. 



For, through P, the middle of CK, draw HI 
peipendicular to AB. Since HPC and KPI are 
vertical angles, they are equal by (134:), Also, 
since CKB and CGK are both supplements of 
DCK, the former by hypothesis, and the latter 
by (13S\ CKB = CCK. Now, conceive the 
portion of the figure below P, while remaining 
in the same plane (the plane of the paper), to 
revolve upon P (as a pivot) from right to left tiU 
PK falls in PC* Since PK = PC, K will fall at C. Again, since KPI = CPH 
PI will take the direction PH, and I will fall in PH, or PH produced; and, since 
PKI = PCH, Kl will take the direction CH, and I will fall somewhere in CC. 
Hence, as i falls in both PH and CC, it must fall at their Intersection H ; and 
KIP coincides with, and is equal to PHC. But KIP is a right angle by construc- 
tion; hence CHP is a right angle. Therefore, AB and CD are both perpendic- 
ular to HI, and consequently parallel by (14:2). q. e. d. 

14:8 • Cor. 1. — If two lines are cut hy a third, snaking the sum of 
the two exterior angles on the same side of the secant line equal to two 
right angles, the two lines are parallel. 

Dem.— For, if FCD + EKB = two right angles, EKB must = KCD, since FCD 

+ KCD = two right angles. Also, if FCD + EKB = two right angles, FCD must 

= CKB, since CKB + EKB = two right angles. Hence, when FCD + EKB = two 

right angles, CKB + KCD = two right angles, and the lines are parallel by the 

proposition. The same is true for FCC and AKE. [Let the student prove it] 

149. Cob. 2. — If two lines are cut hy a third, making either 
two alternate interior, or either two alternate exterior, or either two 
corresponding angles, equal to each other, the lines are parallel. 

Dem.— If CCK = CKB, KCD + CKB = two right angles, since CCK + KCD 
= two right angles. Hence the lines are parallel by the proposition. So also if 
KCD = AKC, or FCD = AKE, or CCF = EKB, or FCD = CKB, or CCF = 
AKC, the two lines are parallel. [Let the student show the truth in each case.] 





7^ E 

Pig. 125. Pio. 186. 

♦ The accompanying figures will aid the etadent in getting this conception. Hg. 125 
represents the position of the lines after the revolation has gone about half a right angle, and 
Fig. 136 when the revolution is almost completed. 
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PEOPOsrnoN iv. 

150. Theorem. — If two parallel lines are cut ly a third line, 
the sum of the interior angles on the same side of the secant line is 
equal to two right angles. 

Dbm. — Let the parallels AB and CD be cut by EF, then is DCK + CKB = two 
right angles. 

For, if DCK is not the supplement of CKB, 
let LM be drawn through C so as to make 
MCK that supplement Then, by the preced- 
ing proposition, LM is parallel to AB ; and we 
have two parallels to AB through the point C, 
which is impossible (14:3). Hence, as no line 
but a parallel can make this interior angle the 
supplement of the other, Ihe parallel makes it 

so. Q. B. D. „ ^^ 

[Let the student demonstrate this proposi- 
tion as the preceding was demonstrated. In this case CD and AB are parallel 
by hypothesis, and HI being drawn perpendicular to one is perpendicular to the 
other also. When K falls at C, Kl falls on CC, since from a point without a 
line only one perpendicular can be drawn to that line.] 

151. Cor. 1. — If two parallel lines are cut ly a third line, the 
sum of either two exterior angles on the same side of the secant line is 
equal to two right angles, 

Dem.— FCD + EKB = two right angles. For FCD + DCK = two right angles, 
and DCK + CKB = two right angles; whence FCD = CKB. In like manner, 
CKB + EKB= two right angles; and DCK + CKB = two right angles; whence 
EKB = DCK. Therefore, FCD + EKB = CKB + DCK = two right angles, by 
the proposition. 

152. Cob. 2. — If two parallel lines are cut by a third line, either 
two alternate interior, or either two alternate exterior, or either two 
corresponding angles, are equal to each other, 

Dem.— If CD and AB are parallel, CCK = CKB. For CCK + DCK = DCK 
+ CKB, the former being equal to two right angles by (131), and the latter by 
this proposition. Hence, subtracting DCK from both members, CCK = CKB. 
[Let the student show in like manner that AKC = KGD, FCD = AKE, CCF = 
EKB, FCD = CKB, and CCF = AKC] 

153. Cor. 3. — Of the eight angles formed when one line cuts two 
parallels, the four acute angles are equal pach to each, and the four 
Muse angles ; or, in case any one angle is a right angle, all the 
others are right angUs. 
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154. ScH. — The last two propositions and their corollaries are the eonwm 
of each other ; t. «., the hypotheses or data and the conclusions or things proved 
are exchanged. Thus, in Prop. IIL, the hypothesis is, that The sum o/tlisim 
interior angles on the same side of the secant line is equal to two right angles ; aud 
the conclusion is, that The two lines are paraUeL Now, in Prop. IY., the hypoth- 
esis is, that The two lines areparaUd; and the conclusion is, that The sum qfUu 
two interior angles on the same side of the secant Une is two right angles,* [A clear 
conception of this scholium will save the student from confounding these prop- 
ositions.] ' 



PROPOSITION T. 

15S* Theorem. — If two straight lines are cut by a third Une 
making the sum of the interior angles on one side of the secant line 
less than ttuo right angles, the two lines will meet ow this side of the 
secant line, if sufficiently produced. 

Dem.— Let AB and LM be cut by EF making 
MCK + FKB < two right angles; then will 
AB and LM meet on the side of EF on which 
MCK and FKB lie, if sufficiently produced. 

For the angle which a parallel to AB 
through C makes with EF is the supplement 
of FKB. But by hypothesis MCK is less than 
this supplement Hence the portion CM, of 
the line LM, lies within CD, and will meet 
KB if sufficiently produced, q. E. D. 




Fw. 128. 



PROPOSITION TL 

156. TJieorem. — Two parallels are everywhere equally distant 
from each other. 

Dem.— Let E and F be any two points in the line CD, and EC and FH per- 
pendiculars measuring the distances between the parallels CD and AB at these 
points ; then is EC = FH. 

For, let P be the middle point between E and F, and PC a perpendicular at 



* The learner may think that, if a proposition is tme, its converse is necessarily true ; and 
hence, that when a proposition has been proved, its converse may be assamed as also proved. 
19 ow this is by no means always the case. Although in a great variety of mathematical prop- 
ositions, it happens that the proposition and its converse are both tme, we never assume one 
from having proved the other ; and we shall occasionally find a proposition whose convene is 
not true. 
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this point Revolve the portion of the figure on the right of PO, upon PO as 

an axis, until it falls upon the plane of the 

paper at the left Then, since FPO and EPO 

are right angles, PD will fall in PC ; and, as 

PF = PE, F will fall on E. As F and E are 

right angles, FH will take the direction EC, 

and H will lie in EG or EC produced. Also, 








Fig. 139. 

as POH and POC are right angles, OB will fall in OA, and H falling at the same 
time in EC and OA is at their intei*section C. Hence FH coincides with and is 
equal to EC. Q. b. d. 



EXERCISES. 

1. Proh. — Through a given point to draw a line parallel to a 
given line, by the principle contained in Pkop. I. of this section. 

Sug's. — Draw a straight line on the blackboard. Designate with a dot some 
point without the line. To draw a line through the designated point and par- 
allel to the given line, is the problem. Let fall a perpendicular upon the line 
from the point. Then through the given point draw a line perpendicular to 
this perpendicular. The latter line will be parallel to the given line. (By what 
proposition ?) 

2. P7'0b. — Through a given point to draw a parallel to a giveii 
line by Prop. III. 

SuG*s. — Through the given point draw an oblique line cutting the given line. 
Then draw a line through the given point making an angle with the oblique 
line equal to the supplement of the angle which is included between the oblique 
line and the given line, and on the same side of the former. [Of couree the 
student will be required to do the work on the blackboard, guessing at nothing.] 

3. Frob,— Through a given 
point to draw a line parallel to a 
given line, upon the principle that 
the alternate angles made by a 
secant line are equal {1S2). 

4. A bevel is an instrument much 
used by carpenters, and consists of 
a main limb AB, in which a tongue 
CD is placed, so as to open and shut 
like the blade of a knife. This 
tongue turns on the pivot 0, which 
is a screw, and can be tightened so 
as to hold the tongue firmly at ^'^- ^^* 

any angle with the limb. The tongue can also be adjusted so as 
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to allow a greater or less portion to extend on a given side, as CB, of 
the limb. Now, suppose the tongue fixed in position, as represented in 
the figure, and the side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side n of the tongue. What will be the relative position of 
these lines ? Upon what proposition does their relative position 
depend? How can the carpenter adjust the bevel to a right angle 
upon the principle in Prop. I., Sec. 1 ? At what angle is the bevel 
set, when, drawing two lines from the same point in the edge of the 
board, one with one edge m of the bevel against the edge of the 
board, and the other with the other edge m', these lines are at right 
angles to each other ? 

5. Are the two walls of a building which are carried up by the 
plumb line exactly parallel ? Why ? 

6. Pass a circumference through three given points, as in {S8)y 
and show from principles contained in one of the preceding sections, 
that is equally distant from A, B, and C ; and hence that, if a cir- 
cumference be drawn from o as a centre with a radius OA, it will 
pass through A, B, and C. 

7. Construct two triangles of unequal sizes, but having the sides 
of the one respectively parallel to the sides of the other. Are they 
shaped alike ? 

8. Construct two triangles of unequal sizes, but having the sides 
of the one respectively perpendicular to the sides of the other. Are 
they shaped alike ? 

9. Construct a parallelogram, two of whose sides are 6 and 10. 
Can you construct different-shaped figures with the same sides ? 
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SYNOPSIS OF THE TlffiEE PEEOEDING SECTIONS. 

Definition (43). 

to a given line at < Oor, 2. If one angle is right 



Perpendic- 
ulars. 



OBIilQUB 

Lmss. 



Prop. I. One and only one f Car, 1. Second perp. 
to a given line at -j Car, 2. If one angle \i 
a given point ( Cor. 3. One of 4 angles right 



\ 



Exercises. 



Prop. II. Revolved perpendicular. 

Prop. HI. From a point without a line. 

Prop. IY. Shortest distance from a point to a line. 

( Cor, Two points equal- 
Prop. V. Point in. Without -j ly distant from ex, 

( tremitiesof a line. 

Prcib, To erect a perpendicular. 

Prdf^. To bisect a line. 

Frob, To let fall a perpendicular. 

Other exercises. 

T3«/^« T G.,w« ^f o/iio ( ^^« Sum of consec. angles 
Prop. I. Sum of adja- ) ^^ ^^^ ^.^^ ^^ ^^ s 

cent angles. ^ ^ Supplement 
Prop. II. 0pp. angles equal. { ^^^- ^^^^^ ^^^^* » 

Prop. III. Supplemental angles made adjacent 

Prop. IV. Cutting equal distances from toot of perpen- 
dicular. 

Prop. V. Making equal angles with perpendicular. 

f Cot, 1. Not two equal 

Prop. VI. Cutting unequal dis- 
tances from the foot ^ 
of perpendicular. 



on same side 
of perpend ic. 
Cor, 2. Two equal ob- 
lique lines. 



Parallels. * 



Eh 

CQ 
< 



Exercises. 

Definition (6^). 

{Cor, 1. One parallel 
through a point 
Cot, 2. A perp. to one 
of two parallels. 

Prop. II. Two lines parallel to a third. 

Exterior, Interior, Alter- 

T^ « c \ c A i uate Exterior, Al- 

Def s of angles formed. \ ^ernate Interior, Cor- 

responding. 
Cor, 1. Sum of twoEx- 
teiior angles, two 
ri^ht angles. 
Cot, 3. Two Alt Ir.ter., 
Alt Exter., or 
CoiTespond*g an- 
gles equal. 

Cot. 1. Convei*se of 
Cor. l.,Prop. III. 

Cot. 2. Converse of 
Cor. 2., Prop. III. 

Cot. 3. Of the eight 
angles. 

Sdh, Meaning of Con- 
vei-se. 

I Prop. V. Sum of Inter, angles < 2 right angles. 

Prop. VI. Everywhere equidistant 
. Exhrcises.— P?'a6«. 1, 2, 8. ^etixo^ o^ ^^^nVti^. 



Prop. III. Sum of Inter, 
angles, two 
right angles. 



Prop. IV. Converse of III. - 
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SECTION IV. 



OP THE RELATIVE POSITIONS OP STRAIGHT LINES AND 

CIRCUMFERENCES. 



PROPOSITION L 

158 • Theorem* — Any diameter divides a circle, and also its 
circumference, into two equal parts. 

Dem. — ^Let AB be any diameter of the 
circle AmBn ; then is the figure AjAB equal to 
AnB. 

Por revolve AnB upon AB as an axis until it 
falls on the plane of AmB. Then, since every 
point in AnB is at the same distance from the 
centre C, as every point in AwB, the figures 
will coincide, and are, consequently, equal. 
Hence surface AnB = surface AmB, and arc 
AnB = arc AmB, Q. B. D. 




PROPOSITION n. 

1S9* Theorem* — A radius which is perpendicular to a chord 
bisects the chord and also the subtended arc. 

Dem. — Let AB be any chord and OE a radiu? 
perpendicular to it at D ; then AD = BD, and 
AE = BE.* 

For, drawing the radii OA and OB, revolve 
the semicircle CBE upon the diameter CE until 
it falls on CAE. The semicircles will coincide 
(158); and since AB is perpendicular to OE, 
DB will fall in DA. Moreover, as there cannot 
be two equal oblique lines from a point to a line 
on the same side of a perpendicular, OB and OA 
must coincide. Hence BD coincides with AD, 
and BE with AE. Therefore AD = BD, and AE 
= BE. Q. E. D. 

♦ To avoid confhsingthe pupil by a multiplicity of detaile, the demonBtrationp in this sec- 
tion are generally limited to the consideration of arc» lees than a semi-circnmference. All the 
propositions, except Prop. V., are equally true whatever the arcs, and the demonstrations can 
easily be applied to cases in which the arcs are greater than semi-circumferences. Bat this had 
better not be done till a review is taken, fbr the reason given above. 




Fie. 132. 
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160* Cor. 1. — A radius which is perpendicular to a chord bisects 
the angle subtended by the arc of that chord. 

Thus OE bisects AOB, since BOE is found to coincide with AOE in th« 
demonstration above. 

161* Cor. 2. — Conversely, A radius which bisects an arc is per- 
pendicular to the chord of that arc at its middle point. 

Dbm. — If OE bisects arc AS at E, when semicircle CBE is revolved on CE 
till it falls on CAE, EB will coincide with EA ; and as D remains fixed and B 
falls on A, BD coincides with DA. Hence OE has two points, and D, each 
equidistant from the extremities of AB, and is, consequently, perpendicular to 
it at its middle point 

162* Cor. 3. — Also, conversely, A radius which bisects a chord is 
perpendicular to the chord and bisects the subtended arc. 

For it has two points, each equidistant from the extremities of the chord. 

163* Cor. 4. — The line OD measures the distance of the chord AB 
from the centre ; since by the distance from a point to a line is 
always meant the shortest distance. ^ 



PROPOSITION in. 

164* Theorem. — In the same or in equal circles, equal chords 
are equally distant from the centre. 

Dbm.— Let O and 0' 
be two equal circles, and 
chord EF = chord CH ; 
then are the perpendicu- 
lars LO and NO', which 
measure the distances 
of the chords from the 
centre (165), equal. 

For, sfaice FE is per- 
pendicular to LO and 
CH to NO', and LF = N H ^'*- ^^• 

(159), the equal oblique lines FO and HO' cut off equal distances from the foot 
of each perpendicular (141). Therefore LO = NO', q. e. d. 
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lines making equai angles with the perpendicular , the oblique lines 
are equal to each other y cut the line at equal distances from the foot 
of the perpendicular, and make equal angles with it* 

Dem.— PD being a perpendicular to AB, and angle CPD equal to angle 

ORE, PC equals RE, CD equals DE, and RCD 
equals RED. 

Revolve the figure RDE upon RD as an 
axis till it falls in the plane of RDC. Since 
angle ERD = angle CRD, RE will take the 
direction RC, and E will fall somewhere in 
the indefinite line RF. But, since RDE and 
RDC are nght angles, DE will fall in DA (126) 
and E will fall somewhere in the indefinite 
line DA. Now, as E falls at the same time in 
RF and DA, it must fall at their intersection 

C. Hence, RE coincides with RC, and DE with DC. Therefore RE = RC, DE 

= DC, and angle RED = RCD. q. e. d. 




Fio. 11& 




PROPOSITION YI. 

139. Theorem. — If from a point without a line a perpendicular 

be let fall on the line, and two oblique 
lines be drawn, the oblique line which cuts 
off the greater distance from the foot of 
the perpendicular is the greater. 

Dem.— Let AB be any straight line, R any point 
without it, and RC and RF two oblique lines of 
which RF cuts off the greater distance from the 
foot of the perpendicular; that is DF > DC. 
Then is RF > RC. 

Revolve thie figure FPD upon A B as an axis, until it falls in the plane on the 
opposite side of AB. Let R' be the pomt at which R falls ; and revolve the figure 
FRD back to its original position. Draw PD, RT, and R'C producing the 
latter till it meets RF in H. Then PD = RD, R'C = RC, and PF = RF. Now 
the broken line RCR' < than the broken line RHR', since the straight line 
RC < the broken line PHC. For a like reason the broken line RHP < RFR', 
since HP < HFR'. Hence RCP < RFR', and RC the half of RCR' < RF the 
half of RFP. Q E. D. 

ScH.— If the two oblique lines to be compared lie on different sides of the 
perpendicular, as RF and RE, DF being greater than DE, lay off DC = DE, and 
draw RC. Then since RC = RE, if it is found less than RF, as in the demon- 
stration, RE is less than RF. 

* This proposition is the converse of the last. The significance of this statement will be 
uore fliUy developed farther on ( 154), 
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14fi. Cor. 1. — From a given poiiit without a Une, there can not 
be two equal oblique lines drawn to the line on the same side of a per- 
pendicular from the point to the Urn. 

141. Cor. 2. — Two equal ollique lines drawn from the same 
point in a perpendicular to a given lincy cut off equal distances 
on that line from the foot of the perpendicular. 

Dbm. — ^Por, if the distances cut off were unequal, the lines would be unequal 



EXERCISES. 

1. Having an angle given, how can you constrnct its supplement ? 
Draw any angle on the blackboard, and then construct its supple- 
ment 




Fio. 12U. 

2. The several angles in the figure are such parts of a rignt angle 
as are indicated by the fractions placed in them. If these angles 
are added together by bringing the vertices together and causing 
the adjacent sides of the angles to coincide, how will MA and CN 
Ke? Construct seven consecutive angles of these several magni- 
tudes. How do the two sides not common lie ? "Why ? 

3. If two times A, B, two times D, three times E, three times C, three 
times C, two times F, in the last figure, are added in order, how will 
AM and CN lie with reference to each other ? Why ? 

Ans. They will coincide. 

4. If you place the vertices of any two equal angles together so 
that two of the sides shall extend in opposite directions and form 
one and the same straight line, the other two sides lying on opposite 
sides thereof, how will the latter sides lie ? By what principle ?. 

5. Upon what principle in this section may the common method 
of erecting a perpendicular at the middle of a straight line (39, 44) 
be explained ? Upon what the method of letting fall a perpendicular 
upon a straight line from a point without {4S) ? 
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Fig. 134. 



For, through P, the middle of CK, draw HI 
perpendicular to AB. Since HPC and KPI are 
vertical angles, they are equal by (134), Also, 
since GKB and CCK are both supplements of 
DCK, the former by hypothesis, and the latter 
by {133), GKB = CGK. Now, conceive the 
portion of the figure below P, while remainmg 
in the same plane (the plane of the paper), to 
revolve upon P (as a pivot) from right to left till 
PK falls in PG.* Since PK = PG, K will fall at G. Again, since KPI = CPH 
PI will take the direction PH, and I will fall in PH, or PH produced; and, since 
PKI = PGH, Kl will take the direction GH, and I will fall somewhere in CO. 
Hence, as i falls in both PH and CO, it must fall at their intersection H ; and 
KIP coincides with, and is equal to PHG. But KIP is a right angle by construc- 
tion; hence GHP is a right angle. Therefore, AB and CD are both perpendic- 
ular to HI, and consequently parallel by (142). q. e. d. 

148, Cor. 1. — If two lines are cut by a third, snaking the sum of 
the two exterior angles on the same side of the secant line equal to two 
right angles, the two lines are parallel. 

Dem.— For,if FGD + EKB = two right angles, EKB must = KGD, since FGD 
+ KGD = two right angles. Also, if FGD + EKB = two right angles, FGD must 
= GKB, since GKB + EKB = two right angles. Hence, when FGD + EKB = two 
right angles, GKB + KGD = two right angles, and the lines are parallel by the 
proposition. The same is true for FGC and AKE. [Let the student prove it] 

149. Cob. 2. — If two lines are cut by a third, making either 
two alternate interior, or either two alternate exterior, or either two 
corresponding angles, equal to each other, the lines are parallel. 

Dem.— If CGK = GKB, KGD + GKB = two right angles, since CGK + KGD 
= two right angles. Hence the lines are parallel by the proposition. So also if 
KGD = AKG, or FGD = AKE, or CGF = EKB, or FGD = GKB, or CCF = 
AKG, the two lines are parallel. [Let the student show the truth in each case.] 





Pig. 125. 



Fio. 196. 



* The accompanying figaree will aid the etadent in getting this conception. Fig. ISg 
repreBentP the position of the lines after the revolation has gone aboat half a right angle, and 
Fig. 136 when the revolation is almost completed. 
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PEOPOsrnoN iv. 

150» Theorem. — If two parallel lines are cut by a third line, 
the sum of the interior angles on the same side of the secant line is 
equal to two right angles. 

DEM.~Let the parallels AB and CD be ciit by EF, then is DCK + CKB = two 
right angles. 

For, if DGK is not the supplement of CKB, 
let LM be drawn through C so as to make 
MCK that supplement Then, by the preced- 
ing proposition, LM is parallel to AB ; and we 
have two parallels to AB through the point C, 
which is impossible (143). Hence, as no line 
but a parallel can make this interior angle the 
supplement of the other, Ihe parallel makes it 

so. Q. E. D. 

[Let the student demonstrate this proposi- 
tion as the preceding was demonstrated. In this case CD and AB are parallel 
by hypothesis, and HI being drawn perpendicular to one is perpendicular to the 
other also. When K falls at C, Ki falls on CC, since from a point without a 
line only one perpendicular can be drawn to that line.] 

151. Cor. 1. — If two parallel lines are cut by a third line, the 
sum of either two exterior angles on the same side of the secant line is 
equal to two right angles. 

Dem.— FCD + EKB = two right angles. For FCD + DCK = two right angles, 
and DCK + CKB = two right angles; whence FCD = CKB. In like manner^ 
CKB + EKB= two right angles; and DGK + CKB = two right angles; whence 
EKB = DCK. Therefore, FCD + EKB = CKB + DCK = two right angles, by 
the proposition. 

« 

152. Cor. 2. — If two parallel lines are cut by a third line, either 
two alternate interior^ or either two alternate exterior^ or either two 
corresponding angles, are equal to each other. 

Dem.— If CD and AB are parallel, CCK = CKB. For CCK + DGK = DCK 
+ CKB, the former bemg equal to two right angles by (131), and the latter by 
this proposition. Hence, subtracting DCK from both members, CCK = CKB. 
[Let the student show in like manner that AKC = KCD, FCD = AKE, CCF = 
EKB, FCD = CKB, and CCF = AKC] 

1S3* Cor. 3. — Of the eight angles formed when one line cuts two 
parallels, the four acute angles are equal mch to each, and the four 
obtuse angles ; or, in case any one angle is a right angle, all the 
others are right angles. 
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154:. ScH. — ^The last two propositioiis and their corollaries are the eonnern 
of each other; ». e.^ the hypotheses or data and the conclusions or things proved 
are exchanged. Thus, in Prop. HI., the hypothesis is, that The sum of the two 
interior angles on the same side of the secant line is equal to two right angles ; and 
the conclusion is, that The two Unes are paraUeL Now, in Prop. IV., the hypoth- 
esis is, that The two Unes areparaUd; and the conclusion is, that The sum cfihe 
two interior angles on the same side of the secant Une is two right angles.* [A clear 
conception of this scholium will save the student from confounding these prop- 
ositions] ' 



PROPOSITION T. 

ISS* Theorem. — If two straight Unes are cut by a third line 
making the sum of the interior a7igles on one side of the secant line 
less than two right angles, the two lines will meet 07i this side of the 
secant line, if sufficiently produced. 

Dkm.— Let AB and LM be cut by EF making 
MGK + FKB < two right angles; then will 
AB and LM meet on the side of EF on which 
MGK and FKB lie, if sufficiently produced. 

For the angle which a parallel to AB 
through G makes with EF is the supplement 
of FKB. But by hypothesis MGK is less than 
this supplement Hence the portion CM, of 
the line LM, lies within GD, and will meet 
KB if sufficiently produced. Q. e. d. 




Fiu. 128. 



PROPOSITION YL 

1S6. Tlieorem. — 2'wo parallels are everywhere equally distant 
from each other, 

Dbm. — Let E and F be any two points in the line CD, and EG and FH per- 
pendiculars measuring the distances between the parallels CD and AB at thes« 
points ; then is EG = FH. 
For, let P be the middle point between E and F, and PO a perpendicular at 



* The learner may think that, if a proposition is true, its converse is necessarily true ; and 
hence, that when a proposition has been proved, its converse may be assumed as also proved. 
14 ow this is by no means always the case. Although in a great variety of mathematical prop- 
ositions, it happens that the proposition and its converse art botJi true, we never assume one 
from having proved the other ; and we shall occasionally find a proposition whose converve is 
not true. 
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this point Reyolve the portion of the figure on the right of PO, upon PO aa 

an axis, until it falls upon the plane of the 

paper at the left Then, since FPO and EPO 

are right angles, PD will fall in PC ; and, as 

PF = PE, F will fall on E. As F and E are 

light angles, FH will take the dii*ection EG, 

and H will lie in EC or EC produced. Also, 




O 



H 



Fio. 139. 

as POH and POC are right angles, OB will fall in OA, and H falling at the same 
time in EC and OA is at their intersection C. Hence FH coincides with and is 
equal to EC. q. b. d. 



EXERCISES. 

1. JProb. — Through a given point to draw a line parallel to a 
given line, hy the principle contained in Prop. I. of this section, 

Sug'b. — Draw a straight line on the blackboard. Designate with a dot some 
point without the line. To draw a line through the designated point and par- 
allel to the given line, is the problem. Let fall a perpendicular upon the line 
firom the point. Then through the given point draw a line perpendicular to 
this i)erpendicular. The latter Hue will be parallel to the given line. (By what 
proposition ?) 

2. Froh. — Through a given point to draw a parallel to a giveii 
line hy Prop. III. 

Bug's. — Through the given point draw an oblique line cutting the given line. 
Then draw a line through the given point making an angle with the oblique 
line equal to the supplement of the angle which is included between the oblique 
line and the given line, and on the same side of the former. [Of course the 
student will be required to do tlie work on the blackboard, guessing at nothing.] 

3. Prob.— Through a given 
point to draw a line parallel to a 
given line, upon the principle that 
the alternate angles made hy a 
secant line are equal {152). 

4. A bevel is an instrument much 
used by carpenters, and consists of 
a main limb AB, in which a tongue 
CD is placed, so as to open and shut 
like the blade of a knife. This 
tongue turns on the pivot 0, which 
is a screw, and can be tightened so 
as to hold the tongue firmly at ^'^' ^^' 

any angle with the limb. The tongue can also be adjusted so aa 
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to allow a greater or less portion to extend on a given side, as CB, of 
the limb. Now, suppose the tongue fixed in position, as represented in 
the figure, and the side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side n of the tongue. What will be the relative position of 
these lines ? Upon what proposition does their relative position 
depend ? How can the carpenter adjust the bevel to a right angle 
upon the principle in Prop. I., Sec. 1 ? At what angle is the bevel 
set, when, drawing two lines from the same point in the edge of the 
board, one with one edge m of the bevel against the edge of the 
board, and the other with the other edge m', these lines are at right 
angles to each other ? 

5. Are the two walls of a building which are carried up by the 
plumb line exactly parallel ? Why ? 

6. Pass a circumference through three given points, as in (SS), 
and show from principles contained in one of the preceding sections, 
that is equally distant from A, B, and C ; and hence that, if a cir- 
cumference be drawn from o as a centre with a radius OA, it will 
pass through A, B, and C. 

7. Construct two triangles of unequal sizes, but having the sides 
of the one respectively parallel to the sides of the other. Are they 
shaped alike ? 

8. Construct two triangles of unequal sizes, but having the sides 
of the one respectively perpendicular to the sides of the other. Are 
they shaped alike ? 

9. Construct a parallelogram, two of whose sides are 6 and 10. 
Can you construct different-shaped figures with the same sides ? 
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SYNOPSIS OF THE THREE PRECEDING SECTIONS. 

f f Definition (45). 

to a given line at -j Oor, 2. If one angle is right 
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Prop. I. One and only one ( Cor. 1. Second perp. 

Oor, 2. If one angle i 
a given point ( Oor, 3. One of 4 angles right 
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EXEBCISES. 



Prop. II. Revolved perpendicular. 

Prop. HI. From a point without a line. 

Prop. IY. Shortest distance from a point to a line. 

( Cor, Two points equal- 
Prop. V. Point in. Without •{ ly distant from ex, 

( tremities of a line. 
Prob. To erect a perpendicular. 
Proff. To bisect a line. 
Prob. To let fall a perpendicular. 
^ Other exercises. 

Prop. I. Sum of adja- ( ^' ^""^ ^^. f ^Tr ''''^^^ 
' ^"r": „„„i^„ '' { on one side of Ime. 
cent angles. J ^ Supplement 

Prop. II. 0pp. angles equal. { ^^^- ^P^ ^^^^ * 

Prop. III. Supplemental angles made adjacent 

Prop. IV. Cutting equal distances from loot of perpen- 
dicular. 

Prop. V. Making equal angles with perpendicular. 

f Cor. 1. Not two equal 

Prop. VI. Cutting unequal dis- 
tances from the foot ^ 
of perpendicular. 



on same side 
of perpend ic. 
Cor, 2. Two equal ob- 
lique lines. 



Parallels. ^ 



g 

CQ 



Exercises. 

r Definition (66). 

fCor, 1. One parallel 
through a pomt 
Cor. 2. A perp. to one 
of two parallels. 

Prop. II. Two lines parallel to a third. 

' Exterior, Interior, Alter- 

Defs of angles formed. \ ^^^^ , Exterior, Al- 
*^c* o yjx »«5*vo Avrxtu^u. ^ teiTiate Interior, Cor- 
responding. 
Cor. 1. Sum of two Ex- 
terior angles, two 
right angles. 
Cor. 2. Two Alt. Ir.ter., 
Alt Exter, or 
Correspond*g an- 
gles equal. 
Cor, 1. Converse of 
Cor. l.,Prop. III. 
Cor. 2. Convei«€ of 
Cor. 2., Prop. III. 
Cor. 3. Of the eight 

angles. 
8ch. Meaning of Con- 
verse. 

I Prop. V. Sum of Inter, angles < 2 right angles. 
Prop. VI. Everywhere equidistant 



Prop. III. Sum of Inter, 
angles, two - 
right angles. 



Prop. IV. Converse of III. - 
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to allow a greater or less portion to extend on a given Bide, as CB, of 
the limb. Now, suppose the tongue fixed in position, as represented in 
the figure, and the side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side n of the tongue. What will be the relative position of 
these lines ? Upon what proposition does their relative position 
depend ? How can the carpenter adjust the bevel to a right angle 
upon the principle in Prop. I., Sec. 1 ? At what angle is the bevel 
set, when, drawing two lines from the same point in the edge of the 
board, one with one edge m of the bevel against the edge of the 
board, and the other with the other edge m', these lines are at right 
angles to each other ? 

5. Are the two walls of a building which are carried up by the 
plumb line exactly parallel ? Why ? 

6. Pass a circumference through three given points, as in (SS), 
and show from principles contained in one of the preceding sections, 
that is equally distant from A, B, and C ; and hence that, if a cir- 
cumference be drawn from o as a centre with a radius OA, it will 
pass through A, B, and C. 

7. Construct two triangles of unequal sizes, but having the sides 
of the one respectively parallel to the sides of the other. Are they 
shaped alike ? 

8. Construct two triangles of unequal sizes, but having the sides 
of the one respectively perpendicular to the sides of the other. Are 
they shaped alike ? 

9. Construct a parallelogram, two of whose sides are 6 and 10. 
Can you construct different-shaped figures with the same sides ? 
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1.60. Cor. 1. — A radius which is perpendicular to a chord bisects 
the angle subtended by the arc of that chord. 

Thus OE bisects AOB, since BOE is found to coincide with AOE in th« 
demonstration above. 

161. Cor. 2. — Conversely, A radius which bisects an arc is per^ 
pendicular to the chord of that arc at its middle point. 

Dbm. — If OE bisects arc AB at E, when semicircle CBE is revolved on CE 
till it falls on CAE, EB will coincide with EA ; and as D remains fixed and B 
falls on A, BD coincides with DA. Hence OE has two points, and D, each 
equidistant from the extremities of AB, and is, consequently, perpendicular to 
it at its middle point 

162. Cor. 3. — Also, conversely, A radius which bisects a chord is 
perpendicular to the chord and bisects the subtended arc. 

For it has two points, each equidistant from the extremities of the chord. 

163. Cor. 4. — The line OD measures the distance of the chord AB 
from the centre ; since by the distance from a point to a line is 
always meant the shortest distance. ^ 



PEOPOSITION in. 

164* Theorem. — In the same or in equal circles, equal chords 
are equally distant from the centre. 

Dem.— Let and 0' 
be two equal circles, and 
chord EF = chord GH ; 
then are the perpendicu- 
lars LO and NO', which 
measure the distances 
of the chords fit)m the 
centre (165), equal. 

For, since FE is per- 
pendicular to LO and 
CH to NO', and LF = N H ^~- ^^• 

(159), the equal oblique lines FO and HO' cut off equal distances from the foot 
of each perpendicular (i^l). Therefore LO = NO', q. b. d. 
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PROPOSITION IV. 

16S» Theorem. — In the same or in equal circles^ equal arcs have 
equal chords; and conversely, equal chords subtend equal arcs. 

DEM.—Let and 0' be 
the centres of two equal 
circles, and arc AmB = arc 
CnD; then chord AB = 
chord CD. 

Apply the circle 0' to 
the circle 0, with 0' at 0, 
and C at A. Since the cir- 
cumferences coincide, all 
the points in each being 
equally distant from the 

centre, and since arc AmB = arc CnD by hypothesis, D will fall at B. Hence 

AB = CD. 

Conversely, if chord AB = chord CD, arc AmB = arc CnD. Draw the per- 
pendiculars OL and O'N from the centres to the chords. Conceive the plane 
of circle 0' placed upon circle 0, so that CD shall fall upon its equal AB, and 
O' be on the same side of AB as 0. Bince L and N are the middle points of 
the equal chords, they will coincide ; and as LO and NO' are perpendiculars to 
the respective chords, and equal (164), 0' will fall at 0. As the circles are 
equal, the circumferences wiU coincide, and consequently the arc AmB coin- 
cides with CnD. 





Fza. 184. 



PBOPOSmOU Y. 

166. Theorem. — In the same or in equal circles, the less of 
two arcs has the shorter chord ; and, conversely, the shorter chord 
subtends the less arc. 

Dbm.— Let and 0' be the centres of two equal circles, and arc AmB be less 

than arc CnD ; then is 
^f ^ chord AB < chord CD. 

Drawing the diameters 
AL and CM, place circle 
0' upon circle 0, with 
CM upon AL. Take arc 
AD' = arc CnD and 
draw AD', OB, and OD'. 
AD'= CD by {165). 
Now AB < AN + NB. 
AlsoOD'<ND' + NO; 
Fw- 185- or, as OD' = OB, OB < 

ND' + NO. Subtracting NO from both members, OB — NO (or NB) < ND'. 

Hence, we may substitute ND' for NB in the inequality AB < AN + NB and 

Iiave AB<AN -h ND' or AD', which equals CD. 
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160* Cor. 1. — A radius which is perpendicular to a chord bisects 
ihe angle subtended by the arc of that chord. 

Thus OE bisects AOB, since BOE is found to coincide with AOE in th« 
demonstration above. 

161. Cor. 2. — Conversely, A radius which bisects an arc is per^ 
pendicular to the chord of that arc at its middle point. 

Dem. — If OE bisects arc AS at E, when semicircle CBE is revolved on CE 
till it falls on CAE, EB will coincide witli EA ; and as D remains fixed and B 
falls on A, BD coincides with DA. Hence OE has two points, and D, each 
equidistant from the extremities of AB, and is, consequently, perpendicular to 
it at its middle point 

162» Cor. 3. — Also, conversely, A radius which bisects a chord is 
perpendicular to the chord and bisects the subtended arc. 

For it has two points, each equidistant from the extremities of the chord. 

163* Cor. 4. — The line OD measures the distance of the chord AB 
from the centre ; since by the distance from a point to a line is 
always meant the shortest distance. 



PROPOSITION UL 

164L. Theorem* — In the same or in equal circles^ equal chords 
are equally distant from the centre. 

Dem.— Let and 0' 
be two equal circles, and 
chord EF = chord CH ; 
then are the perpendicu- 
lars LO and NO', which 
measure the distances 
of the chords from the 
centre (i65), equal. 

For, since FE is per- 
pendicular to LO and 
CH to NO', and LF = N H ^~- ^^• 

(159\ the equal oblique lines FO and HO' cut off equal distances from the foot 
of each perpendicular (i^i). Therefore LO = NO', q. b. d. 
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PBOPOsmoN vin. 

170. Theorem. — A straight line which intersects a drcumfer- 
ence in one point i^itersects it also in a second point. 

m 

Dkm. — TiCt LM intersect the circumference at A ; 
then does it intersect at some other point, as B. 

For, since LM intersects the circumference, it 
passes within it, and has points nearer to O than A. 
The radius OA is, therefore, an oblique line. Now 
two equal oblique lines can be drawn from O to the 
straight line LM. But all points in the plane at the 
distance OA fVom 0, are in the circumference. Hence 
there is a second point, as B, common to LM and the 
circumference, o. b. d. 

Pio. 187. 

171. Cor. — Any line which is oblique to a radius at its extremity, 
is a secant line. 




PROPOSITION IX. 

172. Theorem. — A straight line which is perpendicular to a 

radius at its extremity is tangent to the circumference. 

« 

Dbm. — ^The line touches the circumference because the extremity of the 
radius is in the circumference. Moreover, it does not intersect the circum- 
ference, since, if it did, it would have points Hearer the centre than the extremity 
of the radius; but these it cannot have, as the perpendicular is the shortest 
distance from a point to a line. Hence, as a line which is perpendicular to a 
radius at its extremity touches the circumference but does not intersect it, it is 
a tangent (S3), Q. b. d. 

173. Cor. — Conversely, A tangent to a circumference isperpen- 
dicular to a radius at the point of contact. 

For, as a tangent to a circumference does not pass within, the point of contact 
is the nearest point to the centre, and hence i» the foot of a perpendicular from 
the centre. 
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PBOPOSITIOX X. 

174:. Theorem. — TwoparalUl secants intercept equal arcs. 

DEM.--Let the parallels LM and RS intersect the circumference AECF ; then 
lire the intercepted arcs AB and DC equal. 

Draw the diameter EF perpendicular to one 
of the parallels, as LM, whence it will be per- 
pendicular to the other (14:4). Draw the radii 
OB and OD. Revolve the portion of the figure 
on the right of EF, upon EF until it falls on the 
plane on the left of EF. Then, since RS and 
LM are perpendicular to EF, IS will fall in IR, 
and HM in HL. Moreover, as there cannot be 
two equal oblique lines on the same side of a 
perpendicular, and from the same point (140), 
OD and OB must coincide, and D fall at B. In like manner falls at A, and 
CD coincides with AB. Therefore CD = AB. q. b. d. 




Fio. 188. 



PROPOSITION XL ^ 

17 5» Theorem* — If a secant he parallel to a tangent^ the arcs 
intercepted between the intersections and the point of tangency are 
equal. 

Dbm.— Let the secant LM be parallel to 
the tangent RS ; then is CP = EP. 

For, draw the radius OP to the point of 
tangency; it will be perpendicular to the 
tangent {17 S\ and also to the parallel 
LM (144), But a radius which is perpen- 
dicular to a chord, as OP to CE, bisects the 
subtended arc (159\ hence CP = EP. In 
like manner, if VU is parallel to LM, 
CB = EB. Q. B. D. 

Fia. 189. 

176* Cor. — Two parallel tangents include equal arcs between the 
points of tangency ; and these arcs are semi-circumferences. 
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EXERCISES. 

1. Draw a circle ana divide it into two equal parts. What proposi- 
tion is involved ? 

2. Given a point in a circumference, to find where a semi-circum- 
ference reckoned from this point tenninates. What proposition is 
involved ? 

3. Proh. — To bisect a given arc. 



°^-.. 




Pig. 140. 



SoLunoK. — Let AB be an arc which we wish to 
bisect.* Draw its chord AB, and erect 00' bisecting 
the chord, by (130), Now, as 00' is perpendicular 
to the chord at its middle point, it bisects the arc by 
ncf (1^2)} since there can be but one perpendicular at the 
middle point of the chord. The arc AB is, therefore, 
bisected at 0, i, e., AC = OB. 



4. Proh* — To bisect a given angle. 

Sue. — The method of solving this is given in Pabt L The student should 
do it 9.^ there directed, and then point out the principle upon which the method 
depends. 

5. In a circle whose radius is 11 there are drawn two chords, one 
at 6 from the centre, and one at 4. Which chord is the greater? By 
what proposition ? 

6. In a certain* circle there are two chords, each 15 inches in 
length. What are their relative distances from the centre ? Quote 
the principle. 

7. There is a circular plat of ground whose diameter is 20 rods. 
A straight path in passing runs within 7 rods of the centre. What 
is the position of the path with reference to the plat ? What is the 

position of a straight path whose nearest 
point is 10 rods from the centre ? One 
whose nearest point is 11 rods from the 
centre? 

8. Pass a line through a given paint, 
and parallel to a given line, by the prin- 
ciples contained in {174:) and {165). 

Fio. 141. 




* This eolation and many others are given, not bo much tliat it is feared that the stadent 
will not be able to solve the problems, as to afford models for describing the process. Iq 
this case an arc should be drawn first, and all trace of the centre obliterated. Thsn proceed aa 
directed. 
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9. Proh. — To draw a tangent to a circle 
at a given point in the circumference. 

Solution. — Let P be the point at which a tan- 
gent is to be drawn. Draw the radius OP to the 
given point of tangency, and produce it any con- 
venient distance beyond the circle. Erect a per- 
pendicular to this line at P, as MT ; then is MT a 
tangent to the circle (172). 



Fig. 141*. 

10. Fvoh. — To find the centre of a circle whose circumference is 
known, or of any arc of it. 

SuG. — The process is given in Part I. Do the work as there directed, and 
then show upon what proposition in this section it is founded. 




SYNOPSIS. 

'' Diameters. Prop. L How divide circles and circumferences. 
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Prop. II. Radius perp. 
to chord. 



' Ckyr. 1. Bisects angle. 

C(yr, 2. Converse of Cor. 1. 

(7<?r. 8. ** ** " 

^ C(yr. 4. Dist. from centre. 

Chords. \ Prop. III. Distance of equal chords from centre. 

Prop. IV. Equal arcs, and converee. 

Prop. V. Unequal arcs. 

Prop. VI. Unequal chords. Dis- ) ^ Converse. 

tance from centre. ) 

Prop. VII. Intersect in only two points. 
Secants. \ PROp. VIII. If a line intersect in one ) ^ ^.^^ ^^j.^^g 



point. It mtersects 
also in another. 



f 



to radius at extr. 



Tangents. 



Parallels. 



Prop. IX. 



Exercises. ^ 



Line perpendicular to ) ^ Converse, 
radms at extremity. ^^^'^ ^ 

Prop. X. Parallel secants intercept equal arcs. 
Pbop. XI. Secant par. to tangent { ^J^^^P"*"*' 

Prob. To bisect an arc. 

Prdb. To bisect an angle. 

Proh. To draw a tangent at a point in circumference. 

Frob, To find centre of circumference or arc. 



86 ELEMENTABY PLANE GEOMEIBI. 



SECTION V. 
OP THE RELATIVE POSITIONS OF CIRCUMFERENCES. 




PROPOSITION L 

177. Theorem. — All the drcurnferences which may he passed 
through three points not in the same straight line coincide^ and are 
one and the same. 

Dbm. — Let A, B, and C be three points not in the same straight line ; then 
all the circumferences which can be passed through them will coincide. 

For join the points, two and two, by straight lines, as AB and 80. Bisect 

these lines with perpendiculars, as DF and EH. Since 
AB and BC are not ip the same straight line, DF and 
EH will meet when sufficiently produced, at one and 
only one point, as 0, because they are straight lines 
Now, every point in FD is equally distant from A and 
B, and every point in HE is equally distant from B and 
C (129). Hence is equally distant from the three 
points A, B, and C ; and, if a circumference be drawn 
-^"T"^ with as a centre, and a radius AO, it will pass through 

the three points. Moreover, every circumference pass- 
ing through these points must have for its centre, since the centre must be in 
FD (otherwise it would be unequally distant from A and B), and also in HE 
(129). But tliese lines intereect only in 0. Also, every circumference with 
as its centre, and passing through A, must have AO for its radius. Hence, as 
all circles having the same centre and the same radius coincide, all those passing 
through three points. A, B, and 0, coincide. Q. b. d. 

178. Cor. 1. — Through any three points not in the same straight 
line a circumference can be passed, 

179. Cor. 2. — Tliree points not in the same straight Une determine 
n circumference as to position and extent ; i. e., in all respects, 

180. Cor. 3. — Two circumferences can intersect in only two 
points. 

For, if they have three point% common, they coincide, and form one and the 
same circumference. 
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PROPOSITION IL 

181. Theorem. — Two drcumferen- 
ces which intersect in one point, intersect 
also in a second point. 

Deh. — Let M intersect N at P. As M passes 
from without to within the circle N, it has points 
both without and within. Now, for M to re- 
turn into itself from any point within N, as Y, 
to any point without, as X, it must mteraect N ; 
but it cannot intersect in P, for a circumference 
does not intersect itself. Hence, it mtersects in 
a second point, as P', q. b. d. 





Fifi. 143. 



PROPOSITION m. 

182. Theorem. — If a straight line be drawn through the cen- 
tres of two circles, of the intersections of either circumference tvith 
that line, the one on the side toward the centre of the other circle is 
the nearest point in this circumference to that centre, and the one on 
the opposite side is the farthest point from that centre, 

Dem. — Let M and N, or M' and N', be two circumferences whose centres are 
and 0\ Draw an indefinite line through these centres. Let A and H be the 
intersections of M or M' with this line, of which A is on the side of M or M' 
toward the centre 0', and 
H is on the opposite side. |^ 

Then is A the nearest point - ^^""^"""^ _ ^. P^ 

in M or M' to 0', and H the 
fistrthest point from 0'. 

Mrst, To show that A is 
nearer 0' than any other 
X)oint in the circumference. 
A will lie between and 0', 
in O', or beyond 0'. When 

A lies between and 0', as in M, let P be any other point in M, and draw OP 
and O'P. Now 00' being a straight line, is less than OPO', a broken line. 
Subtracting OA from the former, and its equal OP from the latter, we have AO' 
< PO'. When A falls at 0' the truth is self-evident. When A lies beyond 0', 
as in M', let P be any other point in M', and draw OP and O'P. Now O'P + 
00' > OP (= OA). Subtracting 00' from both, we have O'P > OA — 00' 
(= O'A). Hence, in any case, A is the nearest point in M or M' to 0'. 

Second, To show that H is the farthest point in M or M' from 0'. In either 




Fig. 144. 
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figure, let P be any other point in the circumference than H, and draw OP 
and O'P. Now, PO + 00' > PO'. But PO = HO. Hence HO + 00' (= 
HO') > PO' 



PROPOSITION IT. 

183. Theorem. — When the distmice between tJie centres of two 

circles is greater than the sum of their radii, the circumferences are 
wholly exterior the one to the other, 

Dem. — ^Let M and N be the circumferences of two circles whose centres are 

and 0'. Let 00' be greater than the 
sum of the radii. Then are M and N 
wholly exterior the one to the other. 

For A, the intersection of M with 
00', is between and 0', since OA < 
00', Now, by hypothesis, 00' > OA 
+ BO'. Subtracting OA from both, we 
have AO' > BO'. Hence, as the nearest 
point in M is farther from 0' than the 
circumference of the latter circle, M lies wholly exterior to N. q. b. d. 

184. Cor. — Conversely, Wlien two circumferences are exterior the 
one to the other, the distance between their centres is greater than the 
sum of their radii, 

Dem. — For, join the centres 00' with a straight line. Now tJie point A 
where this line cuts the circumference M is the nearest point in this circumfer- 
ence to the centre O'. But, by hypothesis, this (and every other point in cir- 
cumference 0) is without circle 0'. Hence, AO' > BO'. To each add OA, 
and OA + AO' (or 00') > OA + BO'. 




PROPOSITION T. 

18S. Theorem. — When the distance between the centres of two 
circles is equal to the sum of their radii, the circumferences are tan^ 
gent to each other externally, 

Dem. — Let M and N be two circumferences, and 00', the distance between 
their centres, be equal to 00 + O'C, the sum of their radii ; then are the cir- 
cumferences tangent to each other externally. 
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Fie. 146. 



The point A, where M cuts the line join- 
ing the centres, is between and 0', since 
OA < 00' by hypothesis. Moreover, A 
is the nearest point in M to the centre O'. ^ 
Again, as 00' = 00 + O'C, subtracting OA 
from the first member, and its equal 00 from 
the other, we have O'A = O'C; that is, A is in 
the circumference N. Hence, as A lies in N, 
and all other points in M are more distant 
from O' than the length of the radius O'C, M 
is entu-ely without N, except the point A, and the circles are tangent to each 
other externally, q. b. d. 

186. Cob. 1. — Conversely, When two circumferences are tangent 
to each other externallyy the distance between their centres is equal to 
the sum of their radii, 

Dem. — M being tangent to N externally, the point in M nearest the centre O' 
must be in N, while all other points in M are exterior to N. Now, the point in 
M nearest to 0' is A on the line joining their centimes (182). A is therefore the 
point of tangency, and 00' = OA + O'A. 

187 • Cor. 2. — When two circumferences are tangent to each other 
externally y the point of tangency is in the line joining their centres. 



PROPOSITION TI. 

188* Theorem. — When the distance between the centres of two 
circles is less than the sum and greater than the difference of their 
radii, the two circumferences intersect. 

Dem. — Let M and N be the circumferences of two circles whose centres are 
and 0'. Let the radius of 

M be equal to or greater than .^'-^'^^^~~"^ N 

the radius of N. Now, if 00' 
<0A + O'B, and > OA-O'B, 
M and N intersect. 

For, when 00' > OA, 00' 
< OA + O'B gives 00' - OA 
(= AO') < O'B ; and when Fio. 14T. 

00' < OA, 00' > OA - O'B gives O'B > OA - 00' (= A'O). Hence the 
nearest point in M to 0' lies within N. Again, to the first member 
of 00' > OA — O'B add HO, and to the second its equal OA, and we 

have 00' + HO (= HO') > 20A - O'B. Now, since O'B *< OA,* by hypothesis, 

the difference 20A - O'B >" O'B. Hence, HO' > O'B, and H lies without N. As, 




* Read ** O'B is equal to or less than OA* 



»» 
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therefore, M has oue point at least within N and one without, M and N intep 
sect Q. s. D. 

189* Cor. — Conversely, Whm two circumferences intersect^ th 
distance betiveen their centres is less than the sum and greater that 
the difference of their radii. 

Dem. — Let the radius of N be equal to or less than the radius of M. As th 
circumferences intersect the farthest point H' of N from O must be farther fron 




O than the length of the radius of M, t. e.^ must lie without that circle. So w 
have by hypothesis H'O > OA. Subtracting H'O' from the first member and it 
equal BO' from the second, we have H'O - O'H' (= 00') > OA - BO' ; that is 
the distance between the centres is greater than the difference of the radii 
Again, as the nearest point in M to 0' must lie within N, we have AO' < B 
and adding OA to both members, OA + AO' (= 00') < OA + 80'; that is, tli^^ -*e 
distance between the centres is less than the sum of the radii. 




PROPOSITION YD. 

190m Theorem. — Wlien the distaiice between the centres of tw 
unequal circles is equal to the difference of their radii, the less cir 
cumference is tangeiit to the other internally. 





Dem. — Let M and N be the circumferences of two circles whose centres O anc 

0' are so situated that 00' = OC — O'C ; then are the===^ 
circles tangent to each other internally. 

For, let N be the circumference of the less circle, so 
that 00 > O'C Let HH' be a diameter of M. By 
hypothesis 00' = 00 — O'C. Now, subtracting each, 
member of this eq .jlity from OH', we have OH' — 00' 
(z= O'H') = O'C. Whence it appears that H', the pomt 
in N at the greatest distance from 0, is in M ; and, con- 
Fig. 148. sequently, that every other point in N is within M. 

Hence, N is tangent to M internally, q. B. D. 

191* Cor. 1. — Conversely, When a less circumference is tangent to 
a greater internally, the distance between their centres equals the 
difference of their radii. 

Dem. — The less circumference N being tangent to the screater M, internally, 
the point in N at the greatest distance from the centre O of M, must be in M, 
while all other points of N lie within M. Now H' in the line passing through 
the centres is the point of N at tlie greatest distance from O. Hence we ob« 
serre that 00' ^ OH' — O'H', ». e., the difference between the radii. 
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102* Cob. 2. — Wlien one circumference is tangent to another in^ 
tornally, the point of tangency is in the line passing through their 
t^entres, 

193. ScH. — ^If the radii are equal the two circumferences coincide. 




PROPOSITION Yin. 

194. Theorem* — Whe7i the distance between the centres of two 
T€nequal circles is less than the difference of their radii, the less cir» 
t^umference is wholly within the greater, 

Dbm. — Let N be a less circumference than M, and 00', 
'klie distance between theircentres, be less than OA —O'H', 
"ttie difference of their radii ; then is N wholly within M. 
For, to each member of GO' < OA - O'H' add O'H', and 
-wehaveOO'+0'H'<OA. ButOO' + 0'H'=OH'. Hence 
CH' < OA, and H', the farthest point in N from O, is with- 
in M, and consequently N lies wholly within M. q. b. d. 

195. Cor. — Conversely, When a less circumference is wholly 
-within a greater, the distance between their centres is less than the 
difference of their radii. 

Dem. — If N lies wholly within M, the farthest point in N from 0, the centre 
of M, must be nearer than is any point in M, *. e. , OH' < OA. Now, subtract 
O'H' from each member, and we have OH' - OH' (z= 00^) < OA - O'H'. 

<l. B. D. 

196* 8cH. — ^If the centres coincide so that 00' = 0, the circumferences are 
said to be concentric. If, at the same time, their radii are equal, they are eoin- 
aderU, 



PROPOSITION IX. 

197* Thearetn. — When two circumferences intersect, the line 
which passes through their centres is per- 
pendicular to their common chord at its 
middle point. 

Dbm.— Let the circumferences M and N 
intersect in the points P and P' {181) \ let 
^PP* be the common chord, and LR the line 
passing through the centres and 0' ; then is 
LR perpendicular to PP. 




Fxe. 16C 
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For 0' is equally distant fh)m the extremities P and P, and is also equally 
distant from P and P\ Hence, as LR has two points equally distant fifom the 
extremities of PP, it is perpendicular to PP at its middle point, q. E. d. ^ 



PROPOSITION X. 

198 • Theorem. — WJien one circumference is tangent to anutker, 
either externally or internally, they have a common rectilinear* tan- 
gent at their common point, 

Dbm.— Since the radii of the two circles drawn to the common point fom 
one and the same straight line {187 9 192), a line perpendicular to one at its 
extremity is perpendicular to the other also. And a line which is perpea- 
dicular to a radius at its extremity is tangent to the circle (172). Q. s. d. 

I 

199. Cor. — All circumferences having their centres in the sanu 
line, and having but one common point, are tangent to each other, and 
have a common rectilinear tangent at the common point. 



EXERCISES. 

1. Proh. — To pass a circumference through three given points 
not in the same straight line. 

SuG.— The process should be gone through with as learned from Pakt I., 
and then the reasons for the process given as furnished by this section. 

2. To pass a circumference through two given points, whose 
center shall be in a given line. 

3. Pvoh. — To circumscribe a circumference about a given triangle, 
and give the reasons for the process. 

4. The centres of two circles whose radii are 10 and 7, are at 4 
from each other. What is the relative position of the circumfer- 
ences? What if the distance between the centres is 17? What if 
20 ? What if 2 ? What if ? What if 3 ? 

' ■' — — — '■ ^— .^— — ^— ^— ^1^— ^^i^» 

* straight line. 
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5. Given two circles o aod 
0', to draw two others, one 
of which shall be tangent to 
these externally, and to the 
other of which the two given 
circles shall be tangent in- 
ternally. Give all the princi- 
ples involved in the construc- 
tion. Give other methods. 

6. Given two circles whose 
radii are 6 and 10, and the 
distance between their centres 20. To draw a third circle whose 
radius shall be 8, and which shall be tangent to the two given cir- 
cles ? Can a third circle whose radius is 2 be drawn tangent to 
the two given circles ? How will it be situated ? Can one be drawn 
tangent to the given circles, whose radius shall be 1 ? Why? 




Fig. 151. 
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SYNOPSIS. 

Prop. I. Through three points. 



( Cdr. 1. 

>int8. < Cor. 2. 

( Chr.S. 



A circf. can be passed. 
A circf. determined by. 
Intei'sections of two circf 's. 



Prop. II. Two circumferences which intersect in one point. 

Prop. III. Points in one circumference nearest to and farthest from the 
centre of another. 



' Prop. IV. Greater than sum of radii. •{ Cor, Converse. 
Pbop. V. Equal to sum of radii, j ^- ^ STtongency. 

J Cor. 1. Converse. 
Gar. 2. Point of tangency. 
8ch, Badii equal. 

^.'Conbentric, Coincident 
Prop. IX. Perpendicular to common chord. 

Prop. X. Common tangent to two circles tangent to each ) q^ rp^ ^^^ 
other. j 

ExBRcnsBa i ^P^^- To pass circumference through three points. 
jiixBRcisBs. -J pj^^ fjiQ circumscribe a triangle with a circumference. 
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SECTION VL 



OF THE MEASUREMENT OP ANGLES. 



200* Angles are said to be measured by arcs, according to tite 
principles developed in the three following propositions. 



PROPOSITION L 

201. Theorem. — In the same or m equal circles^ equal a^^ 
subtend equal angles at the centre, 

Dem.— In the equal circles M and N, let arc AB ^ arc DC ; then will ts-^* 

angles O and 0', called angles ^* 
the centre, be equal. Por,placi:^^^ 
N upon M so that 0' shall fS^^^ 
on O, and CD on OA, sui^^ 
the circles are equal, D will fi^^-*^ 
on A ; and since, by hypothes 
arc DC = arc AB, C will fall CF 
B. Hence, O'C will coiuci 
with OB, and angU O' = ang^ 
0, because they coincide whe:^^ 
applied, q. b. d. 





Fig. 158 



202. Cor. 1. — Conversely, In the same or in equal circleSyequa^^ 
angles at the centre intercept equal arcs, 

Dbm. — If, by hypothesis, angle 0' = angle O, in the equal circles M and W, 
arc DC = arc AB. For, placing circle N upon M, so that O' shall fall on O, 
and O'D on its equal OA, D falls on A, and, since angle 0' =r angle 0, O'C taked 
the direction OB, and, being equal to it, C falls on B. Hence, DC and AB co- 
incide and are equal. 

203. CoR. 2. — A right angle at the centre intercepts a quarter of 
a circumference, and is said to be measured by it, ffence, a semi- 
circumference is the measure of two right angles^ and a whole cireum' 
ference of four. 
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Fig. 168. 



PROPOSITION n. 

204. Theorem* — In the same or in equal circles^ arcs which are 
zn the ratio of two whole numbers subtend angles at the centre which 
?iave the same ratio, whence the angles are to each other as the arcs 
ivMch subtend them. 

Dem. — In the equal cii'cles M and N, let the arcs EF and IH, which suhtend 
the angles and 0' at the centre, he in the ratio of 5 to 8 ; then are the angles 
O and 0' hi the ratio of 5 to 8, 
and we have 

an^^ O : angU O' :: arc EF : arc I H . 

For, divide EF into 5 equal 
parts, as Ea, ab^ etc., then IH can 
be divided into 8 such parts, Itf, 
ef^ etc. Draw the radii Oa, 0*, 
Oc, etc., and O'e, O'/, 0^, etc. ; 
and, since these partial arcs 
are equal, the partial angles 
which they subtend are equal, 
by the preceding proposition. Now, O is composed of 5 of these angles, and 
O'of 8; whence 

arvgU : angU 0' 
But, arc EF : arc IH 

Hence, the two ratios being equal, we have 

arygJA 0' : a'njgU : : an*c IH : arc EF. 

As the same method could be pursued in case the arcs were to each other as 
any other two whole numbers, the argument is general 

ZOS* Cob. — Conversely, In the same or in equal circles, angles at 
the centre which are in the ratio of two whole numbers are to each 
other as their intercepted arcs. 

Dem.-— Thus, let an{/le O' be to angle in the ratio of 8 to 6. Conceive 0' 
divided into 8 equal partial angles, then will be divisible into 6 such partial 
angles. Now, the partial angles being equal, their intercepted arcs are equal, 
hy the preceding proposition, Oor. 1. Whence, 

arc IH : arc EF ; : 8 : 6. 
But. angle 0' : angle ; : 8 : 6, by hypothesis. 
Hence, arc IH : ai-c EF : : angle 0' : angle O. 

And the same method could be pursued with angles having the ratio of any 
other whole numbers. 



6 : 8. 
5 : 8. 



96 



ELEMENTABT PLANE GEOMETBT. 





Fie. 154. 



PROPOSITION nL 

206. Theorem, — In the same circle or in equal circles, two in 

commensurable arcs ar 
to each other as the angh 
which they subtend at t 
centre. 

Dem. — In the equal cir 
cles M and N, let EF and I 
be incommensurable 
Now there is some arc 
which EF bears the sam 
ratio as 091^20 O to angle O', 
If that arc is not IH let it be IL, an arc lesfi than IH, so that 

angle : angle C : : arc EF : arc IL.* 

Conceive EF divided into equal parts, each of which is less than LH,f the as* 
sumed difference betwec^n IH and IL Then conceive one of these equal parts 
to be applied to I H as a measure, beginning at I. Since the measure is less 
than LH, at least one point of division must fall between L and H. Suppose K 
to be such a point. Draw O'K. Now, the arcs EF and IK are commensurable, 
and by the last proposition 

angle : angle lO'K : : arc EF : arc IK. But we assumed that 

angle : angle lO'H : : arc EF : arc IL. 

In these proportions the antecedents being alike, the consequents should be pro- 
portional, so that 

an{ile lO'K should be to an^gle lO'H : : arc IK : arc IL. 

But this proportion is false, since 

angle lO'K < an>gle lO'H, whereas arc IK > a/rc IL. 

In a manner altogether similar (the student should supply it) we can show 
that 

angle is not to angle 0' : : arc EF : any arc greater than IH. 

Hence, as the fourth term of the proportion cannot be less or greater than IH, it 
must be JH itself; and 

angle : angle 0' : : arc EF : an'C IH. Q. s. D. 

207* Cor. — Conversely, In the same or in equal circleSy two incom^ 
mensurable angles at the centre are to each other as the arcs which 
they intercept. 





* This is a false hypothesis, and the object of the argnment following is to show its 
fitlsity. 

t This can be done by supposing EF bisected, then the halves bisected, then the fonrthi 
bisected, and this process of bisection continued until the parts are each less than LH. 
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Dem.— In the equal circles M and N, O and O' being incommensurable 
angles at the centre, are to each other as the arcs EF and IH. If not, let us sup- 
pose 

are EF : arc IH : : anglt O : awgU lO'L, an angle less than 0'. 

Divide O into equal partial angles, each less than LO'H, the assumed differ- 
ence between lO'H and lO'L. Also conceive this angle to be applied as a 
measure to lO'H, beginning at 01. At least one line of division will fall be- 
tween O'L and O'H. Let O'K be such a line. Now, as O and lO'K are com- 
mensurable, we have by (205), 

are EF : are IK : : angle O : angle lO'K. 

But by supposition 

are EF : are IH : : angle : angle lO'L. 

Therefore, since the antecedents are the same, 

are IK should be to are IH : : angle lO'K : angle lO'U 

But this is false, since 

are IK < arc IH, whereas angle lO'K > angle lO'L. 

Whence we learn that the fourth term of the proportion cannot be less than 
angle lO'H. In a similar manner it can be shown 0^^ ^^ student do it) that it 
cannot be greater. Hence it must be lO'H itself; and 

arc EF : arc IH : : angle : angle lO'H. 

208. ScH. — Out of the truths developed in the three preceding proposi- 
tions grows the method of representing angles by degrees, minutes, and seconds, 
w given in Trigonometry (Part IV., 3-€), It will be observed, that in all 
cases, if arcs be struck with the same radiuH, fh)m the vertices of angles as 
centres, the angles bear the same ratio to each other as the arcs intercepted by 
theu* sides. Hence the arc is said to measure the angle. Though this language 
is convenient, it is not quite natural ; for we naturally measure a quantity by 
another of Uhe kind. Thus, distance (length) we metisure by distance^ as when 
We say a line is 10 inches long. The line is length ; and its measure, an inch, 
is kngUi also. So, likewise, we say the area of a field is 4 acres : the quantity 
iQeasured is a surface ; and the measure, an acre, is a surface also. Yet, not- 
withstanding the artificiality of the method of measuring angles by arcs,, 
instead of directly by angles, it is not only convenient but universally used ; and 
the stndent must know Just what is meant by it. For example, a circumference 
is conceived as divided into 860 equal arcs, called degrees. Hence, as a right 
*ngle at the centre is subtended by one-fourth of the circumference, it is called 
Wangle of 90 degrees. 180 degrees is the measure of two right angles, 45 de- 
S^ws, of half a right angle, etc. Thus we get a perfectly definite idea of the 

7 
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magnitade of an anp;1e from the statement of the number of degrees which 
measure it; and, for brevity, the angle is spoken of as an angle of the sam« 
number of degrees as the intercepted arc. 



209^ An Inscribed Angle is an angle whose vertex is in a 
circumference, and whose sides are chords, or a chord and diametex 
of that circumference. 

PROPOSITION IV. 

210* Theorem. — An inscribed angle is measured by half t^^ 

arc intercepted between its sides. 




Fio. 156. 



Dbm. — Firgtj fjohen one aide is a diameter. Let 
be an inscribed angle, and PB a diameter; then is A^^B 
measured by one-half of arc AB. For, through t'9^^ 
centre 0, draw the diameter DC parallel to the chc^:^ 
PA; then COB = POD (134\ whence arc CB = a^-^ 
PD {202\ also COB = APB {152)\ and are PD = 
AC (174), whence PD = CB = iAB. Now COB 
measured by CB {208) \ hence APB is measured 
CB = ^AB. Q. K.D. 



-re 
is 




Second, when both sides are chords and the centre of 
circle lies between them. Let APB be such an angled' 
Draw the diameter PC. Now, by the preceding par^ 
APC is measured by^AC, and CPB by iCB. Hence 
APC + CPB, or APB, is measured by iAC + ^CB, or 
iAB. q. E. D. 




Third, when both sides are chords and the centre Ua 
without the angle. Let APB be such an angle. Draw the 
diameter PC. Now APC is measured by \ AC, and BPC 
by \ BC. Hence APC — BPC, or APB, is measured by 
i AC — i BC, or iAB. q. k. d. 



Fig. 1S7. 
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211. Cor. — In the same or equal circles all 

tingles inscribed in the same segment, intercept 

equal arcs, and are consequently equal. If the 

segment is less than a semicircle, the angles are 
obtuse ; if a semicircle, right ; if greater than a 
semicircle, acute, 

rdi.— In each separate figure the angles P are equal, 
for they are each measured by half the same arc. ... In 
O, each angle P is acute, being measured by ^, which 
is less than a quarter of a circumference. . . . In 0^ each 
ungle P is a right angle, being measured by ^m', which 
is a quadrant (quarter of a circumference). ... In 0'^ 
eacb. angle P is obtuse, being measured by \'m!\ which is 
greater than a quadrant. 

ScH. — The converse of this proposition is usually taken 
for granted ; i. «., that if the several angles P, P, etc., are 
equal and subtended by the same chord, their vertices lie 
in the circumference. This is readily proved rigorously 
aJter the next two propositions. Thus, if vertex P were 
-i^tbout, the angle would be measured by ^AB — \ the 
cyther intercepted arc ; and if within, by ^AB -f \ the other 
intercepted arc 

PROPOSITION T. 

212. Theorem. — A^ty angle formed by two chords intersecting 
-e-w a circle is measured by one-half the sum of the arcs intercepted 
between its sides and the sides of its vertical, or opposite, angle. 
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Dem. — Let the chords AB and CD intersect at 

then is APD, or its equal CPB, measured by 

(AD +CB); and APC, or its equal BPD, is measured 

yi(AC+BD). 

For, through C draw CE parallel to BA; whence 

^CD = APD {152\ and CB = EA {174). But ECD is 

"^-tieasured by i ED (210), which equals i (AD + EA) = 

^ (AD + CB). 

That APC, or its equal BPD, is measured by 
^(AC + BD), appears from the fact that the sum of the 
four angles about P being equal to four right angles, is measured by a whole 
circumference (208). But APD + CPB is measured by AD + CB ; whence 
ARC + BPD, or 2 APC, is measured by the whole circumference minus (AD + CB) ; 
that is, by AC + BD. Then is APC measured by \ (AC + BD). 




Fio. 159. 
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S13. ScH.— The case of the angle Included between two chords psna 
Into that of tbe inscribed angle In the preceding proposition, by coDCeiTingAB 
to move parullel to lis present position until P arrives at C and BA coincidtt 
with CE. Tbe angle APD is all the time measured by half the sum of the iD- 
tercepted arcs; but, when P bsa reached C, C8 becomes 0, and M*D becomes 
an insciibed ai^le measured by half its intercepted arc. 

In a similar mannei we may pass to tbe case of an angle at the ceatn, 
by supposiug P to move toward the centre. All the time APD is measured \q 
^(AD + CB) ; but, when P reaches the centre. AD = CB, aud i (AD + CB| = 
1 (SAD) = AD ; I. e., an angle at the centre b messured by its intercepted axt. 



PBOPOSmON TL 

214. Theorem. — An angle formed by two secants meeting viUh- 
out the circle is measured by one-half the difference of the intercepiii 
arcs. 

Dbil— Let APB be w angle formed by the two m- 
cants AP and PB ; then Is It messured by ) (AB - CD), 
i. t.. one-half the Intercepted arcs. 

For, draw CE paraUel to PB ; then CD = £B (174, 
and ACE =tts oorrespondlng angle APB. But ACEh 
measured by i AC=i (AB-EB)=i (AB—ODX q.B.a 




215, BcH.— This case passes into tliat trf an in- 
scribed angle, by conceiving P to more toward C, thos 
diminishing the arc CD. When P reaches C, the angle 
becomes Inscribed; and, as CD is then 0,i(AB — CD) 
= ^AB. Also, by conceiving P to continue to move 
Fib. no. along PA, CD will reappear on the otAer tide ef PA, 

hence will change its sign,* aud ^(AE — CO) will become 1(AE + CO), as it 
should, since the angle b then formed by two chords intersecting wilbin the 



FBOFOSinoN vn. 

216. Theorem. — An angle formed by a tangent and a chord 

drawn from t/ie point of tangency is measured by one-half the inter- 
cepted arc 

• In iccarduica wllli the \vn ot pocitlve and neiillTe qnanUHeB u oud In nu>liien»U», 
wheueveracoBElDoaaBlfvaiTiDg qnsnllty la concelvad u dlmlDlrbtng till It rsubor D, and 
ttaSD u iwppeuing bf the ■ame liw or cbauice, it rnnat changs lu ago. 
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DiBM. — LQt TPA be an angle foimed by TM 
tangent at P, and the chord PA; then is TPA 
meawred by one-half the intercepted arc AP. 
For,* draw any chord CD parallel to TM and 
catting AP. Then CEA = TPA. But CEA is 
measured by \ (AC + PD). Hence, as PD = CP 
{17S)y TPA is measured by i (AC + CP), or i 

AP. <^ B. D. 

Show that APM is measured by i arc AmP. 
AlsOf observe how the case of two secants 
(214) passes into this. 




Fio. 161. 



PROPOSITION yni. 

217. Theorem* — An angle formed by two tangents is measured 
hy one-half the difference of the intercepted 
arcs. 

Dbil — ^Let APB be an angle formed by the 
two tangents AP and PB ; then is it measured by 
i (are CmD — art OnD\ t. e,^ one-half the differ- 
ence of the intercepted arcs. For, through one of 
the points of tangency, as C, draw a chord, as CE, 

parallel to the other tangent Now, ACE is 

Daeaanred by i are CE, by the last proposition. 

3at ACE = APB, and oro CE = CmD — DmE =: 

CmO ^ CnD, since CmD = EmD (17S). Hence, 
is measured by \ (CmD — C/iD). q. b. d. 



Fu. 163. 



fdl8» 8cH.— The case of two secants (214) 
X=M»ses into this by supposing the secants to 
^teparate until they become tangents. 




EXEBCISES. 

!• Pvoh* — Through a given point to draw a parallel to a given 
iine, on the principles contained in {152), {201), and {16S). 

SoLunoR —Through P to draw a pai-allel to AB. From P as a centre, with 
mny radius greater than the distance 
from P to AB, describe an arc cut- 
tint^ AB, as ae. From a as a centre, 
with the same radius, stril^e an arc 
through P, intersecting AB, as Pb. 
Take the chord Pb and apply it 
from a on the arc ae, as aO. These 
chorda being equal, the arcs Pb and 




Fki. 168. 
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Fi«. 164. 
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oO are equal (16S), Again, angle Fob =: aDglt 
OPa, since they are measured by equal arcs struck 
with the same radius (201). These alternate 
angles being equal, MN is parallel to AB (152). 

2. In Fig. 164 there are 4 pairs of equal 

angles. Which are they, and why ? Show 

also that cOB r= abd + CDB, by (210)^ 

and (212). Show also that DOB = ABC + 
DAB. 



3. Prob.-^Frorti a point without a circle to draw a tangent to 
the circle. 

SoLXJTiON. — Let be the given circle, and P the given point Join P unth 
the centre 0, and upon PC as a diameter describe a circle. Let T and T' l)e 

the intersections of the two cir- 
cumferences. Now, if lines te 
drawn from P through T and T, 
they will be tangent to the cii' 
cle 0. For OTP and OTP, 
bemg inscribed in semi-circles, 
are right angles (211). Hence, 
PM is perpendicular to radius 
OT at its extremity T, and 
is therefore a tangent (172). 
In like manner PT' is shown 
to be a tangent, and we see 
that from a point toUhout a dr- 
cle two tangents can be drawn to 
the circle. 




Fio. 165. 



4. Proh* — On a given line, to construct a segment which shall 

contain a given angle. 

Solution. — Let AB be 
the given line, and O the 
given angle. At one ex- 
tremity of the given line, as 
B, construct an angle ABC 
equal to the given angle O, 
^' which shall lie on the oppo- 

*^ site of AB from that on which 

the required segment is to 
lie. Erect a perpendicular 
to the line CB at B, and also 
a perpendicular bisecting 
AB. Let FB and FE be 
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these perpcDdiculora, intersectiiig at F. From F as a centre, with a radius 
equal to FB, describe a circle. Then la AHB Uie segment required. For, 
CB being perpendicular to radius FB at its extremity, is tangent to tlie 
circle, and anjrie ABC (= aTigU 0) is measured by i of arc AntB {2Jfi). Now, 
any angle Inscrilied in tlie segment Ani'fn"8, as AHB, has ^ AmS for its 
measure, and is, consequently, equal Ui 0. 

Anothkr Solution. — On the side of AB on which the segment is to lie, draw 
any line through either extremity of AB, 
making an aeuU angle with AB. Let CB 
be Buch a hue. At any point in CB, aa 
C, draw a line CE, making angle ECB = 
the given angle 0, F%g. 166. Through A 
pass a parallel to CE (see Ex. 1), as AD. 
Pass a circnmfbreQCe through A, 0, and 
B. Any angle inscribed ia segment AmB 
is equal to 0. [Let the student give all 
the reasons, and make the construction. 
The requisite mat^ for the (^nstrucUon 
are made in the figure. Why is it said, 
make CBA an aaile angle* When would 
s light angle answer? When an obtuse 




M 



4 right angles 

^ "''° t Cor. Converse. 

1 Cor. Converse. 
Pbof- IIL Incommensurable arcs, -j Sch. Method of measuring 
( angles. 

Inscribed angle, what? 

Peop. IV. Inscribed angle, how measured, j ^- ^«^?°Se.^' "'*" ^ 

Prop. V. Ahgle l>etween two chords. [-SfcS. Compared with preceduig. 

Prop. VL Angle between two secants. \ach. Compared with Prop. IV. 

Prop. VII. Angle between tangent and chord. 

Prop. VIIL Angle between two tangenlH. } Seh. Compared with Prop. VI. 

Prob. To draw a parallel through a given point. 
Prob. To draw a tangent to a circle from a point without 
iVai. To construct a segment on a given line which shall 
contain a given angle. 
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SECTION VII 

OF THE ANGLES OF POLYGONS, AND THE RELATION BETWEEN 

THE ANGLES AND SffiES. 



OF TRIANGLES. 




PROPOSITION L 

919 • Theorem. — The sum of the three angles of a triangle is 

two right angles. 

Dbm. — Conceive a circumference passed through 
the vertices of the triangle, as abc, through the ver- 
tices of the triangle ABC (58). The angle A is 
measured by ^ arc a, B by i 6, and Chy i e. Hence, 
A + B + C is measured by i (o + 6 + c), or a 
semi-circumference, and is equal to two right angles 
(203). Q. E. D. 

Fig. 168. 220. CoR. 1. — A triangle can have only 

one right angle, or one obtuse afigle. Why ? 

221. Cor. 2. — Two angles of a tria7igle, or their sum, being 
given, the third may be found by subtracting this sum from two right 
angles, i. e., either angle is the supplement of the other two, 

222* Cor. 3. — The sum of the two acute angles of a right-angled tri' 
angle is equal to one right angle; i.e., they are complements of each other. 

223. Cor. 4. — If the angles of a triangle are equal each to each, 
any one is one-third of two right angles, or two-thirds of one right angle. 



PROPOSITION n. 

224. Theorem. — The sides of a triangle sustain the same 
GENERAL relation to each other as their opposite angles ; that is, the 
greatest side is opposite the greatest angle, the second greatest side 
opposite the second greatest angle, and the least side opposite the least 
angle. * 
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Fio. 169. 



Dem.— In the triangle ABC let C > B > A be 
the order of the values of the angles ; then AB > 
AC > BC is the order of the values of the sides. 

For, circumscribe the circumference abc. The 
angle C being greater than B, the arc c, the half of 
which measures C, is greater than the arc 5, the 
half of which measures B. Now, the greater arc 
has the greater chord (166). Hence, AB > AC. 
In like manner, if B > A, arc 6 > arc a, and AC > 
BC. If either angle, as C, is obtuse, AB is greater 
than AC or BC, because it lies nearer the centre (167)- 

225. Cob. 1. — Conversely, Tlie order of the magnitudes of the 
sides being AB > AC> BC, the order of the magnitudes of the angles is 
C> B > A. 

[Let the student give the demonstration in form.] 

226. Cor. 2. — An equiangular triangle is 
also equilateral ; and, conversely, an equilateral 
triangle is equiangular, 

Dem. — If A = B =r C, arc a = arc b = ai*c c, and, 
consequently, chord BC = chord AC = chord AB. 
Conversely, if the chords are equal, the arcs are, and 
lience the angles subtended by these arcs. 





227. Cor. 3. — In an isosceles triangle the 
cTigles opposite the equal sides are equal; 
€ind, conversely, if two angles of a triangle 
4ire equal, the sides opposite are equal, and 
the triangle is isosceles. 

Dbk. — ^If AB =3 BC, arc a = arc 6 ; and hence, 
angle A, measured by i a, =: angle C, measured by 
\ e. Conversely, if A = C, arc a = arc c ; and hence 
chord BC = chord AB. 

228. BcH. — It should be observed that the proposition gives only the general 
relation between the angles and sides of a triangle. 

It IS not meant that the sides are in the same ratio 
as their opposite angles : this is not true. Thus 
in Fig. 172 angle c is twice as great as angle a ; 
but side e is not twice as great as side a, although 
it is greater. Trigonometry discovers the exact 
relation which exists between the sides and 
angles. 
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PROPOSITION UL 

229. Theorem. — If from any point within a triangle lines 

be drawn to the extremities of any side, the 
included angle is greater than the angle of the 
triangle opposite this side. 

Dem. — Let OA and OB be two lines drawn from 
any point within the triangle ABC, to the extremi- 
ties of the side AB ; then angle AOB > ACB. 

For, circumscribe a circle about the triangle. Now, 
ACB is measured by i AnB, but AOB is measured by 
i (AnB + EwD), Therefore, AOB > ACB. <^ s. d^ 




230. An Exterior Angle of a polygon is an angle formed 
by any side with its adjacent side produced, as CBD, Fig, 174. 



PROPOSITION IV. 

231. Theorem. — An exterior angle of a triangle is equal to the 

sum of the two interior non-adjacent angles, 

Dem. — Let ABC be any triangle, and CBD an ex- 
terior angle; then CBD = A + C. 

For CBD is the supplement of CBA by {13 1\ and 
CBA is the supplement of A + C by (221), Hence, 
CBD = A + C. Q. E. D. 

Pig. 174. 232. CoR. — Either angle of a triangle not 

adjacent to a specified exterior angle, is equal 
to the difference of this exterior angle and the other non-adj accent 
angle. 

Thus, since CBD = A + C, by transposition, CBD — A = C, and CBD -^ C 

= A. 
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OF QUADRILATEBALS. 



PROPOSITION y. 

233. Theorem » — The sum of the angles of a quadrilateral is 
four right angles. 

Dbm. — Let ABCD be any quadrilateral ; 
then DAB + ABC + BCD + CDA = four 
right angles. 

For, draw either diagonal, as AC, di- 
viding the quadrilateral into two triangles. 
Then, as the sum of the angles of the two 
triangles is the same as the sum of the an- 
gles of the quadrilateral, and the sum of 
the angles of the triangles is twice two 

light angles (219) ; the sum of the angles of the quadrilateral is four right 
angles, q. e. d. 




PROPOSITION TI, 

23 4» Theorem* — The opposite angles of any quadrilateral 
which can be inscHhed in a circle are supplementary, 

Dem. — Let ABCD be any inscribed quadrilateral ; 
then A + C = two right angles^ and D + B =: two 
right angles. 

For, A is measured by ^ arc BCD, and C is meas- 
ured by i arc DAB (210). Hence, A + C is meas- 
ured by one-half a circumference, and is, therefore, 
equal to two right angles (203). In like manner D 
is measured by i arc ABC, and B by ^ arc ADC. 
Consequently, D + B is measured by one-half a cir- 
cumference, and is, therefore, equal to two right 
angles. 




PROPOSITION VIL 

23S» Theorem. — The opposite angles of a parallelogram are 
equal, and the adjacent angles are supplementary, 

Dem.— ABCD, Fig. 177, being any parallelogram, A = C, B = D, and B 4- C, 
C -h D, D + A, and A + B, each = two right angles. 



I 
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For, produce any side, as AB, forin- 
ing the two exterior angles EAD and 

Z^ CBF. Since CB and DA are parallel, 

and FE eats them, the oorresponding an- 
B p glee, CBF and DAB are equal {152), 

" '^ Fio. 177. Again, since EF and DC are parallel, and 

CB cats them, the alternate interior* 
angles CBF and C are eqaal (152), Hence, as DAB and C are each eqoal to 
CBF, they are eqaal to each other. In a similar manner D can be proved eqoal 
to CBA. [Let the student give the proof.] 

That the angles B and C of the parallelogram are supplemental is erident 
from (150\ which proves that the sum of two interior angles on the same aide 
of a secant cutting two parallels is two right angles. For a like reason A -^ D 
= two right angles^ etc. 

236. Cob. 1. — 7%« two cmgles of a trape^ 
zoid adjacent to either one of the two sides 
not parallel are supplemental. 



Fio. 178. [Let the student show why.] 



237, Cor. 2. — If one angle of a parallelogram is rights the others 
are also, and the figure is a rectangle. 



PROPOSITION yra, 

238. Theorem. — Conversely to the last, If the adjacent angles 
of a quadrilateral are supplementary , or the opposite angles equal, 
the figure is a parallelogram. 

Dbm. — ^If A + D = two right angles, AB and DC are parallel by (ld7). 

For a like reason, if D + C = two right 

[X yQ angles, DA and CB are paraUel. Again, 

/ / if A = C and D = B, by adding we 

/ / have A + D = C + B. But A + D + 

€ A B F C + B = four right angles (233\ 

Hence, A + D = two right angles, and 
AB and CD are parallel. 8o, also, A + 
B can be shown to be equal to two right angles ; and, consequently, AD and 
CB are parallel. 

* Interior with reference to the parallela (140). 
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PBOPOSinON 

239. Theorem. — If two opposite sides of a quadrilateral an 
equal and parallel, the figure is a parallelogram. 

Dbm. — In (a) let DC be equal 
and parallel to AB ; then is ABCD 
a parallelogram. 

For, drawing the diagonal 
AC, it makes the angles ACD and 
CAB equal, since they are altern- 
ate interior angles (1^;^). Con- 
ceiye the quadrilateral divided 
in this diagonal into two tri- 
angles, as in (6). Reverse the 
triangle ACB and place it as in 
{€). Draw DB. Since angle DCA 
= angle CAB, and DC = BA, if 
CBA be reyolved upon AC, AB 
will take the direction CD, B will 
foil in D, and CBA will coin- 
cide with ADC. Hence, angle 
ACB = angle DAC. But in (a) Fig. i80 

these are alternate interior an- 
gles made by AC with AD and BC. Therefore, AD is parallel to BC (149). 
q. £. D. 
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PROPOSITION X. 

24l0. Theorem. — If the opposite sides of a quadrilateral aro 
equal, the figure is a parallelogram. 

Dem. — In (a) let AB = DC, 
and AD = BC ; then is ABCD a 
parallelogram. 

For. divide the quadrilateral 
in the diagonal AC, and revers- 
ing the triangle ABC, place it 
as in (c), and draw DB. Since 
AB = CD, and CB = AD, DB is 
perpendicular to CA (130). 
Now, revolving ABC upon CA, 
it will coincide with ADC. Hence, 
angle DCA = angle CAB, and 
AB is parallel to DC. Also, 
angle DAC = angle BCA, and 
AD is parallel to BC. There- 
fore, ABCD is a parallelogram, 
q. B. D. 




Fio. 181. 



i 
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PROPOSITION XL 

24:1. Theorem. — Conversely to the last, The opposite sides o 
a parallelogram are equal 

D C Dem.— Let ABCD be a paral 

lelogram; then AB = DC, an» 
AD = CB. 

Since DC is parallel to AB, an 
gle DCA = angle CAB. Also, sinc^ 
AD is parallel to BC, angle DA 
= angle ACB (152). Now, divid»- 
the parallelogram (a) in the di — 
agonal, and place ABC as in (d 
Reyolve ABC on AC, until it fall 
in the plane on the other side o 

AC. Since angle BAC = angl 
ACD, AB will take the directio 
CD, and B will fall in CD, or C[> 
produced. Since angle BOA = 
angle DAC, CB will take the 
direction AD, and B will fall in. 

AD, or in AD produced. There- 
fore, as B falls at the same time in AD and CD, it falls at the intersection D, and 
the triangles coincide. Hence, AB = CD, and AD = CB. q. e. d. 

242 Cor. 1. — Parallels intercepted between parallels are equal 

243. Cor. 2. — A diagonal of a parallelogram divides it into two 
equal triangles. 



f 



:al. 






Fig. 182. 



PROPOSITION xn. 

244. Theorem. — The diagonals of a parallelogram mutually 
oisect each other, 

Dem.— Let AC and DB be the diagonals of 
the parallelogram ABCD (a), and Q their inter- 
section ; then, DQ = QB, and AQ = QC. 

For, take the triangle AQB, and apply it to 
DQ'C, by placing BA in its equal OC, B falling at 
D, and A at C, with the vertices Q and Q' on the 
same side of this common line, as in (6). Now, 
since angle QBA = Q'DC (152\ BQ will take the 
(*) direction DQ', and Q will fall in DQ', or in DQ' 
produced. For a like reason AQ will take the 
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q:- 



Fio. 183. 

direction CQ', and Q will fall in CQ', or in CQ' produced. Hence, as O fells 
at the same time in DQ' and CQ', it falls at their intei-section Q'; whence 
BQ = DQ', and AQ = CQ'. Q. b. d. 
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255. ScH. 3. — This proposition is equally applicable to triangles and to 
quadrilaterals. Thus the sum of the angles of a triangle is 3 times two right 
angles — 4 rigJU angles (or 6 — 4) = 2 right angles. So also the sum of the 
angles of a quadrilateral is 4 times two right angles — 4 rigM angles, or 4 right 
angles. 

256. ScH. 3. — To find the value of an angle of an equiangular polygon, 
that is, one whose angles are equal each to each, divide the sum of all the 
angles by the number of angles. 



PROPOSITION XTL 

2S7» Theorem. — If the sides of a polygon be produced so as to 
fo7'm one exterior angle {and only one) at each vertex, the sum of 
these exterior angles is four right angles. 

Dem. — Let n be the number of sides of any 
polygon. At each of the n angles, there is an 
interior and an exterior angle, whose sum, as 
A + a, is two right angles. Hence the sum of 
all the exterior and interior angles is n times itoo 
right angles. Now, from this sum subtracting 
the sum of the exterior angles, the remainder 
is the sum of the interior angles. But» by the 
preceding proposition, 4 right angles subtracted 
ft&m n times two right angles, leaves the sum 
of the interior angles. Therefore the sum of 
the exterior angles is 4 right angles, q. b. d. F». 188. 




OF BEGULAB POLYGONS. 



PBOPOSITION XYH. 

2S8* Theorem* — The angles of an inscribed equilateral polygon 
<tre equal; and the polygon is regular. 

DsM.— Let ABCDEF be an inscribed polygon, with AB = BC = CD, etc.; 
then is angle A = B = C = D, etc., and the polygon is regular. 

For, from the centre of the circle draw OF, OA, and OB, and also the per- 
pendiculars Oa and Ob, Revolve OFA upon OA as an axis, until it foils in the 

8 
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OF POLTOOirS OF MORE THAN FOUR SIDES. 

249. A Salient Angle of a polygon is one whose sides, when 
produced, can only extend without the polygon. 

250. A JRe-entrant Angle of a 

polygon is one whose sides, when pro- 
duced, can extend within the polygon. 

111.— In the polygon ABCDEFG, all the an- 
gles are salient except D, which is re-entrant 

251. A Convex Polygon is a 

polygon which has only salient angles. 
A polygon is always supposed to be con- 
vex, unless the contrary is stated. 

252. A Concave or Re-entrant Polygon is a polygon 
with at least one re-entrant angle. 




Fig. 186. 



PROPOSITION XT. 

253. Theorem. — The sum of the interior angles of a polygon 
is equal to twice as many right angles as the polygon has sides, less 
four right angles, 

Dem. — Let n be the number of sides of any 
polygon ; then the sum of its angles is 

n times two right cmgles — 4 right angles. 

For, from any point 0, within, draw lines tr. 
the vertices of the angles. As many triangles 
will thus be formed as the polygon has sides, that 
is, n. The sum of the angles of these triangles is 
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n times two right angles (219). 

But this exceeds the sum of the angles of the 
polygon by the sum of the angles at the common vertex O, that is, by 4 right 
cmgles. Hence the sum of the angles of the polygcm is 

n times two right angles — 4 right angles. Q. K. d. 

254» ScH. 1. — The sum of the angles of a pentagon is 5 times two right an- 
gles — 4 right angles^ or 6 right angles: The sum of the angles of a hexagon is 
8 right angles; of a heptagon, 10 ; of an octagon, 12, etc. 
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PROPOSITION XIX. 

261* Theorem. — The sides of a circumscribed equiangular 
polygon are equal ; and the polygon is regular, 

Dem. — Let ABCDEF be a circumscribed polygon, with angle A = B = C, 
etc. ; then is AS = BC = CD, etc., and the polygon is regular. 

For, from the centre of the circle, draw DA, OB, 
etc., to the vertices of the polygon, and Oa, O J, etc., 
to the points of tangency. The latter will be per- 
pendicular to the sides by (173). Now reveif e the 
triangle AaO, and apply it to A JO, placing Oa in its 
equal Ob ; aA will take the direction JA. Then will 
OA of the triangle AaO, fall in OA of the triangle 
A&O, since there cannot be two equal oblique lines on 
the same side of 05 (140). Hence angle bAO = angle 
cAO, and M = aA. In the same, way it can be Pio. iga. 

fihown that OB, OF, etc., bisect the other angles, and that bB = Be, etc. 
Whence, as the polygon is equiangular, these halves are equal, that is, OAa 
=r OFa, etc. Then, as OA and OF make equal angles with AF, they cut off 
equal distances from a, and Aa = aF. So, likewise, we can show that M = JB, 
and that each side is bisected at the point of tangency. Therefore, as the halves 
of the sides are equal, the polygon is equilateral, as well as equiangular, and 
oonsequently regular (117)- Q. k. d. 




PROPOSITION XX. 

262* Theorem. — The angles of a circumscribed equilateral 
polygon are equal vjhen their number is odd ; and the polygon is 
-^^egular, 

Dem. — ^Let ABODE be a circumscribed polygon 
"Vrith AB = BC = CD, etc. ; then is angle A = B 
= C = D, etc., and the polygon is regular. 

In the same manner as in the preceding demon- 
stration, we may show that OA, OB, etc., bisect 
the angles of the polygon. [The student should 
^o through the process.] Then revolve the tri- 
angle AOE upon AO as an axis till it falls in the 
^lane of AOB ; and as angle OAE =: angle OAB, 
a,nd AE = AB, the triangles will coincide. Hence 

angle OEA, the half of angle E of the polygon, Fio. 193. 

equals angle OBA the half of B, and E = B. In like manner revolving AOB 

upon OB, we can show that A = C. So also we find B = D, and D = A. 

Therefore the polygon is equiangular as well as equilateral, and consequently 

regular. Q. b. d. 
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263 » ScH. — That the above style of argument fails m the case of a polygon, of 

an even number of sides, may be observed by atteim. jpt- 
ing to apply it Thus, from ISg, 192, we would hsB-ve 
A = C, B = D, C = E, D = F, E = A, and F = B. 
From these we have A = C = E, and 8 = == F. 
But the process will not give any one of the first tlft-X^ 
Fig. 194. angles equal to any one of the second set That^ is, 

It Joes not follow that iwo adjacent angles are equal in case the number ofai^ea 
is even. We can readily construct a circumscribed equilateral polygon whicii 
shall not be equiangular. 

PROPOSITION XXL 

264» Theorem* — A circumference may he circumscribed about 
any regular polygon. 

Dem. — Let ABCDEF be a regular polygon. Bisect AF with a perpendicular 

Oa. Any point in this perpendicular is equidistant 
from A and F. Bisect AS, adjacent to AF, with a 
perpendicular, as Ob. Any point in this perpendic- 
ular is equidistant from A and B. Hence the inter- 
section of these perpendiculars, O, is equidistant from 

A, F, and B, and a circumference described from as 
a centre, with a radius OA, will pass through F and 

B. Now revolve the quadrilateral FO&A upon Ob as 
an axis until it falls in the plane of COdB, 6A will 
fall in its equal bB\ and since angle A = angle B, 
and side AF = side BC, F will fall at C. Thus it 

Fio. 195. appears that the circumference described from O, 

and passing through F, A, and B, also passes through 
C. In a similar manner it can be shown that the same cux;umfcrence passes 
through all the vertices, and hence is circumscribed, q. s. d. 

265* CoE. 1. — A circumference may be inscribed in any regular 
polygon. 

Dem. — ^For, having circumscribed one about it, the equal sides become equal 
chords, and hence are equally distant from the centre. If, therefore, a circle be 
drawn from as a centre, with Oa as a radius, it will touch every side of the 
polygon at its middle point. 

266. Cor. 2. — The centres of the inscribed and circumscribed 

circles coincide. 

267. The Centre of a regular polygon is the common centre 

of its inscribed and circumscribed circles. 
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268. An Angle at the Centre of a regular polygon is the 
angle included by two lines drawn from the centre to the extremities 
of a side^ as FOA, AOB. 

269. Cob. 3. — The angles at the centre of a regular polygon an 
equal each to each; and any one is equal to four right angles divided 
iy the number of sides of the polygon. 

270. The Apothem of a regular polygon is the distance from 
the centre to any side, and is the radius of the inscribed circle. 



PBOPOSmON XXIL 

271* Theorem* — The side of a regular inscribed hexagon is 
equal to tJie radius, 

Drm. — Let ABCDEF be a regular hiscribcd hexagon ; then is any side, as 
Be, equal to OB, the radius. 

In the triangle BOC the angle is measured by 
the arc BC, or i of a circumference, and hence is ^ 
of 4 right angles, or | of a right an^le. Angle ABC 
is measured by i arc CDEFA, or f of a circumfer- 
ence. Hence angle OBC, which is \ of ABC, is 
ttieasured by | of |, or i of a circumference, and is, 
Consequently, equal to BOC. So also OCB, the half 
of DCB, is measured by i of a circumference. Hence 
OCB is equiangular, and consequently equilateral 
i^^&S\ and BC = OB. q. s. d. 




272. A Broken Line is said to be Convex when no one of its 
J^arts will, when produced, enter the space included between it and 
^ line joining its extremities. 



PROPOSITION XXnL 

273. Theorem. — A Convex broken line is less than any broken 
iine which envelops it and has the same extremities. 

Dem. — Let khe^ be a broken line enveloped 
l)y the broken line ACDEFB, and haying the 
«ame extremities A and B ; then is A^^B < 
ACDEFB. 

For, produce the parts of hJbcdB till they meet 
the enveloping line, as AJ to «, 6c to /, and ed 
to g. Now, since a straight line is the shortest 
path between two points, Ad < ACe, hf < ftcDE/, 




Fig. 197. 
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263» ScH. — That the above style of argument fails in the case of a polygon of 

an even number of sides, may be observed by attempt- 
ing to apply it Thus, from Fig, 192, we would have 
A = C, B = D, C = E, D = F, E = A, and F = B. 
From these we have A = C = E, and B = D = F. 
But the process will not give any one of the first three 
Fie. 191 angles equal to any one of the second set That is, 

It Joes not follow that iwo a^acent angles are equal in case the number of sides 
is ewn. We can readily construct a circumscribed equilateral polygon which 
shall not be equiangular. 




PROPOSITION XXL 

264:. Theorem. — A circumference may he circumscribed about 
any regular polygon. 

Dem.— Let ABCDEF be a regular polygon. Bisect AF with a perpendicular 

Oa. Any point in this perpendicular is equidistant 
from A and F. Bisect AB, adjacent to AF, with a 
perpendicular, as Ob, Any point in this perpendic- 
ular is equidistant from A and B. Hence the inter- 
section of these perpendiculars, 0, is equidistant from 

A, F, and B, and a circumference described from O as 
a centre, with a radius OA, will pass through F and 

B. Now revolve the quadrilateral ¥Obk upon Ob as 
an axis until it falls in the plane of C06B, bk will 
fall in its equal 6B ; and since angle A = angle B, 
and side AF = side BC, F will fall at C. Thus it 
appears that the circumference described from 0, 
and passing through F, A, and B, also passes through 

C. In a similar manner it can be shown that the same circumference passes 
through all the vertices, and hence is circumscribed. Q. s. d. 

26S. Cor. 1. — A circumference may be inscribed in any regular 
polygon. 

Dem. — For, having circumscribed one about it, the equal sides become equal 
chords, and hence are equally distant from the centre. If, therefore, a circle be 
drawn from O as a centre, with Oa as a radius, it will touch every side of the 
polygon at its middle point 

266m Cor. 2. — The centres of the inscribed and circumscribed 
circles coincide. 

267. The Centre of a regular polygon is the common centre 
of its inscribed and circumscribed circles. 
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each other. What is the form of the quadrilateral ? What the value 
of each of the two latter angles ? 

6. One of the angles of a parallelogram is f of a right angle. What 
are the values of the other angles ? 

7. The two opposite angles of a quadrilateral are respectively I 
and f of a right angle. Can a circumference be circumscribed ? li 
80, do it. 

8. Two of the opposite sides of a quadrilateral are parallel, and 
each is 15 in length. What is the figure ? Do these facts determine 
the angles? 

9. Two of the opposite sides of a quadrilateral are 12 each, and the 
other two 7 each. What do these facts determine with reference to 
the form of the figure ? 

10. What is the value of an angle of a regulai* dodecagon ? 

11. What is the sum of the angles of a nonagon ? What is the 
"Value of one angle of a regular nonagon ? Of one exterior angle ? 

12. What is the regular polygon, one of whose angles is l|f right 

angles? 

fl 

13. What is the regular polygon, one of whose exterior angles 
as f of a right angle ? 

14. Can you cover a plane surface with equilateral triangles with- 
out overlapping them or leaving vacant spaces ? With quadrilat- 
erals? Of what form? With pentagons ? Why? With hexagons? 
HThy ? What insect puts the latter fact to practical use ? Can you 

cover a plane surface thus with regular polygons of more than 6 

sides? Why? 

15. Is an equilateral hexagon circumscribed about a circle neces- 
sarily regular ? A heptagon ? An octagon ? A nonagon ? 

16. Is an equiangular circumscribed quadrilateral necessarily reg- 
ular ? A pentagon ? A hexagon.? A heptagon ? 

17. Is an equilateral inscribed pentagon necessarily regular ? An 
octagon? How is it if they are equiangular; ai-e they necessarily 
equilateral and regular? 
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Pkof. L Sum of angles 



Pbop. IL Stdes and opp. aogles. 



Cor. 1. Only one right or obtuse. 
Cor. %. Two anglei given. 
Cor. 3. Acute anglm if right angle «=>- 
Cor. i. One aoKla if equiangular. 
Gar. I. CoDTene. 
Cor. a. Equiangular, equll.^:^ 

era), and converte. 
Cor. 8. Isosceles, eqaiaagul^a- 

aod converse. 
Sek. These only general reK- -^ 
tions. 



Prof. III. Angle within a triangle. 

Def. Exterior angle. 

Pbop. IV. Exterior angle.— On*. Non-adjacent interior. 

Prop. V. Sum of angles. 
Prop. VI. Angles of inscribed. 

Phop vrr Aniri™ nf i (^- 1- Of* trapezoid, 
l^op. Vll. Angles of | f^_ g q^ ^ rectangle. 

Prop. VIII- Converse to last. 

Rtop. IX. Two op. Bides of a quadrilat'l equal and parallel - 

Prop. X. Opposite sides of a quadrilateral equal, [paniiaiei^. 

Prop XI ConTeiw to last i ^^- '■ l^""*!* iDWrcspted baC- 
i-JWP. Ai. i^onverse lo last j ^^ , DUgonidof .i>.nUJ«log«in. 

g (Pbop. XII. Bisect. 

" DiAQONALS. J Pkop. XIII. Of a rliombus.— (Sfl-. Bisect angles. 
^Pbop. XIV. Of a rectangle.— Or. Conyerse. 



DBF's.- Salient angli 
Prop. XV. Sum of anglt 



■Re-entrant. — Convex polygon, — Concave. 
' Se/i. 1. Application, 
8ch. 3. Applied to triangles. 
SeA. a. Angle of equiangular poly- 

ROD. 

Prop. XVI Sum of exterior angles. 

' Prop. XVII. Equilateral inscribed, regular. 
Prop. XVIII. Equiangular inscribed t Sch. Fails fiw 

if odd No. of sides. } even No. 
Phop. XIX. Equiangular circumscribed, regular. 
Prop. XX Equilateral clrcbd. if) &A, P^ls fiir 
odd No. of sides. ( even No. 
REOUiiAR. < f Gor. 1. Inscril>ed. 

Gor. 2. Centres. 
Prop. XXI. Clrcf. can be dr- 1 Def. Angle at cntr. 
Ciimscribed. ] t^.3. Value of an- 
gle at centre. 
I Dtf. Apothem. 
Prop. XXIL Side of inscribed bezagon. 
Dbf. Convex Broken Line. 

' Oar. 1. Bum of two sides of tri- 
angle. 
Prop. XXIII. Convex broken line < J Cor. a. Diff. of two sides of tri- 

S. liinea thim point within 
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SECTION VIII. 



OF EQUALITY. 



211. MqualUy signifies likeness in every respeci 

278. The equality of magnitudes is usually shown by applying 
xie to the other, and observing that they coincide. 



PROPOSITION L 

279* Theorem. — Two straight lines of the same length are 
^qual magnitudes.* 

Dem.— Let AB and CD be two straight lines of the same length : then are 
tliey equal. 

For, conceiye the extremity C of CD placed at A, 

c^nd the other extremity somewhere in AB, or in AB a B 

"produced, as the case may be. Now, the point 

X^-hich traces AB passes through all points in the ^ D 

c^irection of B fh>m A ; and hence, if CD is traced Fig. ige.* 

fiom A towards B, it will pass through the same 

X>oint8 88 far as they mutually extend. The lines therefore coincide, as far as 
"they both extend; and, being of the same length, D falls at B, and they coincide 
throughout ; they are, therefore, equal Q. b. d. 

Ili*. — ^The truth of this theorem is so evident, that ^,. ^ 

the student may fail to see the point of the demonstra- 
tion. Let him see if he can say the same things of 
two curved lines AwB, and CwD, which are of the 
same length. 

The substance of the demonstration is as follows : 
A line has two properties, and ordy two, form and 
magnitude. Straight lines, being of the same form, if ^^' ^^' 

they are of the same magnitude, are alike in all respects ; t. «., they are equal 
Now, a line, as a magnitude, has only one dimension, viz., length. If, there- 
fore, two lines have the same length, they have the same magnitude. 

* SeePreikce. 




EIZHZSTABT TLASK OECUUJ'KI. 



ST90PSB. 

f( Cor. 1. Oolr oat right or cAtiue. 

I I. Cir. 4 One ansle ifeqniaiiEular. 

f Gw. iTCraiTeise. 
I Cot. %, EqniMifolsr, equQat- 

I I enl, Bad converse. 

Pkop. IL Bideauid opp.uiglea. \ Cor. %. boaceles, eqniaofrular. 



I. -I Cor. a boMX 

and 

SA. These o 



only geoenl reU' 

Pbop. UL Angle within t. triangle. 

Uef. Exterior angle. 

Pkof. IV. Exterior angle. — C«r. Non-a^Jacent interior. 

Prof. V. Somorao^lea. 

Pbop. TL Angles of inscribed. 

rPw. m Angle. otjglgfjSSSii 
Pbop. VIII. Conrene to laaL 

Pbop. IX. Twoop.sidesara qoadrilst'l equaland parallel 
Pbop. X Opposite sides of a quadriUteral equal. LpantMt. 

Prop XT Hnnvonw In Tunt J f*'- L P«»U«I» lolerceptwl bat. 
t-BW. Al. ConTereo to last j £b,_ j.Dl.gonJof,p,„iieiog„„i_ 

(Pbop. XIL Bisect 
DtAOONALs. ! Pbop. XIII. Ofarbombos.— Or. Bisect angles. 
{Pbop. XIV. Of a rtctiuigle.— CSw. Converse. 

DSP's.— Salient angle.— Re-en Irant—T/iMi vex polygon.— Concave. 

fSeh. 1. Application, 
gon. 
Prop. XVI Sum of exterior angles, 

' Prop. XVII. Equilateral inBcribed, regalar. 
Pbop. XVIII. Equiangular inscribed 1 Scft. Fails fbr 

if odd No. of Hides. ( even No. 
Pbop. XIX. Equiangular circumscribed, r^ular. 
Prop. XX Equilateral cirebd. ifj **. Falls for 
odd No. of Hides. ) even No, 
Rboulab. \ \ Cor. 1. Inscribed. 

Cor. a. Centres. 
Prop. XXT Circf. can be cir- J D^. Angle at cntr. 
" ■ ^ 0>r.3.Valueof»zi- 
gle at centre. 
^ D^. Apottaem. 
Pbop. XXIL Side of inscribed hexagon. 

Dsr. Convex Broken Line. 

' Ot. 1. Sum of two udes of tri- 
angle. 

Prop. XXIII. Convex l)roken line < I On-. 3. Diff. of two sides of tri- 
angle. 
Unes IVom point wlAin 
triangle. 



cumscribed. 
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PROPOSITION IT. 

282. Theorem* — If two angles have two sides parallel and ex- 
tending in the same direction vnth each other, while the other twe 
sides are parallel and extend in opposite directions from each other, 
the angles are supplemental. 

Dem.— Let ABC and DEF be two angles, 
haying BC and ED parallel, and extending 
In the same direction from the vertices, 
and AS and EF parallel, and extending in 
opposite directions from the vertices ; then are 
ABC and DEF supplements of each other. 

For, produce the two sides not parallel, if 
necessary, till they meet Now, BHD is the 
supplement of BHE by (131), BHE = the al- 
ternate interior angle DEF, and BHD = the 
Corresponding angle ABC. Therefore, ABC is 
the supplement of DEF. q. b. d. 

[This demonstration is adapted to the upper 
cut ; let the student adapt it to the lower.] 




PROPOSITION Y. 

283. Theorem, — If two angles have 
^heir sides respectively perpendicular to 
each other, the angles are either equal or 
supplementary. 

Dem. — Let BA be perpendicular to EF or 
to E'F', and BC to ED; then is ABC = DEF. 
Por, through B draw BO and BN, respectively 
parallel to ED and EF; then by the preceding 
pn>positions NBC = DEF, and is the supple- 
ment of F'E'D. But NBA = OBC, since both 
are right angles. Take away OBA from each, 
and we have NBC = ABC; and as NBC is the 
supplement of F'E'D, ABC is also the supple- 
ment of F'E'D. Q. B. D. 
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PROPOSITION TL 

284. Theorem. — Two triangles which have two sides and th 

included angle of one equal to two sides and the included a^tgle of the 
other, each to each, are eqtuiL 

Dem.— Let ABC and DEF 
be two triangles, having 
AC = DF, AB = DE, and 
angle A = angle D ; then 
are the triangles equal. 

For, place the triangle 

ABC m the position (6), the 

side AB in its equal DE, and 

the angle A adjacent to its 

equal angle D. Then re- 

Yolving ABC upon DB, until 

it falls in the plane on the 

opposite side of DB, since angle A = angle D, AC will take the direction DF ; 

and as AC = DF, C will fall at F. Hence BC will fall in EF, and the triangles 

will coincide. Therefore the two triangles are equal, q. b. d. 

We may also make the application of ABC to DEF directly, as in {8S), The 
method here given is used for the purpose of uniformity in this and the follow- 
ing. We may observe that in this, as in the other cases, DB is perpendicular to 
PC, and bisects it at 0. This fact might easily be shown, and the demonstra- 
tion be based upon it 

285. ScH.-— This proposition signifies that the two triangles are equal in aU 
respects, i. e., that the two remaining sides are equal, as CB = FE; that angle 
C = angle F, angle B = angle E, and that the areas are equaL 




Fio.904. 



PROPOSITION TIL 

286. Theorem. — Two triangles which have two angles and the 
included side of the one equal to two angles and the included side of 
the other, each to each, are equal. 
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Fig. a06. 



Dbm.— Let ABC and DEF 

be two triungles, having 
angle A = angle D, angle 
B = angle E, and side AB 
= side DE; then are the 
triangles equal. 

For, place ABC in the 
position {b)i the side AB in 
its equal DE, the angle A 
adjacent to its equal angle D» 
and 6 adjacent to its equal 
angle E. Then revolving 
ABC upon DB till it falls in the plane on the same side as DFE, since angle A = 
angle D, AC will take the direction DF, and C will fall somewhere in DF or 
DF produced. Also, ^ce angle B = angle E, BC will take the direction EF, 
and C will fall somewhere in EF, or EF produced. Hence, as C falls at the 
Same time in DF and EF, it falls at their intersection F. Therefoi-e the two 
triangles coincide, and are consequently equal, q. b. d. 

287. CoE. — If one triangle has a side, its opposite angle, and one 
cidjacent angle, equal to the corresponding parts in another triangle, 
each to each, the triangles are equal. 

For the third angle in each is the supplement of the sum of the given angles, 
and they are consequently equal. Whence the case is included in the pro- 
position. 

288, ScH. — A triangle may have a side and one adjacent angle equal to a 
side and an adja- 
cent angle in 
another, and the 
second adjacent 
angle of the first 
equal to the angle 
opposite the equal 

side in the second, and the triangles not be equal. Thus, in the figure, AB r= 
CA', A = A', and B = B' ; but the triangles are eyidently not equal. [Such 
triangles are, however, wimUir^ as will be shown hereafter.] 




PROPOSITION Yin. 

289. Theorem. — Two triangles which have two sides and an 
angle opposite one of these sides, in the one, equal to the corresponding 
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parts in the other, are equal, if of these tiuo sides the one opposite the 
given angle is equal to or greater than the one adjacent 

Dem.— In the triangles ABC and DEF, let AC = DF, CB = FE, A = D, and 
CB (= FE) " AC (= DF) ; then are the triangles equal. 

For, apply AC to its equal 
C F DF, the point A falling at 

D and C at F. Since A = 
D, AB will take the direc- 
tion DE. Let fall the per- 
pendicular FH upon DE, or 
DE produced. Now, CB 
being ^ DF, cannot fall 
between it and the perpen- 
dicular, but must fall in FD 
or beyond both. As there 
can be but one line on the 
same side of the perpen- 
^'®- ^- dicular equal to 08, and as 

FE = CB, CB must fall in FE. Hence, the two triangles coincide, and are 
consequently equal. Q. R. d. 

290. ScH. l.-If A and D are acute and CB (= FE) = AC (= DF), the tri- 
angles are isosceles. If A and D are right or obtuse, CB (=FE) must be grecUer 
than AC (=: DF), in order that there may be a triangle, since the right or obtuse 
angle is the greatest angle in a triangle, and the greatest side is opposite the 
greatest angle. This impossibility appears also from the demonstration above. 

291. ScH. 2.— If A and D are acute, and the side opposite A, t.«., CB, is less 

than AC, it must be equal to or 
greater than the perpendicular CI 
(= FH) in order to have a triangle. 
Then, applying AC to DF, and ob- 
serving that AB takes the direction 
DE, and that EF, which = CB, being 
intermediate in length between DF 
and FH, may lie on either side of 
FH, we see that ABC may or may 
not coincide with DEF. Whether it does or not will depend upon whether 
angle C = angle F, or whether AB = DE. This is the ambiguous case in 
the solution of triangles, and should receive special attention. 
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PROPOSITION IX. 

292» Theorem, — Tvw triangles which have the three sides of 
the one equal to the three sides of the other, each to each, are equal 

Dem.— Let ABC and DEF be two triangles, in which AB = DE, AC = DF, 

and BC = EF; then are the 

triangles equal. 

For, place the triangle 

ABC in the position (&), and 

the side AB in its equal DE, 
so that the other equal sides 
shall be adjacent, as AC ad- 
jacent to DF, and BC to EF. 
Draw FC. Now, since DC 
= DF, and EC = EF, DB is 
X>erpendicular to FC at its 
middle point (130). Hence, 
revolying ABC upon DB, it 
i¥ill coincide with DEF when brought into the plane of the latter Therefore 
the two tiiangles are equal, q. b. d. 

293. Cor. — In two equal triangles, the equal angles lie opposite 
the equal sides. 

294. ScH. — If the triangles compared, as in the 
three preceding propositions, have an obtuse angle, and 
the two sides first brought together are sides about the 
obtuse angle, the figure will take the form in the mar- 
gin ; but the demonstration will be the same. When 
the three sides are the given equal parts, the form of 
figure given in the demonstration above can always be 
secured by bringing together the two greatest sides. 

Fio. sio. 



Fio. 309. 




PROPOSITION X. 

29S* Theorem. — If two triangles have two sides of the one 
^respectively equal to two sides of the other, and the included angles 
'Unequal, the third sides are unequal, and the greater third side 
^lon^s to the triangh having the greater included augle. 
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Dem.— Let ACB and DEF be two tri- 
angles haying AC = DF, CB = FE, and 
C > F; Uien isAB > DE. 

For, placing the side DF in its equal 
AC, since angle F < angle C, FE will fall 
within the angle ACB, as in CE. Then let 
the triangle ACE = the triangle DFE. Bi- 
sect ECB with CH, and draw HE. The 
triangles HCB and HCE hare two sides 
and the included angle of the one, respec- 
tiyely equal to the corresponding parts of 
the other, whence HE = HB. Now AH + 
HE > AE; but AH + HE rr AH + HB s 
AB. Therefore, AB > AE. q. s. d. 

296. Cor. — Conversely, If two 
p^ 311 sides of one triangle are respectively 

equal to two sides of another, and the 
third sides unequal, the angle opposite this third side is the greater 
in the triangle which has the greater third side. 

Dem.— If AC = DF, CB = FE, and AB > DE, angle C > angle F. For, if 
C = F, the triangles would be equal, and AB = DE (284) ; and, if C were less 
than F, AB would be less than DE, by the proposition. But both these conclu- 
sions are contrary to the hypothesis. Hence, as C cannot be equal to F, nor 
less than F, it must be greater. 




PROPOSITION XL 

297* Theorem. — Thoo right angled triangles which have the 
hypotenuse and one side of the one equal to the hypotenuse and one 
side of the other, each to each, are equal. 

Dksi. — In the two triangles ABC and DEF, right angled at B and E^ let AC 
= DF, and BC = EF ; then are the triangles equ^. 

For, place BC in its equal 
^Q F^C EF, so that the right angles 

shall be adjacent, the angles 
A and D lying on opposite 
sides of EF, as in (b). Since 
E and B are right angles, 
DA is a straight line. Now, 
since equal oblique lines, as 
Fie. 212. FD and CA, cut off equal 

distances from the foot of 
the perpendicular (141), DE = BA; and reyolying CAB upon FB, the two 
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each other. What is the form of the quadrilateral ? What the value 
of each of the two latter angles ? 

6. One of the angles of a parallelogram is |^ of a right angle. What 
are the values of the other angles ? 

7. The two opposite angles of a quadrilateral are respectively I 
and I of a right angle. Can a circumference be circumscribed ? li 
80, do it 

8. Two of the opposite sides of a quadrilateral are parallel, and 
each is 15 in length. What is the figure ? Do these facts determine 
the angles ? 

9. Two of the opposite sides of a quadrilateral are 12 each, and the 
other two 7 each. What do these facts determine with reference to 
the form of the figure ? 

10. What is the value of an angle of a regulai* dodecagon ? 

11. What is the sum of the angles of a nonagon ? What is the 
value of one angle of a regular nonagon ? Of one exterior angle ? 

12. What is the regular polygon, one of whose angles is 1\^ right 

angles ? 

13. What is the regular polygon, one of whose exterior angles 
is I of a right angle ? 

14. Can you cover a plane surface with equilateral triangles with- 
out overlapping them or leaving vacant spaces? With quadrilat- 
erals? Of what form? With pentagons? Why? With hexagons? 
Why? What insect puts the latter fact to practical use ? Can you 
cover a plane surface thus with regular polygons of more than 6 
sides ? Why ? 

• 15. Is an equilateral hexagon circumscribed about a circle neces- 
sarily regular ? A heptagon ? An octagon ? A nonagon ? 

16. Is an equiangular circumscribed quadrilateral necessarily reg- 
ular? A pentagon ? A hexagon? A heptagon ? 

17. Is an equilateral inscribed pentagon necessarily regular ? An 
octagon ? How is it if they are equiangular ; are they necessarily 
equilateral and regular ? 
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Fbop. I. Sum of ODglcs. 



Pbof. IL Sides and opp. angles. -I Cor. 



Only one righf or obtuse. 
Two angles given. 

Acute angles if right angled 
One angle if equiangular. 
Cor. 1. Converse. 
Cot, 3. Equiangular, equilat- 
eral, and con Terse. 
. Isosceles, equiangular, 



ScK. These only general rela- 
tione. 

Prop. UI. Angle within a triangle. 
Dbf. Exterior angle. 

Pkop. IV. Exterior angle.— C4*. Non-adjacent interior. 

Prop. V. Sum of angles. 

Prop. VI. Angles of inscribed. 

^ l^p. VII. Angleaor^^j^ 2 Qf^^J^ , 

^ Prop. VIII. Converse to last. 

g Prop. IX. Two op. Bides of a quadrilat'l equal and parallel. 

3 J Prop. X Opposite sides ofaquadHlaieral equal. tparalM*. 

Prop. XI. Converae to last \ ^■.•■Kf^',"/"""'??* *^ 
I Car. 1. Dlagoniu of a panllclogram. 

(Prop. XIL Bisect 
Diagonals. J Prop. XIII. Ofarliombus.—C!>r. Bisect angles. 

(Prop. XIV. Of a recuingle.— CSw. ConverBe. 

Dap's. — Salient angle.'-Re-entrant. — OoD*ex polygon. — Concave; 
■■ "' • Applicalion. 

Applied to triangles. 
8- Angle of equiangular polj- 



pROP. XV. Sum of angle 



enirani.— < 

( 8eh.\. 
J Seh.2. 
■ 1 *A.a. 



gon. 



I. Fails for 



Fails tnt 



Prop. XVI. Sum of exterior angles. 

f Prop. XVII. Equilateral inscribed, regular 
Prop, XVtII. Equiangular inscribed t "-' 

if odd No. of sides. \ even no. 
Prop. XIX. Equiangular circumscribed, I'^ula 
Prop. XX. Equilateral circbd. ifl Sek. Fails 
odd No. of sides. 1 even No. 
Reoular. - r Cor. 1. Inscribed 

Cor. 3, Cenlres. 
XXI. Circf. can be clr- I D^. Angle at cntr. 
ciimscribed. | w*. 8. Value of an- 

j. D^. Apothem. 
. Prop, XXIL Side of inscribed hexagon. 
Dbf, Convex Broken Line. 

f Cor. 1. Sum of two sides of tri- 
angle. 

Prop. XXIII. Convex bK*ea line < J On-. 3. Diff. of two sides of tri- 
angle. 
3, Lines iVom point wlthia 
triaugle. 
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SECTION VIII. 



OF EQUALITY. 



277* Equality signifies likeness in every respeci 

278, The equality of magnitudes is usually shown by applying 
one to the other, and observing that they coincide. 



PROPOSITION L 

ii79* Theorem* — Two straight lines of the same length are 
egrzial magnitudes.* 

Deh.— Let AB and CD be two straight Unes of the same length : then are 
tliey equaL 

Por, conceive the extremity C of CD placed at A, 

and the other extremity somewhere in AB, or in AB a B 

produced, as the case may be. Now, the point 

wliich traces AB passes through all points in the ^ ^ 

direction of B from A ; and hence, if CD is traced piq. ige.* 

^^m A towards B, it will pass through the same 

Points as far as they mutually extend. The lines therefore coincide, as far as 

^eyboth extend; and, being of the same length, D falls at B, and they coincide 

^roughout ; they are, therefore, equal, q. e. d. 

III. — The truth of this theorem is so evident, that 
*be student may fail to see the point of the demonstra- 
tion. 'Ijqi }^^iq gee if he can say the same things of 
two curved lines AwB, and CwD, which are of the 
^^e length. 

The substance of the demonstration is as follows : 
"^ line has two properties, and only two, form and 
*^«^n«ftwfo. Straight lines, bemg of the same form, if ^^' ^^' 

^^®y are of the same magnitude, are alike in all respects; t. e., they are equal. 
^^w, a line, as a magnitude, has only one dimension, viz., length. If, there- 
^^^^^i two lines have the same length, they have the same magnitude. 




* See Prelkce. 
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PROPOSITION II. 

280* Theorem, — Two circles whose radii are of the same length 

are equal; i. e., the circumferences are equals and 
the circles equal 

Dem. — Let there be two circles whose radii AB and 
CD are of the same length ; then are tlie circles equaL 

For, place the second circle on the first, with the centre 
C at A, and CD in AB. As CD = AB, D will fall at B. 
Now, every point in the plane at a distance AB from A is in 
the circumference of circle A. But every point at a distance 
D CD from the common centre is in the circumference of 
circle C. Hence, the two figures coincide, and the circles 
are alike in all respects, s. e., are equal <^ B. D. 

Fig. aOO. 




OF ANGLES. 



PROPOSITION in. 

281* Theorem. — Ttoo angles whose sides are parallel, two and 
two, and lie in the saine or in opposite directions from their vertices, 
are equal. 

Dbm.— 1st In (a) or {a!) let B and E have BA and ED parallel, and extending 

in the same direction from the 
vertices, and also BC and EF; 
then are B and E equal. For, 
produce (if necessary) either two 
sides which are not parallel, till 
they intei*sect, as at H ; then are 
the corresponding angles DHC and 
DEF, and DHC and ABC equa] 
(152). Hence, ABC = DEF. 

2nd. In (6) and (6') let B' and E' 
have B'A' parallel with E'F', but 
extending in an opposite direction 
from its vertex ; and in like manner 
Fig. 201. BX' parallel with, but extending in 

an opposite direction from E'D' ; then are B' and E' equal. For, produce (if neces- 
sary) two of the sides which are not parallel till they intersect, as at H'; then 
D'H'B' = the corresponding angle D'E'F', and also = the alternate interior 
angle A'B'C ; whence A'B'C = D'E'F'. q. B. D. 




C . 
C' 
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CFED. Whence C'C = CC, CD' = CD, and angle C'C'D' = CCD. Thus the 
case Is reduced to that of two triangles having two sides and an angle oppo- 
site one of them mutually equal, and is, therefore, ambiguous. The polygon 
(a) may have the part corresponding to GT'E'D' situated as CFED, or as 
CFiEiDi. In the former case the polygons are equal, in the latter not 

307* Cor. — Two quadrilaterals having three sides and the corre^ 
spending angles included by these sides equal, are eqtcal. 

This falls under the 1st case. 

308. ScH. — If the three unknown or excepted parts are all sides, the poly- 
pous are not necessarily equal, as will appear by an inspection of the figure. The 





Fig. 219. 

vinmarked sides being the excepted ones, the polygons may be those included by 
t^he continuous lines, or those Included in part by the broken lines, all the parts 
toeing equal in each two, except the three unknown ones. 



PROPOSITION XTm. 

309* Theorem, — Two polygons of the same number of sides^ 
Slaving two adjacent sides and the diagonals drawn from the included 
tingle, in the one, respectively equal to the corresponding parts in the 
other, and their corresponding included angles equal, are equal 
figures. 

Dem. — The demonstration is based upon {284). Let the student draw the 
figures, and make the applications. 



PROPOSITION XIX. 

310* Theorem, — Two polygons of the same number of sides, 
having all the parts {sides and a7igles) of the one respectively equal 
to the corresponding parts of the other, except two parts, are equal, un^ 
less the excepted parts are parallel sides. 
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PROPOSITION TL 

284. Theorem. — Two triangles which have two sides and the 
included angle of one equal to two sides and the included a^igle of the 
other ^ each to each, are equal 

Dem.— Let ABC and DEF 

be two triangles, having 
AC = DF, AB = DE, and 
angle A = angle D ; then 
are the triangles equal. 

For, place the triangle 

ABC in the position (6), the 

side AB in its equal DE, and 

the angle A adjacent to its 

equal angle D. Then re- 

yolving ABC upon DB, until 

it falls in the plane on the 

opposite side of DB, since angle A = angle D, AC will take the direction DF ; 

and as AC = DF, C will fall at F. Hence BC will fall in EF, and the triangles 

will coincide. Therefore the two triangles are equal. Q. b. d. 

We may also make the application of ABC to DEF directly, as in (8S), The 
method here given is used for the purpose of uniformity in this and the follow- 
ing. We may observe that in this, as in the other cases, DB is perpendicular to 
PC, and bisects it at O. This fact might easily be shown, and the demonstra- 
tion be based upon it 

285. ScH.— This proposition signifies that the two triangles are equal in aU 
respects, i. e., that the two remaining sides are equal, as CB = FE; that angle 
C = angle F, angle B =s angle E, and that the areas are equaL 




Fig. 904. 



PROPOSITION TIL 

286. Theorem. — Two triangles which have two angles and the 
included side of the one equal to two angles and the included side of 
the othery each to eachy are equal. 



EQUALITY OF TRIANGLES. 



125 





Fig. a06. 



Dbh.— Let ABC and DEF 

be two triangles, having 
angle A = angle D, angle 
B = angle E, and side AB 
= side DE; then are the 
triangles equal 

For, place ABC in the 
position {]b)t the side AB in 
its equal DE, the angle A 
adjacent to its equal angle D» 
and B adjacent to its equal 
angle E. Then reyolying 
ABC upon DB till it falls in the plane on the same side as DFE, since angle A = 
angle D, AC will take the direction DF, and C will fall somewhere in DF or 
DF produced. Also, unce angle B = angle E, BC will tal^e the direction EF, 
and C will fall somewhere in EF, or EF produced. Hence, as C falls at the 
same time in DF and EF, it falls at their intersection F. Therefore the two 
triangles coincide, and are consequently equaL q. b. d. 

287. CoE. — If one triangle has a side, its opposite angle, and one 
adjacent angle, equal to the corresponding parts in another triangle, 
each to each, the triangles are equal. 

For the third angle in each is the supplement of the sum of the given angles, 
and they are consequently equal. Whence the case is included in the pro- 
position. 

28S, ScH. — A triangle may have a side and one adjacent angle equal to a 
side and an adja- 
cent angle hi 

another, and the G 

second adjacent 
angle of the first 
equal to the angle 
opposite the equal 

tide in the second, and the triangles not be equal. Thus, in the figure, AB = 
CA', A = A', and B = B' ; but the triangles are eyidently not equal. [Such 
tiiangles are, howeyer, similar^ as will be shown hereafter.] 




PROPOSITION Ym. 

289* Theorem* — Two triangles which have two sides and an 
angle opposite one of these sides, in the one, equal to the corresponding 
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one of the other sides 7. The same with one acnte angle f of a 
right angle, and a side about the right angle 12. Will there be any 
difference in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site ? Will there be any difference in the size f 

12. Construct a right angled triangle having its hypotenuse 20, 
and one acute angle ^ of a right angle. 

13. Construct a quadrilateral three of whose sides are 20, 12, and 
15, and the angle included between 20 and the unknown side | of a 
right angle, and that between 15 and the unknown side i a right 
angle. 

Bug's.— Make A = f of a right angle, and b = 20. From D as a centre, with 

a radius 12, strike the arc cm. At any 
^r^^^ p point on side a, make an angle B' = 

/ ^^^"^^^ \m^ i * "S^* angle. Take B'w = 15, and 

/ /V '\* draw Cm parallel to AB'. From the 

"*"><^ y \ \ intersection C draw CB parallel to 

/ \ '^ Y \ mB\ Draw CD. Then is ABC D the 

/ \ \ /'\ quadrilateral required. 

4 ^ ^e -i,i Qtierie8.-—lf d + cis less than the 

perpendicular from D upon AB, then 
what? If equal to the perpendicular, 
then what? Is it necessary to consider angle B in answering the two pre- 
ceding queries ? 

14. Construct a parallelogram whose two adjacent sides are 6 and 
8, and whose included angle equals 1^ right angles. 

15. Construct a heptagon whose sides in order are a = 4, J = 5, 
c = 5, ^ = 6, e = 6,/ = 3, ^ = 4; and the angle included between 
a and J, 1^ right angles; between I and c. If ; c and rf. If ; d and 

SuG*s. — See T^. 187. Proceed in order, laying off the parts as ^ven, from A 
to F. Draw AF. From F as a centre, with a radius/ = 3, strike an arc, and also 
from A, with a radius g = L The intersection of these arcs will determine C. 

Queries. — What is the limit of the sum of the possible values of the given 
angles ? What the limit of the sum of the sides included between the unknown 
angltsi ? 
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SYNOPSIS. 



'' What ? How shown ? 
Prop. I. Of straight lines. 
Prop. II. Of circles. 



'A 






A 



Prop. III. Sides parallel. Direction same or opposite. 
Prop. IV. ** ** " one same, other opposite. 

Prop. V. ** perpendicular. 



OQ 



s 



S OQ 

I 

5cZ2 



" Prop. VI. Two sides and included angle. \ 8ch, All parts equal. 
Prop. Vn. Two angles and \ ^^' ®^^.®» ®^^ adjacent and one oppo- 

included side. ] ^. ,, "*® ^^^^^ ^'^"*1- 
( /ScA. Exception. 

Prop. VIII. Two sides and angle ( 8ch. 1. When isosceles. 

opposite one. ( Seh, 2. When ambiguous. 

Prop TX ThrPP rnHpa J ^^- ^^^**^ ^g\e& opposite equal sides. 

Jr'ROP. iX. Ihree sides, -j ^^ ^^^ ^^ ^^^^^ ^^^^ j^^^ ^^ ^ 

Prop. X. Two sides equal, included angles un- ) ^n. Converse 
equal. 1 

Prop. XI. Hypotenuse and one side. 

Prop. XH. Hypotenuse and one acute angle. 

Prop. XIII. Side and one acute angle. 

Prop. XIV. Three sides and non-included angles equal 

Prop. XV. Two parallelograms having two ( Cor, Rectangles of 
sides and the included angles s same base 

and altitude. 




equal. 



( 



1^ 



Prop. XVI. Three angles excepted. -{ Cor. Quadrilaterals. 

r»« .« inrxT m i ^ ( Sch. 1. The ambiguous case. 

Prop. XVIL Two angles and one » ^^ Quadrilaterals. 

side excepted. ^ ^^ ^ ^hree sides excepted. 

Prop. XVIII. Two sides and included diagonals. 

Prop. XIX. Any two parts excepted. 



Exercises. 



' Prdb, In a triangle, given two sides and included angle. 

Prdb, " ** ** angles " side. 

Prob. " ** " sides and angle opposite one. 

Proh. ** ** ** three sides. 

^ Prob, To inscribe a circle in a triangle. 
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SECTION IX. 



OP EQUIVALENCY AND AREA. 



31 1. Equivalent Figures are such as are equal in magni- 
tude. 



PROPOSITION L 

312. Theorem. — Parallelograms having equal bases and equal 
altitudes are equivalent, 

Dem. — Let ABCD and EFCH be two parallelograms haying equal bases, BC 
and FC, and equal altitudes ; then are they equivalent. 

^ c' rs H^ E H ^^^^' place FC in its equal 

7 ST 7 / 7 BC ; and, since the altitudes 

\ / / / are equal, the upper base EH 

/ . \ / / / will fall m AD or AD pro- 

L Ar-' Z y duced, as E'H'. Now, the 

B ^ ^ G two triangles AE'B and DH'C 

Pig. 233.* ^^ equal, because the three 

sides of the one are respectively equal to the three sides of the other. Thus AB 
= DC, being opposite sides of the same parallelogram. For a like reason, E'B 
= H'C. Also, E'H' = BC = AD. Prom AH' taking E'H', AE' remains, and 
taking AD, DH' remains. Therefore AE' = DH'. These triangles being equal, 
the quadrilateral ABCH' - the triangle AE'B = ABCH' - DH'C. But ABCH' 
- AE'B = E'BCH' = EFCH ; and ABCH' - DH'C = ABCD. Hence, ABCD = 
EFCH. Q. B. D. 

313. Cor. — Any parallelogram is equivalent to a rectangle having 
the same base and altitude. 



PROPOSITION n. 



314:. Theorem. — A triangle is equivalent to one-half of any 
parallelogram having an equal base and an equal altitude with the 
Mangle. 



or EQUIVALEHOT. 

Dbm.— L«t ABC be a triangle. ThrPugU C draw CD paralltt v 
tbrougb A di&v AD parallel to BC. Tliea is 
ABCD a paralldogram, of which ABC is one- 
lialf (3^3). Now,as any uiLer parallelogram 
having an equal base and altitude wilh ABCD 
is equivaleat to ABCD {312), ABC is equiva- 
lent to one-half of any parallelograni havicK 
an equal base aad altitude with ABC. q. A I 

^ i>. '"■ '^ 

315. CoE. 1. — A triangle is equivalmt to one-half of a rectangU 
Tiaving an equal iaae and an equal altitude with the triangle, 

316. CoE. 2. — Triangles of equal bases and equal altitudes are 
univalent, for they are halvee of equivalent parallelograms. 




PB0P08ITJ0N UI. 

317* Theorem, — The square described on a line is equivalent to 
four times the square described o?j half the line, nine times the square 
described on one-third the line, sixteen times the square on one-fourth 
the line, etc 

Deu.— Let AB be any line. Upon it describe the square ABCD. Bisect AB, 
at, at d, and AD, as at a. Draw de parallel to AD, and ait parallel to AB. Now, 
the four quadrilaterals thus formed 
are parallelograms by construction, 
bence their opposite sides and angles 
are equal ; and as A, B, C, and D are 
right angles, and Aa = Ad = ifB = 
SB = etc., tbe four figures 1, 3, 3, 4, 
are eqaal squares. Hence Adoa = \ 
ABCD. In lilce manner it can be 
shown that the nine dgures into which ^^- ***■ 

the square on A'B' is diyided by draw- 
tog tbroogh the points of triseclion of the sides, lines parallel to the other rides, 
are equal squares. Hence AV, the square on i of A'B', is i of the square 
A'B'C'D'. The same process of reasoning can bo extended at pleasure, show- 
ing that the square on f a line is iV tl"* square of the whole, etc. 



7 \ 8 \9 
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pROFOsrnoN it. 



318, Theorem. — A trapezoid ia equivalent to two triangles 
having for t/teir bases the upper and lotoer bases of the trapezoid, and 
fer their common altitude the altitude of (lie trapexoid. 
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Dem.— By coDStTOCting- any trapezoid, and drawing eiUiM diagonal, the 
student caa sliow tlie trutli of tLia tlieorem. 



PROPOSITION T. 

319. Probt — To reduce any polygon to an equivalent trian^U. 

Solution.— Let ABCDEF be a polygon which it is proposed lo reduce to an 

eqaivalent triangle. Produce any side, as BC, indeflnltely. Draw the diagonal 

EC and DH parallel to iL 

Draw EH. Now, conaider the 

triangle CDE as cut off from 

the polygon and replaced by 

CHE. The magnitude of the 

polygon will not be changed, 

eiaceCDEand CHE have the 

aame base CE, and the same 

_ 1^ alUtude, as their vertices lie in 

~ G B C H I DH parallel tn EC. From the 

FiQ. 3M. polygon thus reduced we cut 

the triangle FHE, and replace 
It by its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AC, we can replace FBA by ita 
equivalent FCB. Hence, CFI ia equivalent to ABCDEF. It is evident tliat a 
similar process would reduce a polygon of any number of aides to an equiva- 
lent triangle. 




PBOPOSinOS TI. 

320. Theorem. — The area of a rectangle is equal to the product 

of its base and altitude. 

Deu.— Let ABCD be a rectangle, then ia its area equal to the base AB multi- 
plied by the alUtude AC. 

If the Bides AB and AC arc commensurable, lake 
some unit of length, aa E, which is contained a whole 
number of times in each, as five times in AC, and 
eight times in AB, and apply it to the lines, dividing 
them reapecUvely into five and eight equal parts. 
From the sevei'al points of di^ion draw lines through 
Ihe rectangle perpendicular to its sidee. The rect- 
angle will be divided into small parallelograms, 
all equal sqrmres, as the angles are &\V rVg^t, an^ea, mi4 tha aides all 



i"' 
a" 



Fia. an. 
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equal to each other. Each square is a unit of surface, and the area of the rect- 
n.ngle is expressed by the number of these squares, which is eyidently equal to 
-Llie number in the row on AB, multiplied by the number of such rows, or the 
xiLumber of linear units in AB multiplied by the number in AD. 

If the two sides of the rectangle are not commensurable, take some very 

^mall unit of length which will divide one of the sides, as AC, and divide the 

:xrectangle into squares as before; the number of these squai'es will be the 

xneasure of the rectangle, except a small part along one side, not covered by the 

squares. By taking a still smaller unit, the part left unmeasured by the squares 

^^rill be still less, and by diminishing the unit of length E, we can make the 

jpart unmeasured as small as we choose. It may, therefore, be made infinitely 

email by regarding the unit of measure as infinitesimal, and consequently is to 

T>e neglected.* Hence, in any case, the area of a rectangle is equal to the pro- 

<iact of its base into its altitude, q. e. d. 

321. Cor. 1. — The area of a square is equal to the second power 
of one of its sides, as in this case the base and altitude are equal. 

322* Cor. 2. — The area of any parallelogram is equal to the pro- 
duct of its base into its altitude; for any parallelogram is equivalent 
to a rectangle of the same base and altitude {313)> 

323* Cor. 3. — The area of a triangle is equal to one-half the pro- 
duct of its base and altitude; for a triangle is one-half of a parallelo- 
gram of the same base and altitude {3 24). 

324:. Cor. 4. — Parallelograms or triangles^ of equal bases are to 
each other as their altitudes ; of equal altitudes, as their bases ; and 
in general they are to each other as the products of their bases by 
their altitudes. 



PROPOSITION YIL 

325* Theorem. — The area of a trapezoid is equal to the product 
of its altitude into one-half the sum of its parallel sides, or, what is 
tlie same thing, the product of its altitude and a line joining the 
Tniddle poitits of its inclined sides. 

* This principle may be thus stated: An infinitesimal is a quantity conceived, and to 
^^ treated^ as less than any assignable quantity ; hence, as added to or subtracted from finite 

Quantities, it has no value. Thus, suppose >- = a, m, n, and a being finite quantities. Let c 

n 

Tfh ^ c ft% ITt i c 

^^present an infinitesimal; then , or — ; — , or , is to be considered as still equal to 

^ ' n ' n±o^ n±c 

^^ for to consider it to differ firom a by any amount we might name, would be to assign somi 
^^alne to e. 

t By this is meant the areas of the figures. 
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to the unknown angles. Then 

the polygon G'F'E'D' can be 

|E' applied in the ordinary way 

to GFED, /' being placed in 

/,eta So alBO G'A'B'C can 

be applied to GABC, begin- 

D' ning with ^ in its equal g. 

Hence, angle PG'D' = FGD, 

A'G'C'=AGC; and, adding, 

PG'D' + A'G'C = FGD + 

A G C. Subtracting these 

equals from G' = G, we have C'G'D' = CGD. Whence the triangles C'G'D' and 

CGD have two sides and their included angle equal in each, and are equal; 

therefore the polygons are equal in all their parts. 




Fig. 21(1. 



306. Sen.— When the unknown 
angles are both separated from the 
unknown side, the polygons may or 
may not be equal — the case is am- 
biguous. Thus, if C and E are the 
unknown angles and AH the un- 
known side, the polygons ABCDEFG, 
and A'B'C'D'EFG fulfill the condi- 
tions, but are not equal. By draw- 
ing CE, CA, and EH, the case is re- 
W duced to that of two quadrilaterals 
having all the parts equal, each to 
each, except two angles and their 

non adjacent side ; in which case the quadrilaterals are not necessarily equal. 
So, also, when one of the unknown angles is adjacent to the unknown 

side and the other separated, the polygons may or may not be equaL Thus, let 





the unknown parts be D, c, C, and D', c\ C From the separated angle draw the 
diagonals to the extremities of the unknown side, as CC, CD (or CDi), and C'C, 
CD'. In the usual way C'A'B'C can be applied to GABC, and G'F'E'D' to 



EQUALFTT OF POLYGONS. 



133 



CFED. Whence C'C = CC, C'ly = CD, and angle C'C'iy = CCD. Thus the 
case 18 reduced to that of two triangles having two sides and an angle oppo- 
site one of them mutually equal, and is, therefore, ambiguous. The polygon 
(a) may have the part corresponding to C'F'E'D' situated as CFED, or as 
GFiEiDi. In the former case the polygons are equal, in the latter not 

307. Cob. — Two quadrilaterals having three sides and the corre^ 
^pnding angles included hy these sides equal, are equal. 

This falls under the 1st case. 

30S» 8cH. — ^If the three unknown or excepted parts are all sides, the poly- 
gons are not necessarily equal, as will appear by an inspection of the figure. The 





Fio. 319. 



unmarked sides being the excepted ones, the polygons may be those included by 
the continuous lines, or those included in part by the broken lines, all the parts 
^g equal in each two, except the three unknown ones. 



PROPOSITION XTHL 

309» Theorem, — Two polygons of the same number of sides^ 
f^aving two adjacent sides and the diagonals dratonfrom the included 
^^ky in the one, respectively equal to the corresponding parts in the 
^her, and their corresponding included angles equal, are equal 
figures, 

Dkm.— The demonstration is based upon {284). Let the student draw the 
^ifes, and make the applications. 



PROPOSITION 

310. Theorem. — Ttoo polygons of the same number of sides, 
"^^ng aU the parts {sides and angles) of tlie one respectx'we.l'vj ec\ua\ 
^ the correspoTiding parts of the other, except two parts, are equaX^uiv- 
^ ^ke excepted parts are parallel sides. 
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Dbil— Tlie demonatratlon can be supplied by the pupil, u It is dmilar to the 
several preceding. The cases will be, 1st, When two angles are excepted, 
(a) they being coDsecutirc, (b) they not being consecutive ; — iM, An angle and s 
side, (a) conseculiTe, ip) not coosecutive ; — Sd, Two sides, (a) conseculire, (b) not 
consecutive. 



1. Frob. — Having two sides and their induded angle given, it 
tonatruct a triangle. 

Suo'a. — The student should draw two lines on the blackboard, and a detached 
angle, as the given parts. Then, mailing an angle equal to the given angle 
i.30O), be should lay off tbe given sides fnim the vertex on the sides of the 
angle, aud Jnin their exiremities. Tbe triangle thus formed is the one required, 
for any other triangle formed with these two sides and this angle will be just 
like this by {284). 

2. Probi — Having tioo angles and their included tide given, to 
construct a t 




Proh. — Having the three sides of a triangle given, to construct 
the triangle. 

Solution.— Let n, b, and e, be the given 
sides. Draw an indefinite line CX, and on 
it take CB — a. From C as a centre with 
£ as a radius, describe an arc as near as can 
tie discerned where the angle A will falL 
From B, with a radius e, describe an arc 
intersecting the former. Then is ABC the 
triangle required, since any other tdangle 
having the same sides would be equal to 
'■-*■"■ ABC (89a). 

4. IProb. — To inscribe a circle in a given triangle. 

Part I. (79). To prove the 
t, we observe that Che triangles 
ODB aud OBE have OB common, and are 
mutually equiangular ; hence they are equal, 
and OD = OE. In like manner triangle 
OEC = OFC, and OE = OF. [Triangle OFA 
= ODA; but we do not need the fact in the 
demonstration.] Since OD = OE = OF, the 
circumference strack from as a centre with 
a radius OD, pasaes through E and F. More- 
over, since each side of the Wangle is per- 
extremity, it is tangent to the circle (27^ ; and 
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o. Probm — Having two sides and an angle opposite one of them 
S^^^etiy to construct the triangle. 

Solution. — Ist. When the given angle is right or obtuse, the side opposite 
^^^^\ist be greater than the side adjacent, as the greatest side is opposite the 
S^eatest angle (224)^ and the greatest angle in such a triangle is tu * right or 




Wl^ 




obtuse angle. In this case let m and o be the given sides, and the angle oppo- 
site o. Draw an indefinite line O'X, construct 0' equal to 0, and take O'N' 
^qual to m. From N' as a centre, with a radius equal to 0, describe an arc cut- 
t;ing O'X, as at M'. Draw N'M'. Then is N'M'O' the triangle required, since 
Will triangles having their corresponding parts equal to m', o\ and 0' are equal. 

2d. When the given angle is acute, as A, there will be no solution if the 
£^ven side, a, opposite A, is less than the perpendicular ; one solution if a = p^ 
or if a > than both p and b, and two solutions if a> p, and less than b. This 
"will appear from the construction, which is the same as in Case 1st 

6. If a perpendicular be let fall from the 
Tight angle C of the triangle ACD, upon the 
lypotenuse, as CD, show from {222) that 
the three triangles in the figure are mutually 
^uiangular. 

7. Given the sides of a triangle, as 15, 8, and 5, to construct the 
triangle. 

8. Given two sides of a triangle ct = 20, S = 8, and the angle B 
opposite the side I equal ^ of a right angle,* to construgt the triangle. 

9. Same as in the 8th, except h = 12. Same, except that h = 25. 

10. Construct a triangle with angle A = f of a right angle, angle 
B = ^ of a right angle, and side a opposite angle A, 15. 

11. Construct a right angled triangle whose hypotenuse is 16, and 




* To coDHtract this angle, bisect an angle of an equilateral triangle. 
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one of the other sides 7. The same with one acnte angle f of a 
right angle, and a side about the right angle 12. Will there be any 
difference in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site ? Will there be any difference in the size f 

12. Construct a right angled triangle having its hypotenuse 20, 
and one acute angle ^ of a right angle. 

13. Construct a quadrilateral three of whose sides are 20, 12, and 
15, and the angle included between 20 and the unknown side | of a 
right angle, and that between 15 and the unknown side ^ a right 
angle. 

Bug's.— Make A = f of a right angle, and b = 20. From D as a centre, with 

a radius 12, strike the arc on. At any 
point on side a, make an angle B' = 
i a right angle. Take B'm = 15, and 
draw Cm parallel to AB'. From the 
intersection C draw CB parallel to 
mB\ Draw CD. Then is ABCD the 
quadrilateral required. 

Querie8.-'lf d + cis less than the 
perpendicular from D upon AB, then 
what? If equal to the perpendicular, 
then what? Is it necessary to consider angle B in answering the two pre- 
ceding queries ? 

14. Construct a parallelogram whose two adjacent sides are 6 and 
8, and whose included angle equals 1^ right angles. 

15. Construct a heptagon whose sides in order are a = 4, J = 5, 
c = 5, rf = 6, e = 6, / = 3, ^ = 4 ; and the angle included between 
a and J, 1^ right angles; between b and c. If ; c and d. If ; d and 

e, If. 

SuG*s.— See 2^. 187. Proceed in order, laying off the parts as ^ven, from A 
to F. Draw AF. From F as a centre, with a radius/ = 3, strike an arc, and also 
from A, with a radius g = ^. The intersection of these arcs will determine C. 

Qtieries.—WhaX is the limit of the sum of the possible values of the given 
angles ? What the limit of the sum of the sides included between the unknown 
atfglwi ? 
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^ What ? How shown ? 
Prop. I. Of straight Imes. 
Prop. II. Of circles. 



O 






' Prop. HI. Sides parallel. Direction same or opposite. 
Prop. IV. ** ** " one same, other opposite. 

Prop. V. ** perpendicular. 



OQ 



Eh 



Prop. 
Prop. 



Prop. 
Prop. 



OCZ2 



§ 



VI. Two sides and included angle. \ Sch. All parts equal. 

VII. Two angles and \ ^^' ^^^.®» ^°® adjacent and one oppo- 

mcluded side. ) ^, ,, "^^ .^"^'^ ^'^"*1- 
( Sch. Exception. 

Prop. VIII. Two sides and angle ( Sch. 1. When isosceles. 

opposite one. ( Sch. 2. When ambiguous. 

lY ThrPP aiHPfl ^ ^^' ^^**^ angles opposite equal sides. 
lA. inree smes. -j ^^ q^^ of obtuse angle. Form of i?^. 

^ '^'Iqu^''^^ ^''''^' ''^''^''^^^ ^^^^ '^' \ Cor. Convei-se. 

Prop. XL Hypotenuse and one side. 

Prop. XH. Hypotenuse and one acute angle. 

Prop. XIII. Side and one acute angle. 

Prop. XIV. Three sides and non-included angles equal. 

Prop. XV. Two parallelograms having two ( Cor. Rectangles of 
sides and the included angles s same base 

equal. ( and altitude.. 

Prop. XVI. Three angles excepted. -{ Cor. Quadrilaterals. 

T>« ^« inrrr m i ^ ( Sch. 1. The ambiguous case. 

Prop. XVIL Two angles and one » ^^ QuadrUaterals. 

side excepted. ^ g^j^ ^ r^^^.^^ g^^j^g excepted. 

Prop. XVIII. Two sides and included diagonals. 
Prop. XIX. Any two parts excepted. 




Exercises. 



' Prob, In a triangle, given two sides and included angle. 
Prob. " " " angles " side. 

Prob. " ** ** sides and angle opposite one. 

Proh. ** ** " three sides. 

Prob, To inscribe a circle in a triangle. 



138 £L£M£NTAliY PLANE GEOMETBY. 



SECTION IX. 



OP EQUIVALENCY AND AREA. 



311. ^Equivalent Figures are such as are equal in magni- 
tude. 



PROPOSITION L 

312. Theorem* — Parallelograms having equal bases and equal 
altitudes are equivalent. 

Dem. — Let ABCD and EFCH be two parallelograms haying equal bases, BC 
and FC, and eqaal altitudes ; then are they equivalent. 
. _r -^ H^ E H ^^^* place FC in its equal 

— 7 — ST ;/ J 7 BC ; and, since the altitudes 

\ / / / are equal, the upper base EH 

\ / / / will fan in AD or AD pro- 

Z \/' Z y duced, as E'H'. Now, the 

B ^ ^ 5 two triangles AE'B and DH'C 

Pig. 233.* ^^ equal, because the three 

sides of the one are respectively equal to the three sides of the other. Thus AB 
= DC, being opposite sides of the same parallelogram. For a like reason, E'B 
= H'C. Also, E'H' = BC = AD. From AH' taking E'H', AE' remains, and 
taking AD, DH' remains. Therefore AE' = DH'. These triangles being equal, 
the quadrilateral ABCH' - the triangle AE'B = ABCH' - DH'C. But ABCH' 
- AE'B = E'BCH' = EFCH ; and ABCH' - DH'C = ABCD. Hence, ABCD = 
EFCH. Q. B. D. 

313» Cor. — Atiy parallelogram is equivalent to a rectangle having 
the same base and altitude. 



PROPOSITION n. 

314:. Theorem. — A triangle is equivalent to one-half of any 
parallelogram haviyig an equal base and an equal altitude with the 
Mangle, 
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Dem.— Let ABC be a triangle. Through C draw CD parallel to AB ; and 
tlirough A draw AD parallel to BC. Then is 
A.BCD a parallelogram, of which ABC is one- 
tk alf (243). Now, as any other parallelogram 
leaving an equal base and altitude with ABCD 
is equivalent to ABCD (312), ABC is equiva- 
lent to one-half of any parallelogram having 
an equal base and altitude with ABC. q. 

jffi. r>. Fig. S24. 

3 IS* Cor. 1. — A triangle is equivalent to one-half of a rectangle 
Tiaving an equal base and a7i equal altitude with the triangle, 

316. Cor. 2. — Triangles of equal bases and equal altitudes are 
^uivalenty for they are halves of equivalent parallelograms. 




PROPOSITION ni. 

317m Theorem. — The square described on a line is equivalent to 
four times the square described on half the line, nine times the square 
described on one-third the line, sixteen times the sqtuire on one-fourth 
the line, etc. 

Dem.— Let AB be any line. Upon it describe the square ABCD. Bisect AB, 
as at d, and AD, as at a. Draw dc parallel to AD, and ab parallel to AB. Now, 
the four quadiilaterals thus formed 




Di: 



e- 



^—X! 



7 i 

■ 

^\6 



8 ! 9 

I 

"wi""" 



""&""m, 

4 \ 2 \a 



^' h: 



a^ 



1/ 



B' 



are parallelogi*ams by construction, 
hence their opposite sides and angles 
are equal ; and as A, B, C, and D are 
right angles, and Aa = A(? = dB = 
58 = etc., the four figures 1, 2, 3, 4, 
are equal squares. Hence kdoa = i 
ABCD. In like manner it can be 
shown that the nine figures into which 
the square on A'B' is divided by draw- 
ing through the points of trisection of the sides, lines parallel to the other sides, 
are equal squares. Hence A'(?', the square on i of A'B', is 4 of the square 
A'B'C'D'. The same process of reasoning can be extended at pleasure, show- 
ing that the square on i a line is -^ the square of the whole, etc. 



Fig. 325. 



PROPOSITION IV. 

318. Theorem. — A trapezoid is equivalent to two triangles 
having for their bases the upper and lower bases of the trapezoid, and 
yor their common altitude the altitude of tJie trapexoxd. 
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Dbm.— By constructinB any trapezoid, mJ drawing cittier diagonal, tlia 
student can show ibn truth of tliis theorem. 



FROFOSinON V. 
319. I*rob.—To reduce any polygon to an eqmvcUent triangle. 
Solution.— Let ABCDEF be a polygon which it is proposed to reduce to an 
Produce any Bide, as BC, indeflnitely. Draw tbe diagonal 
EC and DH paraUel to It 
Draw EH. Now, consider the 
triangle CDE as cul off from 
(lie polygon and replaced by 
CHE. The magnitude of the 
polygon will not be changed, 
since CDE and CHE have the 
same base CE, and the same 
altitude, as their vertices lie in 
DH parallel to EC. From the 
Fia. 936. polygon tbas rednced we cut 

the triangle FHE, and replace 
It by its equivalent FHI, by drawing the diagonal FH, and the parallel El. Id 
like manner, by drawing FB and the parallel AC, we can replace FBA by its 
equivalent FCB. Hence, CFI is equivalent to ABCDEF. It is evident that a 
similar process would reduce a polygon of any numlier of Bides to an equiva- 
lent triangle. 




PROPOSITION VI. 



320. Theorem. — Tlte area afar 
of its base and altitude. 

Dbm.— Let ABCD be a rectangle, then is ii 
plied by the altitude AC. 



ctatigle is equal to the product 



a equal to the base AB multi- 






If the sides AB and AC are commensurable, take 
some unit of length, as E, wtiich is contained a whole 
number of times in each, as five times in AC, and 
eight times in AB, and apply it to the lines, dividing 
them respectively into five and eight equal parts. 
From llie several points of division draw Hoes through 

m. m. ^^^ rectangle perpendicular to its sides. The rectr 

angle will be divided into small parallelograms, 

e all equal squares, as the angles are all right angles, and th« sides all 
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f^qual to each other. Each square is a unit of surface, and the area of the rect- 
a.iigle is expressed by the number of these squares, which is evidently equal to 
tlie number in the row on AB, multiplied by the number of such rows, or the 
xxumber of linear units in AB multiplied by the number in AD. 

If the two sides of the rectangle are not commensurable, take some very 
small unit of length which will divide one of the sides, as AC, and divide the 
^rectangle into squares as before; the number of these squares will be the 
33ieasure of the rectangle, except a small part along one side, not covered by the 
squares. By taking a still smaller unit, the part left unmeasured by the squares 
^^E^iU be still less, and by diminishing the unit of length E, we can make the 
jpart unmeasured as small as we choose. It may, therefore, be made infinitely 
small by regarding the unit of measure as infinitesimal, and consequently is to 
T>e neglected.* Hence, in any case, the area of a rectangle is equal to the pro- 
duct of its base into its altitude, q. b. d. 

321. Cor. 1. — The area of a square is equal to the second power 
of one of its sides, as in this case the base and altitude are equal. 

322. Cor. 2. — The area of any parallelogram is equal to the pro- 
duct of its base into its altitude; for any parallelogram is equivalent 
to a rectangle of the same base and altitude {313). 

323* Cor. 3. — The area of a triangle is equal to one-half the pro- 
duct of its base and altitude ; for a triangle is one-half of a parallelo- 
gram of the same base and altitude (3 14). 

324:. Cor. 4. — Parallelograms or triangles\ of equal bases are to 
each other as their altitudes; of equal altitudes, as their bases; and 
in general they are to each other as the products of their bases by 
their altitudes. 



PROPOSITION YIL 

325. Theorem. — The area of a trapezoid is equal to the product 
of its altitude into one-half the sum of its parallel sides, or, what is 
tJie same thing, the product of its altitude and a line joining the 
^niddle points of its inclined sides. 

* This principle may be thus stated: An infinitesimal is a quantity conceived, and to 

^ treated^ as less than any assignable quantity ; hence, as added to or subtracted from finite 

tn 
Quantities, it has no value. Thus, suppose — = a, m, n, and a being finite quantities. Let c 

TTh ^ € ffh in i c 
represent an infinitesimal; then , or , or , is to be considered as still equal to 

«, for to consider it to differ from a by any amount we might name, would be to assign 8om4 
Talue to e. 

t By this is meant the areas of the figures. 
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Dem.— In the trapezoid ABCD draw either diagonal, as AC. It is thus 

divided into two triangles, whose areas are to- 
gether equal to one-half the product of then* 
common altitude (the altitude of the trapezoid), 
into their bases DC and AB, or this altitude into 
i (AB + DC). 

Secondly, if oi be drawn bisecting AD and 
CB, then is a* = i (AB + CD). For, through 
a and h draw the perpendiculars om and |m, 
meeting DC produced when necessary. Now, the triangles aoD and Aam are 
equal, since Aa = aD, angle o =r tn, both being right, and angle aaO — Aam 
being opposite. Whence Aw = oD. In like manner we may show that Cp = 
wB. Hence, ab = ^{op + mn) = i(AB -f DC); and area ABCD, which equals 
attUude into i(AB -h DC), = altitude into ah. q. e. d. 



Fio. 238. 
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PROPOSITION vni. 

326. Theorem. — The area of a regular polygon is equal to one — 
half the product of its apothem into its perimeter. 

Dem, — Let ABCDEFG be a regular polygon whose apothem is Qa; then i 

its area equal to i Oa (AB -h BC -h CD + DE + E 
+ FG + CA). 

Drawing the inscribed circle, the radii Oa, 06, 
etc., to the points of tangency, and the radii of th 
circumscribed circle OA, OB, etc. {264^ 26S), th« 
polygon is divided into as many equal triangles as 
it has sides. Now, the apothem (or radius of the 
inscribed circle) is the common altitude of these tri- 
angles, and their bases make up the perimeter of the 
polygon. Hence, the area = i O/i (AB + BC H- CD 
-h DE + EF + FG + GA). q. b. d. 




B ^ C 

Fio. 2S9. 



327. Cor. — The area of any polygon in which a circle can he 
inscribed is equal to one-half the product of the radius of the in- 
scribed circle into the perimeter. 

The student should draw a figure and observe the fact It is especially 
worthy of note in the case of a triangle. See Fig. 60. 
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PROPOSITION IX. 

t?^<90 Theorem. — Tlie area of a circle is equal to one^half the 
product of its radius into its circumference. 
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Dbm. — ^Let Oa be the radius of a circle. Circum- 
i3<3rib6 any regular polygon. Now the area of this 
-polygon is one-half the product of its apothem and 
perimeter. Conceive the number of sides of the 
polygon, indefinitely increased, the polygon still 
c^ontinuing to be circumscribed. The apothem con- 
-^nues to be the radius of the circle, and the perim- 
eter approaches the circumference. When, there- 
fore, the number of sides of the polygon becomes in- 
£aite, it is to be considered as coinciding with the cir- 
cle, and its perimeter with the circumference. Hence 
the area of the circle is equal to one-half the pro- 
duct of its radius into its circumference. Q. B. d. 

329* Def. — A Sector is a part of a circle included between two 
radii and their intercepted arc. Similar Sectors are sectors in differ- 
ent circles, which hare equal angles at the centre/ 

330* Cor. 1. — ITie area of a sector is equal to one-half the product 
of the radius into the arc of the sector. 

331* Cor. 2. — The area of a sector is to the area of the circle as 
the arc of the sector is to the circumference, or as the angle of the 
sector is to four right angles. 




EXERCISES. 

1. What is the area in acres of a triangle whose base is 75 rods 
and altitude 110 rods ? 

2. What is the area of a right angled triangle whose sides about 
the right angle are 126 feet and 72 feet ? 

3. If 2 lines be drawn from the vertex of a triangle to the base, 
dividing the base into parts which are to each other as 2, 3, and 5, 
Viow is the triangle divided ? How does a line drawn from an angle 
fco the middle of the opposite side divide a triangle? 

4. Review the exercises on pages 49 and 50, giving the reasons, in 
^?ach case. 
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SYNOPSIS. 

'^ f Definition. 

Prop. I. Of parallelograms. -{ Oar. Paral. and rectangle. 

T^ TT rk^ . • 1 < Oor- 1. Triangle and rectangle. 

Prop. H. Of triangles. <J ^ ^ Of eq^l bases and equal altitudes. 

Prop. IlL Square on t, ii i a line, etc. 

Prop. IV. Trapezoid. 

Prop. V. To reduce a polygon to a triangle. 






S 






Prop. VI. Of rectangle. 



' Car. 1. Of square. 
Car. 2. Any parallelogram. 
Car. 8. Of tnangle. 

Car. 4. Relation of parallelograms and 
of triangles. 



Prop. VII. Of trapezoid. 

T>«^« TTTTT r\fi «««.„i«« «^i«.«^«« i Oar. Of any circumscribed 
Prop. VIII. Of regular polygons. j polygon. 



Prop. IX. Of a circle. 1 



f Ikf Of sector. 
Car. 1. Area of sector. 
Car. 2. Relation of sector to circle. 



1^ Exercises. 



SECTION X. 



OF SIMILARITY. 



332* The primary notion of similarity is likeness of form. Two 
figures are said to be similar which have the same shape, although 
they may differ in magnitude.* A more scientific definition is as 
follows : 

333. Similar Figures are such as have their angles respec- 
tively equal, and their homologous sides proportional. 

334:. Homologous Sides of similar figures are those which 
are included between equal angles in the respective figures. 



* The student ehonld be carefkil, at the outeet, to mark the fkct that similarity intolreti 
two things, BQUALiTT OF AMOLEe and PROPORTIONALITY OF SIDES. It will appear that, in the 
case of triangles, If one of these fticts exists, the other does also ; bat this is not so in other 
polygons, as is illustrated in Part I. 
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US 



In Similar Triangles, the Homologous Sides ark those 
:t»posite the equal akgle8. 




Pis. 2«1. 



PROPOSITION L 

335m Theorem. — Triangles which are muttiaUy equiangular 
'^e similar, 

Dbm. — Let ABC and DEF be two mu- 
ually equiangular triangles, in which 
^=D, B=E, and C=F; then are the 
ides opposite these equal angles propor- 
ional, and the triangles possess both 
equisites of similar figures ; t. e,y thej 
xe mutually equiangular and have their 
Lomologous sides proportional, and are 
lonsequently similar. 

To prove that the sides opposite the 
^qual angles are proportional, place the 
TiaDgle DEF upon ABC, so that F shall 
coincide with its equal C, CE'=FE, and 
::D'=:FD. Draw AE', and D'B. Since angle CE'D'=CBA, D'E' is parallel to 
\By and the triangles DT'A and D'E'B have a common base D'E' and the 
}ame altitude, their vertices lying in a line parallel to their base, they are 
equivalent {324). Now, the triangles CD'E' and D'E^A, having a common alti- 
tude, are to each other as their bases (324). Hence, 

CD'E' : D'E'A : : CD' : D'A. 

Por like reason CD'E' : D'E'B : : CE' : E'B. 

Then, since D'E'A and D'E'B are equivalent, the two proportions have a com- 
mon ratio, and we may write CD' : D'A ; : CE' : E'B. 

By composition CD' : CD' + D'A : : CE' : CE' + E'B, 

or CD' : CA : : CE' : CB, or FD : CA : : FE : CB. 

In a similar manner, by applying angle E to B, we can show that 

FE : CB : : ED : BA. Therefore, FD : CA : : FE : CB : : ED : BA. q. B. D. 

336* Cor. 1. — If two triangles have two angles of the one respec-- 
tively equal to two angles of the other, the third angles being equal 
(2/il), the triangles are similar. 

337m Cor. 2. — A line drawn through a triangle parallel to any 
side divides the other sides proportionally. 

Thus D'E' being parallel to AB, it is shown in the proposition that 
-D': D'A ::CE':E'B. 

10 
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338* Cor. 3. — If any two lines cut a series of parallels, they are 

divided proportiondUy. 

fO O/ X3' Deic.— K the two secant 

lines are parallel, as OA and 
O'B', the intercepted parts 
are equal, ». e,, (le = bd, ee 
= €^, eg =fh, etc {242), ^ 
Hence, ao : bd :: ee : eff : : ^ 
eg : /^ Secondly, if th' 
secant lines are not parallel^ 
let them meet in some point 
as O. Then, by the piopo^^K=> 
sition, we have 

Oa : ac :: Ob : bd (t), and also Oe i ee :: Od : iff (3). 

Taking the first by composition, it becomes 

Oa + ae : ac :: Ob + bd : bdy or Oc : ae ::0d : bd (8). 

Now, as the antecedents in (2) and (3) are the same, we have 

ac : bd :: ee : df^ or ac : ee :: bd : i^f 

In like manner, we may show that 

ce : cff :: eg : fh, or ce i eg i\ ^ i fh. 




PROPOSITION IL 

339. Theorem.— Cony &r^Q\jf If two triangles have their 
responding sides proportional, they are similar. 

Dem.— In the triangles ABC and DFE, let FD : CA : : FE : CB : : DE : AB 
then are the triangles similar. 

As one of the characteristics of simi^ 
larity, viz., proportionality of sides, e: 
by hypothesis, we haye only to provi^^ 
the other, t. «., that the triangles are rnvh^"'^ 
tually equiangolar. Make CD' equal to FD^ 
and draw D'E' parallel to AB. By the^ 
preceding proposition CD' (=r FD) : CA : ? 
D'E' : AB. But, by hypothesis, FD : 
CA : : DE : AB. Whence, D'E' = DE. 
In like manner CE' : CB : : CD' (=FD) : 
CA. But, by hypothesis, FE : CB : : FD : 
CA. Whence CE' = FE ; and the trian- 
gle CD'E' is equal to the triangle FDE 
(292). Now, CD'S' and CAB are mutu- 
ally equiangular, since D'E' is parallel to AB (152), and C is common. Hence. 



Fig. 238. 
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be triangles ABC and DEF are mutually equiangular, and consequently similar. 



i- 



S. D. 



34kO. ScH. — ^As we now know that if two triangles are mutually equiangular, 
aey are similar ; or, if they have their sides proportional, they are similar, it will 
e sufficient hereafter, in any given case, to prove either one of these facts, in order 
3 establish the similarity of two triangles. For, either fact being proved, the 
ther follows as a consequence. See Section YI., Pabt L, for familiar illustra- 
ions of this most important subject 



PROPOSITION m. 

341, Theorem, — Two triangles which have the sides of the one 
respectively parallel or perpendicular to the sides^ of the other, are 
nmilar, 

Dem. — ^Let ABC and A'B'C be two triangles whose sides are respectively 
parallel or perpendicular to each other, 
:;hen are the triangles similar. 

For, any angle in one triangle is 
sither equal or supplementary to the 
ahgle in the other which is included 
between the sides which are pcurailel or 
perpendicular to its own sides. Thus A 
either equals A', or A + A' = 2 right 
angles {281, 282, 283). Now, if the 
corresponding angles are all supplemen- 
tary, that is, if A + A' = 2 RA., B + B' 
= 2R.A.,andC + C = 2 R.A., the sum 
of the angles of the two triangles is 6 
right angles, which is impossible. Again, 
if one angle in one triangle equals the 
corresponding angle in the other, as A 
= A', and the other angles are supple- ' 
mentary, the sum is 4 right angles plus 
twice the equal angle, which is impossible. Hence, two of the angles of one 
triangle must be equal respectively to two angles of the other ; and, if two ar« 
equal, the third angle in one is equal to the third in the other {221). Hence, 
the triangles are mutually equiangular, and therefore similar (SSS). q. b. d. 




Fig. 384. 



PROPOSITION IV. 

342 • Theorem, — Two triangles, which have an angle in each 
^^ualy and the sides about the equal angles proportional, are similar . 
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Dem.— In the triangles ABC and DEF 
let C = F, and AC ; DF :: CB : FE; 
then are the triangles similar. 

For, place F on its equal C, and let D 
&n at D'. Draw D'E' parallel to AB. . 
Then AC : D'C (= DF) :: BC : CE' (887)._ 

But by hypothesis AC : DF :: BC : FE 

.-. CP = FE, and the triangles D'CP an 
DFE are equal (284). Therefore, D'CE"*. 
being equiangular with ACB, is piTnilar- 
to it (335) ; and as DFE is equal to D'CE*^ 
DFE is similar to ACB. <^ B. d. 




Fio.235. 






PROPOSITION Y. 

343, Theorem. — In any right angled triangle, if a line 
drawn from the right angle perpendicular to the hypotenuse, ii 
divides the triangle into two triangles, which are similar to the givi 
triangle, and consequently similar to each other, 

Dem. — Let ACB be a triangle right-angled at C, and CD a perpendicnlai^^'^f 

upon the hypotenuse AB; then are ACD and CDI 
similar to ACB, and consequently to each other. 

For, the triangles ACD and ACB have the angle 
common, and a right angle in each; hence they 
mutually equiangular, and consequently similar (^^5).^ 
For a like reason CDB and ACB are similar. Finally^ 
as ACD and CDB are both similar to ACB, they 

Q. B. D. 




D B 
Fig. 236. 

similar to each other. 




34:4:. Cor. 1. — Either side about the right angle is a meanpropoT' 
tional between the tvhole hypotenuse and the adjacent segment. 



Dem. — This is a direct consequence of the similarity of the partial triangl 
with the whole triangle. Thus, comparing the homologous sides of ACD 
and ACB, we have AD : AC : : AC : AB ;* and tiom CDB and ACB, we have 
DB : CB :: CB : AB. 

345, Cor. 2. — The perpendicular is a mean proportional between 

the segments of the hypotenuse* 

Dem.— This is a consequence of the similarity of ACD and CDB. Thus, 
AD : CD : : CD : DB. 



* Notice that AD of the triangle ACD i^ oppoeite angle ACD, and ACi its consequent, is 
of the triangle ACBi a°d opposite the angle B^ which equals angle ACD* The student most 
be sure that he knows in what order to take the sides, and why. 
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Queries,— To which triangle does the first C D belong ? To which the second ? 
^Why is CD made the consequent of AD ? Why, in the second ratio, are CD and 
to be compared ? 



34:6. Cob. 3. — The square described on the hypotenuse of a right 
singled triangle is equivalent to the sum of the squares described on 
the other two sides. 

Dem.— From Cor. 1, AC* = AB x AD 

and also CB' = AB x DB. 




Therefore, adding, AC* + CB^= AB (AD + DB) = AB". 

34:7 n Cor. 4. — If a perpendicular he let fall from any point in a 
circumference upon a diameter, this perpendic- 
ular is a mean proportional between the seg- 
ments of the diameter. 

Dem.— Thus, AD : CD : : CD : DB, or CD* = AD x DB. 

For, drawing AC and CB, ACB is a right angle, 
and the case falls under Cor, 2. 

The chords AC and CB are mean proportionals between the whole diameter 
and their adjacent segments by Cor, 1. 

348m ScH. — This proposition, with its corollaries, is perhaps the most fruit- 
ful in direct practical results of any in Geometry. Cor. 3 will be recognized 
as a demonstration of the Pythagoi*ean proposition (109\ Part I. There are 
many other demonstrations of exceeding beauty, some of which will be given 
in Part HI. The one here given is the simplest, and shows best the way in 
which this truth grows out of the more general fact of similarity. 



PROPOSITION TI. 

349. Theorem. — Regular polygons of the same number of sides 
are similar figures. 

Dem. — ^Let P and P' be two regular polygons of the same number of sides,* 
«, ft, c, df etc., being the sides of the former, and a', J', c', d\ etc., the sides of 
the latter. Now, by the definition of regular polygons, the sides a, 6, c, d^ 
^tc, are equal each to each, and also a', ft', c\ d\ etc. Hence, we hav-e 
<^ : a' : : ft : ft' : : <J : c' : : rf : £?', etc. Again, the angles are equal, since n being 
t;lie number of sides of each polygon, each angle is 

n X 2 riarht angles — 4 right angles ,« ^^^ 

Bence the polygons are mutually equiangular, and have their sides proportional ; 
that is, they are similar, q. e. d. 

* The etadent may conptrnct two regular hexagons, if thought desirable. 
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3S0» Cob. 1. — Hie corresponding diagonals of regular polygons 
of the same number of sides are in the same ratio as the sides of the 
polygons. 

Let the student draw a figure and demonstrate the fkct. 

35 !• Cor. 2. — The radii of the inscribed, and also of the circun> 
P^^^__^^^£ scribed circles, of regular polygons of the 

same number of sides, are in the same ratio 
as the sides of the polygons. 

Dem. — Smce the angles F and/ are equal, and 
bisected by F0» the right angled triangles OSF, 
Osf are equiangular, and hence similar. There- 
fore FS : /« : : SO : «0 or FO : /O. Whence, 
doubling both terms of the first couplet, 
Fig. 238. FA : /a : : SO : «0 or FO : /O. 





PEOPOSinON TIL 

3S2» Theorem, — Circles are similar figures. 

Dem. — Let Oa and OA be the radii of any 
two circles. Place the circles so that they shfdl 
be concentric, as in the figure. Inscribe the regu- 
lar hexagons, as abedtf^ ABCDEF. Conceiye the 
arcs AB, BC, etc., of the outer circumference, bi- 
sected, and the regular dodecagon inscribed, and 
also the corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by (349). Now, as the process of bisecting the 
arcs of the exterior circumference can be con- 
ceived as indefinitely repeated, and the corresponding regular polygons as in- 
scribed in each circle, the circles may be considered as regular polygons of the 
same number of sides, and hence similar, q. e. d. 

353^ Cob. — Arcs of similar sectors are to each other as the radii 
of their circles; i, e,y arc/e : arc FE : : O/: OF. 

ScH. — ^The circle is said to be the Limit of the inscribed polygon, and 
the circumference the UmU of the perimeter. By this is meant that as the 
number of the sides of the inscribed polygon is increased it approaches nearer 
and nearer to equality with the circle. The apothem approaches equality with 
the radius, and hence has the radius for its limit It is an axiom of great 
importance in mathematics that, Whatever can he shown to he true of a magnir 
itide 08 it a/pproaches Us limit indefinitely/, is true of that limit. 



OF SIMILABITT. 
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EXERCISES. 

1. JPvoh. — To divide a given line into parts 
ToJiieh shall he proportional to several given 
tines. 

Solution. — Let it be required to divide OP into 
X>arts proportional to the lines A, B, C, and D. Draw 
ON making any convenient angle with OP, and on it 
lay oflF A, B, C, and D, in succession, terminating at 
lA. Join M with the extremity P, and draw parallels to 
WIP through the other points of division. Then by 
treason of the parallels we shall have 

A : B : C : D : : a : 5 : c : <?, (33«). 

r 

2. JPt*o6. — To find a fourth proportional to three given linss. 
For the solution see {89), Repeat the process, and give the reasons. 

3. JProb. — To find a third propor- 
tional to two given lines. 

Solution. — This may be solved as the two 
preceding. Thus, take any two lines, as A and 
B, for the given lines. We are to find a third 
line X, such that A : B :: B : x. The figure 
will suggest the details. 

The following is a solution based on (347), 
Draw an indefinite line AM. Take AD = A, 
and erect BD = B. Join AB, and bisect it by 
the perpendicular ON. Then with as a cen- / 

tre, and OA as a radius, describe a semi-circum- [_ 

ference. This will pass through B. (Why?) M C 
Also AD : BD :: BD : CD (= x). (Why?) 



B A 



/ 




O D 
Pig. S^?. 

4. Draw any straight line on the blackboard, and divide it into 5 
equal parts, upon the principle used in the preceding solutions. 

5. Eeview the exercises under {89, 90), and give the reasons. 

6. JProb* — To find a mean proportional between two given lines. 

For the solution see (110), Repeat th6 process, and give q^ 
the reasons for the method. 

7. DE being parallel to BC, prove that the triangles 
DOE and BOG are similar, and hence that OD : OC : : 
OE : OB. Are the following proportions true ? 



OD : 00 :: OE : OB, OD : DE :: 00 : BC, 
OD : OE :: OC : OB, OB : BC :: OE : DE. 




Fig. 341 
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Dem.— By coDBtnictiiiK' any trapezoid, and drawing ciUier diagonal, the 
studeut can show tint trutb of tliis theorem. 



FROPOSmON T. 
319. Prob.—7h reduce any polygon to an eqvivaimt triangle. 
SOLunOH.— Let ABCDEF be a polygon which it is proposed to reduce to an 
eqaivaleat triangle. Produce any side, as BC, indefinitely. Draw Ihe diagonal 
EC and DH parallel to it 
Draw EH. Now, consider (he 
triangle CDE aa cut off from 
the polygon and replaced by 
CHE. The magnitude of the 
polygon will not be changed, 
since CDE and CHE have the 
same baae CE, and the same 
altitude, as their vertices lie in 
OH parallel to EC. From the 
Fia, 9«, poly^n thus rednced we cut 

the triangle FHE, and replace 
It l^ Its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AG, we can replace FBA by Its 
eqalvalent FCB. Hence, CFI is equivalent to ABCDEF. It is evident that a 
dmilar process would reduce a polygon of any number of sides to an equiva- 
lent triangle. 




PROPOSinOS TL 
320. Tiieorem, — The area of a redavgU is equal to tTie product 

of its base and altitude. 

Deu— Let ABCD be a rectangle, then is its area equal to the base AB multi- 
plied by the altitude AC. 

If the aides AB and AC are commensurable, take 
some unit of length, as E, which is cont^ned a whole 
number of times in each, as five times in AC, and 
eight times in AB, and apply it to the lines, dividing 
them respectively into five and eight equal parts. 
From the several points of dliipsion draw lines through 
Pig^ ji^^ the rectangle perpendicular to its sldee. The rect- 

angle will he divided into small parallelograms, 
wjiicb are all equai squares, as the ang\ea are iU tV^^i &it^Aa,«A4. 'Am *AdeB all 
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SECTION XI. 

APPLICATIONS OP THE DOCTRINE OP SIMILARITY TO THE 
DEVELOPMENT OP GEOMETRICAL PROPERTIES OF FIGURES. 



354:. The doctrine of similarity, as presented in the preceding 
section, is the chief reliance for the development of the geometrical 
properties of figures. This section will be devoted to the investiga- 
tion of a few of the more elementary properties of plane figures, 
which we are able to discover by means of this doctrine. 



OF THE RELATIONS OF THE SEGMENTS OF TWO LINES INTERSECT- 
ING EACH OTHER, AND INTERSECTED BT A CIRCUMFERENCE. 



PROPOSITION L 

355m Theorem. — If two chords intersect each other in a circle^ 
^ heir segments are reciprocally proportional ; whence the product of 
^he segments of one chord equals the product of the segments of the 
<^ther. 

Dem.— Let the chords AC and BD intersect at O ; then is AG : BO : : DO : 

^O, whence AO x CO = BO x DO. 

For, draw AD and BO. The two triangles AOD and BOG 

mxe equiangular, and hence similar ; since the angles at 

ure vertical, and consequently equal {1S4:\ and D = G, 

l)ecause both are measured by i arc AB (210). (A = B 

l^ecause both are measured by ^ arc DG ; but it is only 
necessary to show that two angles are equal in order to 
show that the triangles are equiangular, and hence simi- 
lar.) Now, comparing the homologous sides (those oppo- 
site the equal angles), we have AG : BO : : DG : GO ; 
whence, AO x GO = BO x DO. q. e. d. 

QuBBiBS.— Why is AO compared with BG? Why DG with GO? Would 
AO : GO : : BO : DO be true? Would AG : DO : : BO : GO? What is the 
force of the word "reciprocally," as used in the proposition? 




Fio. 244. 
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PROPOSITION n. 

356. Theorem. — If from a point without a circle, two secanti 
he drawn termi^iating in the concave arc, the whole secants are recip- 
rocally proportional to their external segments ; whence the produce, 
of one secant into its external segmeiit equals the product of the othejis 

Q, into its external segment. 

Dbm.— OA and OB being secants, OA : OB : 
00 : 00, and consequently OA x 00 = OB x 
For, drawing AC and DB, the two triangles AC 




r-sr 




Fig. 345. 



and BOO have angle common, and A = B, sine- 
both are measured by i DC ; hence the triangles an 
similar, and we have OA : OB :: OC : 00, an^ 
consequently OA x CD = OB x OC. q. e. d. 

Same queries as under the preceding demonstra^^^'^' 
tion. 



PROPOSITION m. 

3S7. Tlieoretn. — If from a point without a circle a tangent h 
dravm, and a secant terminating in the concave arc, the tangent is 
mean proportional between the whole secant and its external seg 
O mentj whence the square of the tangent equa 

the product of the secant into its external seg 
ment. 

DsM.— OA being a tangent and OB a secant, OB : 

OA : : OA : OC, whence OA* = OB x OC. For, 
drawmg AB and AC, the triangles OAB and ACO have 
angle O common, and OAC = B, since each is measured 
by i arc AC ; hence , the triangles are similar, and OB : 

OA : : OA : OC, whence OA* = OB x OC. i^. B. D. 
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OF THE BISECTOR OF AN ANGLE OF A TRIANGLE. 



PROPOSITION IV. 

358. Theorem. — A line which bisects any angle of a triangle 
divides the opposite side into segments proportion^ to the adjaceni 
sides. 



OF AREA. 



U3 




Dem. — Let Oa be the radius of a circle. Circum- 
Bcribe any regular polygon. Now the area of this 
polygon is one-half the product of its apothem and 
perimeter. Conceive the number of sides of the 
polygon, Indefinitely increased, the polygon still 
continuing to be circumscribed. The apothem con- 
tinues to be the radius of the circle, and the perim- 
eter approache? the circumference. When, there- 
fore, the number of sides of the polygon becomes in- 
finite, it is to be considered as coinciding with the cir- 
cle, and its perimeter with the circumference. Hence 
the area of the circle is equal to one-half the pro- 
duct of its radius into its circumference, q. b. d. 

329. Def. — A Sector is a part of a circle included between two 
radii and their intercepted arc. Similar Sectors are sectors in differ- 
ent circles, which hare equal angles at the centre/ 

330» Cor. 1. — ITie area of a sector is equal to one-half the product 
of the radius into the arc of the sector. 

331. Cob. 2. — The area of a sector is to the area of the circle as 
^he arc of the sector is to the circumference, or as the angle of the 
sector is to four right angles. 



Fio. S80. 



EXERCISES. 

1. What is the area in acres of a triangle whose base is 75 rods 
«nd altitude 110 rods ? 

2. What is the area of a right angled triangle whose sides about 
the right angle are 126 feet and 72 feet ? 

3. If 2 lines be drawn from the vertex of a triangle to the base, 
dividing the base into parts which are to each other as 2, 3, and 5, 
how is the triangle divided ? How does a line drawn from an angle 
to the middle of the opposite side divide a triangle? 

4. Review the exercises on pages 49 and 50, giving the reasons, in 
each case. 
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PROPOSITION vn. 

361m Thearem. — The bisectors of the angles of a triangle all S2 

pass through the same point, which is the centre of the inscribed S 
circle. 

Dem. — Draw two lines bisecting two of the angles, and trom. their inter- — tt- 

section draw a line to the* other angle. Then show that the latter angle is ^^sJs 

bisected. By (Ex. 4, page 134) this point is shown to be the centre of the in- — _mi- 
Bcribed circle. [The student should fill out the demonstration.] 



ABEAS OF SIMILAB HGUBES. 



PROPOSITION VHL 

362. Uieorem. — The areas of similar triangles are to eacl^^^^^ 
other as the squares described on their homologous sides. 

Dem. — ^Let ABC and DEF be any two similar triangles ; then is 

area ABC : area DEF : ; CB'* : FE* : ; AC* : DF" : • AB* : DE* 

For, place the largest angle of the triangle -^^'^ 
DEF, as D, on its equal angle A, of the triangle -^^" 
ABC*; let E fall at E', F at F', and drsM^s^^^^'^ 
E'F'; then is triangle AET' = DEF (284:), andt^-*^ 
ET' is parallel to BC. Let fall a perpendicular ^*^ ^ 
from A to CB. Then Al is the altitude of AET'^^^ '' 
and AH of ABC. Now, by similar triangles w( 
have CB : RE' : : AH : Al. 
But iAH : iAI : : AH : Al ; and, multiplying 
corresponding terms, ^ AH x CB : ^Al x F'E' : : AH* :"a1". Whence, since 
iAH X CB = area ABC, and iAI x F'E' = area AET'= area DEF, and 

AH ; Al : : CB : FE : : AC : DF :,: AB : DE, or AH* :"Ai" : : CB* : FE* : : AC* :"0F" 

: : AB' : ; DE' ; we have 

area ABC : area DEF : : CB' : FE' :: AC'* : DF* : : AB* : DE*. q. k. d. 




PROPOSITION IX. 

363. Theorem. — The areas of similar polygons are to each 
other as the squares of the homologous sides of the polygons. 



* The only object in taking the largest angle is to make the perpendicular foil within the 
triangle. Any two equal angles may be applied, and the demonstration is essentially the same. 
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Dem.— Let abedef and ABCDEF 

two similar polygons. Desig- 
:xiate the fonner by p, and the lat- 
ter by P. Then p : P : : a? : : AB* 
^r as any other two homologous 
sides. 

For, from the equal anglee a 
and A drawing the diagonals, the 
corresponding partial angles into 
which a and A are divided are Fig. 351. 

equal. [Let the student show why by S^2J\ Now take Nb'=db, and draw 
h'c', making angle A&'c' = h. Then h'c = hc^ and Ac' = ac, since the triangles 
ahc and A&'e' have two angles and the included side of one equal to two angles 
and the included side of the other. In like manner draw c'd' making angle 
b'&d'=: bcdf e'd'= cdy and kd'= ad. So, also, making angle c'd'e'=i cde, and angle 
d'e'f = rf«/, dif = de, e'f = e/, and f'k -fa. Hence the polygon f^c'd'eff'^ p, 
and its sides are respectively parallel to the corresponding sides of P. Now, let 
m, n, o, and « represent the triangles in which they stand, and M, N, O, and S 
the corresponding triangles of P, as AFE, etc. Triangles m and M being similar, 

and also n and N, we have 

m ifAi: kef : AE*, and n : N : : Aa'* : AE*. 
Whence m : M : : ti : N. 

In like manner we can show that n : N : : <? : 0, and that o : : : s :S, 
Whence w : M : : w : N : • o : : : a : S. 
By composition, (m + n-ho+s) (or p) : (M + N + -i-S) (or P) : : « : S. 

But « : S : i'aS'* (or"a?) :'AB*, Therefore piPiiab* : AB'*, or as the squares of 
any two homologous sides, q. b. d. 

364. Cor. l. — Similar polygons* are to each other as the squares 
of their correspo:nding diagonals. 

In the demonstration we have « : S : : Ac' (or ao) : AC*. Whence p\P iiac : AC* 
Xhe same may be shown of any other corresponding diagonals. 

365. Cor. 2. — Regular polygons* of the same number of sides 
t^re to each other as the squares of their homologous sides ; since they 
are similar figures {349). 

366. Cor. 3. — Regular polygons* of the same number of sides 
<ire to each other as the squares of their apothems. 

For their apothems are to each other as their sides. Hence the squares of 
their apothems are to each other as the squares of their sides. 

367. Cor. 4. — Circles are to each other as the squares of their 
radii (352),and as the squares of their diameters. 



* Thit iB a common elliptical fonn for " The areas of, eto.'* 
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338. CoE. 3. — If any two lines cut a series of parallels^ they are 

divided proportionally. 

fO O/ >0' Dem.— If the two secant 

lines are parallel, as OA and 
O'B', the intercepted parts 
are equal, i, e., ae =: bdy ee 
= c^, eg =z fh, etc (24:2). 
Hence, etc \hd :: oe i ^ ix 
eg : fh* Secondly, if the 
secant lines are not parallel, 
let them meet in some point, 
as 0. Then, by the propo^ 
sition, we have 

Oa I ac iiOh : hd (t), and also Oe i ee iiOd i ^ (2). 

Taking the first by composition, it becomes 

Oa + ac '. ac \i Ob •{■ hd I My or Oc : ac \ \ Od \ hd (8). 

Now, as the antecedents in (2) and (3) are the same, we have 

ac I hd :: ee : df^ or ac : ee :: bd : df. 

In like manner, we may show that 

ce : c(f :: eg : fh^ or ce i eg :: €^ : fh. 



PROPOSITION n. 

I 

339. 2%6oreiw^.^ConverBely, If two triangles have their cor- 
responding sides proportional, they are similar. 

Dbm.— In the triangles ABC and DFE, let FD : CA : : FE : CB : : DE : AB ; 
then are the triangles similar. 

As one of the characteristics of simi- 
larity, viz., proportionality of sides, exists 
by hypothesis, we have only to prove 
the other, i. a., that the trianglea are mu- 
tually equiangular. Make CD' equal to FD, 
and draw D'E' parallel to AB. By the 
preceding proposition CD' (= FD) : CA : : 
D'E' : AB. But, by hypothesis, FD : 
CA : : DE : AB. Whence, D'E' = DE. 
In like manner CE' : CB : : CD' (=FD) : 
CA. But, by hypothesis, FE : CB : : FD : 
CA. Whence CE' = FE ; and the trian- 
gle CD'E' is equal to the triangle FDE 
^292V ^o^^CO'E'andCABaremutu- 
Mlljr eqoiangalar, aince D'E' is parallel to KB U5^V wdAO Na ^xKmswju ^<»v«&. 
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AB^ Cy and Hie chord of half the arc, as CB, «. Now, BDO is right angled at 
O, whence "BO" = 80* + DO* (346), or DO = y^BO'-BD*. But m the present 
case BO = 1 ; hence DO = -y/l-^C*, Taking DO from CO, we have CD = 1 - 
l/TZJCP From the right angled triangle BDO we have CB (or e) = 
i/bd* +"c5*, or suhstituting i C for BD, and 1 - y/T-{0* for CD, this re- 
duces to c= Va— 4^4—0*, ®^» fs— (4— 0^*]* 

By the ose of this formula, we make the following computations : 

No. Bides. Form of Compntatioii. Length of Side. Perimeter. 

6. See (271) 1.00000000 6.00000000 

12. c = ^2- V3=l»"= a/2- V8, or (2-8*)* . = .61763809 6.21165708 

24. c = -j 2- [4-(2-8*)]* } * = [2-(2 + 8*)*] * . = .26105238 6.26525722 

43 , = (2-{4^[3-(2+8*)*]}*)* 

= J2-[2+(2+8*)*]*}* = .18080626 6.27870041 

96. c = (2-|2+[2+(2+3*)*]*[*)* =.06543817 6.28206896 

192. c=[2-(2+-[2+[2+(2+8*)*]* [*)*]* . . =.08272346 6.28290510 

884. c= 1 2-[2+(2+-j 2 + [2+(2+8*)*]* }*)*]♦}•* = .01686228 6.28311544 

768. c = (2- ■{ 2 + [2 + (2 + { 2 + [2 + (2 + 3*)]* [ *)♦]* } *)* = .00818121 6. 28316941 

It now appears that the first four decimal figures do not change as the num- 
ber of sides is increased, hut will remain the same how ftxr soever we proceed. 
We may therefore consider 6.28317, as approximately the circumference of a 
circle whose radius is 1, ». 6., 27r = 6.28317, nearly ; and n = 8.1416, nearly. 

373» ScH. — The symbol ie is much used in mathematics, and signifies, 
primarily, the semircifreumferenee of a eirde whose radius is \. i ;r is therefore 
^ symbol for a quadrant, 90", or a right angle, i ^ is equivalent to 45", etc., 
tbe radius being always supposed 1, unless statement is made to the contraiy. 
1*116 nimierical value of ic has been sought in a great variety of ways, all of 
"Which agree in the conclusion that it cannot be exactly expressed in decimal 
lumbers, but is approximately as given in the proposition. From the time of 
-^rcTiimedes (287 b.c.) to the present, much ingenious labor has been bestowed 
Vipon this problem. The most expeditious and elegant methods of approxi- 
^nation are furnished by the CaleiUus. The following is the value of tc extended 

fifteen places of decimals : 8.141592658589798. 



PROPOSITION XIL 

374» Theorem* — The circumference of any circle is 2;rr, r 
ieing the radius. 

Dbic— The circumfbrencea of circles being to each other as their radii, and 
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DEM.~In the triangles ABC and DEF 
let C = F, and AC : DF ;: CB : FE; 
then are the tiiangles similar. 

For, place F on its equal C, and let D 
fiJl at D'. Draw D'E' parallel to AB. 
Then AC : D'C (= DF) :: BC : CE' (887). 
But by hypothesis AC : DF : : BC : FE. 
.-. CE' = FE, and the triangles DXE' and 
DFE are equal (284). Therefore, D'CE' 
being equiangular with ACB, is similai 
to it (835) ; and as DFE is equal to D'CE', 
DFE is similar to ACB. Q. B. D. 



Fig. 285. 




PROPOSITION Y. 

34:3. Theorem. — In any right angled triangle^ if a line he 
drawn from the right angle perpendicular to the ht/potenuse, it 
divides the triangle into two triangles, which are similar to the given 
triangle, and consequently similar to each other. 

Dem. — Let ACB be a triangle right-angled at C, and CD a perpendicular 

upon the hypotenuse AB; then are ACD and CDB 
similar to ACB, and consequently to each other. 

For, the triangles ACD and ACB have the angle A 
common, and a right angle in each; hence they are 

^^ ^ — ^g mutually equiangular, and consequently similar(dd5). 

For a like reason CDB and ACB are similar. Finally, 
Fio. 236. ^g ^Qp ^^ QQB ^j.g ^^^ similar to ACB, they are 

similar to each other, q. b. d. 

34:4:. CoE. 1. — Either side about the right angle is a mean propor- 
tional between the whole hypotenuse and the adjacent segment, 

Dbm. — This is a direct consequence of the similarity of the partial triangles 
with the whole tiiangle. Thus, comparing tlie homologous sides of ACD 
and ACB, we have AD : AC :: AC : AB ;* and from CDB and ACB, we have 
DB : CB :: CB : AB. 

345. Cor. 2. — The perpendicular is a mean proportional between 
the segments of the hypotenuse. 

Dem.— This is a consequence of the similarity of ACD and CDB. Thus, 
AD : CD : : CD : DB. 



* Notice that AD of the triangle ACD i^ opposite angle ACD* and ACt ^te consequent, is 
oftAe triangle ACBi aod opposite the angle 6> which equals angle ACD* The student most 
^ Bare that be knows in what order to take the eidea^ atid loK-y. 
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Queries, — To which triangle does the first C D belong ? To which the second ? 
Why is CD made the consequent of AD ? Why, in the second ratio, are CD and 
DB to be compared ? 

346. Cob. 3. — The square described on the hypotenuse of a right 
angled triangle is equivalent to the sum of the squares described on 
the other two sides. 

Dem.— From Or. 1, AC* = AB x AD 

and also CB* = AB x DB. 




Therefore, addmg, AC + CB* = AB (AD + DB) = AB". 

347* Cob. 4. — If a perpendicular be let fall from any point in a 
circumference upon a diameter, this perpendic- 
uUr is a mean proportional between the seg- 
ments of the diameter. 

Dem.— Thus, AD : CD : : CD : DB, or CD* = AD x DB. 

For, drawing AC and CB, ACB is a right angle, 
and the case falls under Cor, 2. 

The chords AC and CB are mean proportionals between the whole diameter 
and their adjacent segments by Cor, 1. 

348. ScH. — This proposition, with its corollaries, is perhaps the most fruit- 
ftil in direct practical results of any in Geometry. Cor. 3 will be recognized 
as a demonstration of the Pythagorean proposition {109\ Part I. There are 
many other demonstrations of exceeding beauty, some of which will be given 
in Part III. The one here given is the simplest, and shows best the way in 
which this truth grows out of the more general fact of similarity. 



PROPOSITION yi. 

349. TJieorem. — Regular polygons of the same number of sides 
are similar figures. 

Dem. — ^Let P and P' be two regular polygons of the same number of sides,* 
a, 6, c, dy etc., being the sides of the former, and a\h\c\d\ etc., the sides of 
the latter. Now, by the definition of regular polygons, the sides a, 6, c, d, 
etc., are equal each to each, and also a\ h\ c', (f', etc. Hence, we hav-e 
a:a' '.ihxh' iic'.c' \:d: d\ etc. Again, the angles are equal, since n being 
the number of sides of each polygon, each angle is 

n X 2 right angles — 4 right angles /o/r^ 

Hence the polygons are mutually equiangular, and have their sides proportional ; 
that is, they are similar, q. e. d. 

♦ The Btndent may confitmct two regular hexagon*, \t tYiou^X. ^^«>VKiXi\^. 
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350m Cob. 1. — Ttie corresponding diagonals of regular polygons 
of the same number of sides are in the same ratio as the sides of the 
polygons. 

Let the student draw a figure and demonstrate the foot. 

351. Cob. 2. — The radii of the inscribed, and also of the drcum- 

scribed circles, of regular polygons of the 
same number of sides, are in the same ratio 
as the sides of the polygons. 

Dem. — Since the angles F and/ are equal, and 
bisected by FO* the right angled triangles OSF, 
Osf are equiangular, and hence similar. There- 
fore FS : /« ; : SO : «0 or FO : /O. Whence, 
doubling both terms of the first couplet, 
FA : /a ; : SO : «0 or FO : /O. 





PROPOSITION TIL 

352. Theorem. — Circles are similar figures. 

Dem. — Let Oa and OA be the radii of any 
two circles. Place the circles so that they shall 
be concentric, as in the figure. Inscribe the regu- 
lar hexagons, as abcdrf^ ABCDEF. Ckmceive the 
arcs AB, BC, etc., of the outer circumference, bi- 
sected, and the regular dodecagon inscribed, and 
also the corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by (349). Now, as the process of bisecting the 
arcs of the exterior circumference can be con- 
ceived as indefinitely repeated, and the corresponding regulwr polygons as in- 
scribed in each circle, the circles may be considered as regular polygons of the 
same number of sides, and hence similar, q. e. d. 

353. Cob. — Arcs of similar sectors are to each other as the radii 
of their circles; i, e., arc/e : arc FE : : O/: OF. 

ScH. — The circle is said to be the Limit of the inscribed polygon, and 
the circumference the limit of the perimeter. By this is meant that as the 
number of the sides of the inscribed polygon is increased it approaches nearer 
and nearer to equality with the circle. The apothem approaches equality with 
the radius, and hence has the radius for its limit It is an axiom of great 
importance in mathematics that, Whatever can be shown to be true of a magni- 
itide aa it approaches its limit indefinitely^ is true of thctt Umit. 
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14. Same as above when the sides are 10, 4, and 7, and the perpen- 
dicular is let fall from the angle included by the sides 10 and 4. 
Draw the figure. Why is one of the segments nagative ? 

15. What is the area of a regular octagon inscribed in a circle 
whose radius is 1 ? What is its perimeter ? What if the radius 
is lot 



SYNOPSIS. 
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Importance of this doctrine. 



00 



A tS 2 






Prop. I. Of chords. 

Prop. II. Of secants. 

Prop. III. Of secants and tangents. 



g 8 H r Prop. IV. How divide sides. 
P n S o j Prop. Y. Of exterior angles. 

^ ' Prop. VI. Length of in relation to other parts. 

Prop. VIL All intersect at one point 

Prop. VIII. Of triangles. 




'< o 



Prop. IX. Of polygons. 



^ Definition of rectification. 
Prop. X. Perimeters of 



Oor, 1. As squares of diagonals. 
Car. 2. Regular polygons. 
Cor. 3. As squares of apothems. 
Cor. A. Of circles. 



'S^?il^"nnW I ^' 1- ^g"l^ polygons, 
similar Poly- qw. 2. Ci^umferencls as 
gons. ) 



radii. 



Prop. XI. R^^ctiflc^^^^^ c^")" ) Seh. Signification and 
ference whose radius J iSiportanceof*. 

Prop. XII. Circumference of any circle ) q^ j^i^ ^j^^ 

= 2arr. ) 



g J r Prop. XIIL Whose radius is 1. 

^1 I Prop. XTV. Of any circle, j ^ gju'^ing the circle. 



<>^ I 



«^ 5 Pf*^' To divide a line in extreme and mean ratia 

JSXSBGI8BB. ^ p^^ rp^ inscribe a regular decagon, etc. 
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8. Show that if ABCDEF is a regular polygon, hbcdef is also regular, 
be, cd, etc., being parallel to BC, CD, et& 
Show that any two siinilar polygons may be 
placed in similar relative positions, and 
bence show that the correeponding diagonals 
are in the same ratio as the homologona 
sides. 

9. The sides of one triangle are 7, 9, and 
■P"' »•>■ IL The side of a second similar triangle, 

homologooB with side 9, is i^. What are the other sides of the 
latter? 




10. The diameter of a circle is 30. What is the perpendicnlar 
distance to the circnmference from a point in the diameter 15 from 
one extremity ? What are the distances from the point where this 
perpendicnlar meets the circamfereace to the extremities of the 
diameter .° 



Primary noUon of dmOaii^. 

Definition of Blmilarity. 

Homogeneity of Bides. In general In triangles. 



Pbof. L Mutnallf equiangular. J 

I Cot. 8. Lines cutting parallels. 
Prop. II. Sldea proportional. \ Seh. Either of two fkctg sufficient 
Pnop. IIL Sides parallel or perpendicular. 
PnOP. IV. An angle equal in each, and sides proportional. 



Prop. V. Perpendicular from 
right angle upon- 

hypotenuae. 



Got. 1. GorreBpondinK diagonals. 
Pbop. VI. tteguiar polygons similai'. ■ Ciw. 3. Radiiof inscrioed andcir- 



Cor. I. Side about right angle. 
Or. 3. Perpendicular, 
On: S. Square on hypotenuse. 
Oor.A. Perpendicularon diameter. 
Seh. Importance of this Prop, and 



Prop. VIL Circles similar. 



cumscrihed circles. 
J Seh. Circle limit of polygon. 



fProh. To divide a line into proportional parts. 

Prob. To find a fourth proportional 

Pr(^. To find a third proportional. 

/V»j6. To find a mean pTopurtioiwl. 
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SECTION XL 

APPLICATIONS OP THE DOCTRINE OP SIMILARITY TO THE 
DEVELOPMENT OP GEOMETRICAL PROPERTIES OP FIGURES. 



SS4L. The doctrine of similarity^ as presented in the preceding 
section, is the chief reliance for the development of the geometrical 
properties of figures. This section will be devoted to the investiga- 
tion of a few of the more elementary properties of plane figures, 
which we are able to discover by means of this doctrine. 



OF THE RELATIONS OF THE SEGMENTS OF TWO LINES INTERSECT- 
ING EACH OTHER, AND INTERSECTED BT A CIRCUMFERENCE. 



PROPOSITION L 

3SS* TJieorem. — If two chords intersect each other in a circle, 
their segments are reciprocally proportional ; whence the product of 
the segments of one chord equals the product of the segments of the 
other. 

Dbm.— Let the chords AC and BD intersect at ; then is AC : BO : : DO : 
CO, whence AO x CO = BO x DO. 

For, draw AD and BC. The two triangles AOD and BOC ^^-^--^-^-^ ^ 

are equiangular, and hence sunilar ; since the angles at /^ /\ 
are vertical, and consequently equal (134\ and D = C, / / ^^ 
because both are measured by i arc AB (210), (A = B / / >/^ 
because both are measured by i arc DC ; but it is only I /y^ \ 
necessary to show that tioo angles are equal in order to y^"^ \ 

show that the triangles are equiangular, and hence simi- \ 

lar.) Now, comparing the homologous sides (those oppo- ^ ^B 

site the equal angles), we have AO : BO : : DO : CO ; fig. 244. 

whence, AO x CO = BO x DO. q. b. d. 

QxjERiBS.— Why is AO compared with BO? Why DO with CO? Would 
AO : CO : : BO : DO be true? Would AO : DO : : BO •. CO^ 'WcfivX Sa. Mca 
force of the word "reciprocally " as used in. the pxo^o^VCyotlI 
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PBOPOSITION n. 

356. Theorem. — If from a point without a circle^ two secants 
be drawn terminating in the concave arc, the whole secants are recip- 
rocally proportional to their external segments ; whence the product 
of one secant into its external segment equals the product of the other 

Q, into its external segment. 

Dem. — OA and OB being secants, OA : OB : 
OC : OD, and consequently OA x OD = OB x OC. 
For, drawing AC and DB, the two triangles AGO 
and BDO have angle common, and A = B, since 
both are measured by i DC ; hence the triangles are 
similar, and we hare OA : OB :: OC : OD, and 
consequently OA x OD = OB x OC. q. k d. 

Same queries as under the preceding demonstra- 
Fie. S45. tion. 




PROPOSITION m. 

3S7. Tfieorem. — If from a point without a circle a tangent be 
dravm, and a secant terminating in the concave arc, the tangent is a 
mean proportional between the whole secant and its external seg- 
O ment; whence the square of the tangent equals 

the product of the secant into its external seg- 
ment. 

DBM.--OA being a tangent and OB a secant, OB : 

OA : : OA : OC, whence OA* = OB x OC. For, 
drawing AB and AC, the triangles OAB and ACO have 
angle common, and OAC = B, since each is measured 
by i arc AC ; hence ,the triangles are similar, and OB : 

OA : : OA : OC, whence OA* = OB x OC. <i. b. d. 




Fig. 246. 



OF THE BISECTOR OF AN ANGLE OF A TRIANGLE. 



PROPOSITION IT. 

S58. Theorem. — A line which bisects any angle of a triangle 
divides the opposite side into segments proportional to the adjaceni 



PEBPENDICULAU AND OBUQUK LINKS TO A PLANE. 
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Fio.268. 



PROPOSITION IT. 

391* Theorem.^ If from any point in a perpendicular to a 
plane, oblique lines be draion to the plane, those which pierce the 
plane at eqtml distances from the foot of the perpendicular are equal; 
and of those which pierce the plane at unequal distances from the 
foot of the perpendicular J those which pierce at the greater distances 
are tlhe greater. 

Dem. — Let PD be a perpendicular to the plane 
MN, and PE. PE', PZ'\ and PE'", be oblique lines 
piercing the plane at equal distances ED, ED. E"D, 
and E"'D, from the foot of the perpendicular; then 
PE = PE' = PE" = PE'". For each of the tri- 
angles PDE, PDE\ etc., has two sides and tlie in- 
cluded angle equal to the corresponding parts in 
the other. 

Again, let FD be longer than E'D. Then is 
PF > PE'. For, take ED = E'D ; then PE = PE', 
by the preceding part of the demonstration. But 
PF > PE by {139). Hence, PF > PE'. q. b. d. 

392. The Inclination of a line to a plane is measured by 
the angle which the line makes with a line of the plane passing 
tiirough the point in which the line pierces the plane and the foot 
of a perpendicular to the plane from any point in the line. 

Thus PFD is the inclination of PF to the plane MN. 

393. CoE. 1. — The angles which oblique lines drawn from a com- 
tnan point in a perpendicular to a plane, and piercing the plane at 
eqticU distances from the foot of the perpendicular, make with the 

perpendicular, a/re eqv^l ; and the inclinations of such lines to the 
plane are equal. 

Thus the equality of the triangles, as shown in the demonstration, shows that 
EPD = E'PD = E"PD = E'"PD, and PED = PE'D = PE"D = PE"'D. 

894. CoR, 2. — Conversely, If the angles which oblique lines 
drawn from a point in a perpendicular to a plane, make with the 
perpendicular, are eqtuil, the lines are eqtml, and pierce the plane at 
equal distances from the foot of the perpendicular. 

DKif.-Thu8, in the figure, let DPE' = DPE" ; then PE' = PE" and DE' = 
DE". For, revolve DE'P about PD; DE' will continue in the plane MN, and 
when angle DPE' coincides with its equal DPE", PE' cohicides with PE", and 
DE' with DE". 
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PROPOSITION vn. 

361. Theorem. — The bisectors of the angles of a triangle all 
pass through the same point, which is the centre of the inscribed 
circle. 

Dem. — ^Draw two lines bisecting two of the angles, and fix)m their inter- 
section draw a line to the * other angle. Then show that the latter angle is 
bisected. By (Ex. 4,^ page 134) this point is shown to be the centre of the in- 
scribed circle. [The student should fill out the demonstration.] 



AREAS OF SIMILAR FIGURES. 



FROFOSITIOX Vm. 

362, Theorem* — The areas of similar triangles are to each 
other as the squares described on their homologous sides. 

Dem. — Let ABC and DEF be any two similar triangles ; then is 

area ABC : area DEF: : CB* : F? ; : AC* : DF* : • AB* : DE* 

For, place the largest angle of the triangle 
DEF, as D, on its equal angle A, of the triangle 
ABC*; let E fall at E', F at F', and draw 
ET ; then is triangle AET' = DEF (284), and 
ET' is parallel to BC. Let fall a perpendicular 
from A to CB. Then Al is the altitude of AET', 
and AH of ABC. Now, by similar triangles we 
have CB : PE' : : AH : Al. 
But iAH : iAI : : AH : Al ; and, multiplying 
corresponding terms, ^ AH x CB : iAI x F'E' : : AH* :"Ai". Whence, since 
iAH X CB = area ABC, and iAI x F'E' = area AE'F'= area DEF, and 

AH : Al : : CB : FE : : AC : DF :.: AB : DE, or AH' :~Ai' : : CB* : fT : : AC* :"0F" 
: : AB' : ; DE'* ; we have 




area ABC : area DEF : : CB : FE" :: AC' : DF : : AB : DE". Q. K. D. 



PROPOSITION IX. 

363. Theorem. — The areas of similar polygons are to each 
other as the squares of the homologous sides of the polygons. 



* The only object in taking the largest angle Is to make the perpendicular Ml toithin the 
trimngle. Any two equal angles may be applied, and Wie demQintXt«^A»TL\% ««lR^^anY the same. 
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398. CoE. — Through a given point ifi a line one plane can be 
2)assed perpeiidicular to tlte line, and only one. 

Dbjm.— Let D be the point in tlie line PD. Pass two lines through D, as EF, 
suid A'B', each perpendicular to PD ; the plane of these lines is perpendicular to 
PD. Moreover, the plane must contaui both these lines, for if it passed through 
D and did not contain DF, there would be one line of the plane, at least, which 
^^ould pass through D and not be perpendicular to PD, which is impossible. 
Hence, there can be no other plane than the plane of the two perpendiculars 
EF and A'B' which shall be perpendicular to PD, through D. 



PROPOSITION VI. 

399. Theorem.— If frmn the foot of a perpendicular to a plane 
a line he drawn at right angles to any line of the plane, and this 
intersection be joined with any point in the 
perpendicular^ the last litie is perpendicular to 
the line of the plane. 

Dbm. — ^From the foot of the perpendicular PD let 
DE be drawn perpendicular to AB, any line of the 
plane MN, and E joined with 0, any point of the per- 
pendicular ; then is OE perpendicular to AB. 

Take EF = EC, and draw CD, FD, CO, and FO. 
Now, CD = DF (?)*, whence CO = FO (?), and OE has 
equally distant from F and C, and also E. There- ^^^' 260. 

fore, OE is perpendicular to AB (?). q. b. d. 

4:00. Coil — The line DE measures the shortest distance between 
^D and kB. 

For, if from any other point in AB, as C, a line be drawn to D, ic is longer 
tlzian DE(?) ; and if drawn from C to a, any other point in PD than D, Ca is 
longer than CD (?), and consequently longer than DE (?). 




PABALLEL LINES AND PLANES. 



4:01. A Idne is JParallel to a plane when the two will 
^lot meet, how far soever they be produced. The plane is also said 
to be parallel to the line. 



* Hereafter the reason will be often left oat, and the mark (?) will be used to indicate that 
the student is to supply it 
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OF PERIMETEKS AND THE RECTIFICATION OF THE 

CIRCUMFERENCE. 

368* The Rectification of a curve is the process of finding 
its length. 

The term recUJicaMon signifies making straight, and is applied as aboye, 
under the conception that the process consists in finding a straight line equal 
in length to the curve. 



PROPOSmON X. 

369* Theorem. — The perimeters of similar polygons are to 
each other as their homologous sides, and as their corresponding 
diagonals. 

Dem.— Let a, 6, c, d, etc., and A, B, C, D, etc., be the homologous sides 
of two similar polygons whose perimeters are p and P; then p x P 1 1 a i 
A : : 5 : B : : c : C, etc. ; and r and R being corresponding diagonals, p : 
P ; : r : R, Since the polygons are similar, a:A::&:B::(;:C::d:D, 
etc. By composition, (a+ft+c+(f+ etc.) (or p) : (A + B + C + D + etc.) (or P) : : a : A, 
or as any other homologous sides. Also, as the homologous sides are to each 
other as the corresponding diagonals (330), p :P ::r : H. q. s. d. 

370. Cor. 1. — The perimeters of regular polygons of the same 
number of sides are to each other as the apothems of the polygons. 

For the apothems are to each other as the sides of the polygons (351), 

371* Cor. 2. — The circumferences of circles are to each other as 
their radii, and as their diameters ; since they may be considered as 
regular polygons of the same number of sides (332). 



PROPOSITION XL 

372. Theorem. — The circumference of a circle whose radius is 
1, is 27r, the numerical value of n being approximately 3.1416. 

Dem. — We will approximate the circumference of a 
circle whose radius is 1, by obtaining, 1st, the perim- 
eter of the regular inscribed hexagon ; 2d, the perim- 
eter of the regular inscribed dodecagon; 8d, the 
perimeter of the regular inscribed polygon of 24 sides ; 
then of 48, etc. 

In order to do this, let us find the relation between 
the chord of an atc wi^ \\i^ CiVotd of \ the ax*c in a 
Fio. SB2. circle whose rad\uB \a \. C«X\ \3£v^ ^^t^s. ^1 wv wi ib& 
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AB, (7, and the chord of half the arc, as CB, e. Now, BDO is right angled at 

D, whence "BO* ="BD" + 00^(346), or DO = ^BO'-BD*. But in the present 
caseBO = l; hence DO=:^l-iC*. Takfaig DO from CO, we have CO = 1 - 
V^l— iC" From the right angled triangle BDC we have CB (or c) = 
V^ro" +"CD*, or substituting i C for BD, and 1 - \/T- iC" for CD, this re- 
duces to e = V2— Vi^^, o'» [2— (4— 0«)*]* 

By the use of this formula, we make the following computations : 

No. eides. Form of Compatttioii. Length of Side. Perimeter. 

6. See (271) 1.00000000 6.00000000 

13. e = ^2-^4318= V2^^^, or (2-8*)* . = .51763809 6.21165708 

24. c = •{ 2- [4-(2-8*)]* } * = [2-(2 + 8*)*]* . = ja6105288 6.26525722 

43, = (2-^4^[2-(2+8»)*]}*)* 

= j 2- [2 + (2 + 8*)*]* } * = .18080626 6.27870041 

96. (j = (2-{2+[2+(2+8*)*]*p)* =.08543817 6.28206896 

192. c = [2-(2+ -[2+ [2+(2+8*)*]* }♦)*]* . . = .08272346 6.28290510 

884. c = ] 2-.[2+(2+ ^ 2+ [2+(2+3*)*]* }*)*]* }* = .01686228 6.28311544 

768. c = (2-|2 + [2+(2+{2 + [2+(2+8*)]*}*)*]*}*)*= .00818121 6.28316941 

It now appears that the first four decimal figures do not change as the num- 
ber of sides is increased, but will remain the same how fivr 9oef>er we proceed. 
We may therefore consider 6.28317, as approximately the circumference of a 
circle whose radius is 1, i. «., 2ff = 6.28317, nearly ; and n = 8.1416, nearly. 

873» ScH. — The symbol it is much used in mathematics, and signifies, 
primarily, ths semi-dreuntferenee of a eirek whose ntdivA m 1. i tt is therefore 
a symbol for a quadrant, 90", or a right angle. \it ]b equivalent to 45°, etc., 
the radius being always supposed 1, unless statement is made to the contraiy. 
The numerical value of ie has been sought in a great variety of ways, all of 
which agree in the conclusion that it cannot be exactly expressed in decimal 
numbers, but is approximately as given in the proposition. From the time of 
Archimedes (287 b.c.) to the present, much ingenious labor has been bestowed 
upon this problem. The most expeditious and elegant methods of approxi- 
mation are furnished by the Calculus. The following is the value of ie extended 
to fifteen places of decimals : 8.141592658589798. 



PROPOSITION XU. 

374* Theorem* — The circumference of any circle is 2nry r 
hing ths radius. 
Dsic-^Tbe circum&renceB of circles being \o e«LC\i ovVict «oi >\v^vc \tv.^\\>'5>.TA 
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2it being the circumference of a circle whose radius is 1, ire have 
2ii : cirtf. : : 1 : r, whence dref, = 2ier. 

375. Cor. — The circumference of a circle is TtD, D being the 
diameter, since 27cr = 7r2r = ttD. 



ABEA OF THE CIBCLE. 



PROPOSITION xnL 

376. Theorem. — The area of a circle whose radius is 1, is n. 

Dbm.— The area of a circle is i r x dremrtference (328). When r = 1, err- 
euntference = 2ie {372) ; hence 

area of circle tohose raditia is 1 = ^ x 2;r = «. q. e. d. 



PROPOSITION XIT. 

377- Theorem. — The area of any circle is ;rr", r being the 
radius, 

Dem. — The areas of circles being to each other as the squares of their radii, 
and ie being the area of a circle whose radius is 1, we haye 

ie : area of any eirde : : 1" : r", 

whence area of cmy drde = ^r*. q. b. d. 

378. Cor. — 27ie area of any sector is such a part of the area of 
the circle as the angle of the sector is of four right angles, 

379* ScH. — As the value of ie cannot be exactly expressed in numbers, it 
follows that the area cannot. Finding the area of a circle has long been 
known as the problem of Squaring the Oirde, i. e.y finding a square equal in area 
to a circle of given radius. Doubtless many hare-brained visionaries or igno- 
ramuses will still continue the chase after the phantom, although it has long 
ago been demonstrated that the diameter of a circle and its ckcumference are 
incommensurable. It is, however, an easy matter to conceive a square of the 
same area as any given circle. Thus, let there be a rectangle whose base is 
equal to the circumference of the circle, and whose altitude is half the radius ; 
its area is exactly equal to the area of the circle. Now, let there be a square 
whose aide ia a mean proportional between the altitude and base of this rect- 
oDgle; the area of the square is exactly eq(via\ ^ ^* ^^ ^^ ^^ <:Ja^^ 
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EXERCISES. 

1. Show that if a chord of a circle is conceived to revolve, varying 
in length as it revolves, so as to keep its extremities in the circum- 
ference while it constantly passes through a 'fixed point, the rect- 
angle of its segments remains constant 

2. The two segments of a chord intersected by another chord are 
6 and 4, and one segment of the other chord is 3. What is the other 
segment of the latter chord ? 

3. Show how Prop's L, IL, and III. may be considered as differ- 
ent cases of one and the same proposition. 

Sug's.— By stating Propositions I. and U. thus, The diaUmees from the inter- 
section of the lines to their interaectione with the circumference, what follows ? In 
tig, 245, if the secant AG becomes a tangent, what does 00 become ? 

4. In a triangle whose sides are 48, 36^ and 50^ where do the bisec- 
tors of the angles intersect tKe sides ? 

5. In the last example find the lengths of the bisectors. 

6. Review the examples under {III9 112, 113, 114), and 

give the reasons. 

7. In a circle whose radius is 20, what is the length of the arc of 
a sector whose angle is 30° ? What is the area of this sector ? 

8. If a circle whose radius is 24 is divided into 5 equal parts by 
concentric circumferences, what are the diameters of the several cir- 
cles ? If the radius is r, and number of parts n ? 

9. Prob* — To divide a line in extreme and mean ratio ; that is, 
so that the tohoU line shall he to the greater segment, as the greater 
segment is to the less. 

Solution.— Let it be proposed to divide the line AB in extreme and mean 
ratio. At one extremity of the line, as B, erect ^^.--^..^,^ 

a perpendicular equal to half the line, that is, /^^^^^^^ 

make BO = i AB. With as a centre, descnbe / ^^^^ 

a circumference passing through B. Draw AO, / 

and take AC equal to AD. Then is AB divided \y^ 

in extreme and mean ratio at C, so that AB : ^x^xC 

AC : : AC : CB. To prove it, produce AO to E. ^.y^ ' >-- 
Now, AE : AB : : AB : AD (357), or by inver- A B 

8ion, AB : AE : : AD : AB. By division, AB ^'®- ^'^^• 

AE - AB (= AE - DE) (or AD) (= AC) : : AD (= AC) : AB - AD (= AB - AC) 
(«^r CB). Tbat is, AB ; AC : : AC r CB. 

11 
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10. Pvob. — To inscribe a regular decagon in a circle, and hence a, 
regular pentagon^ and regular polygons q/'20, 40, 80, etc.^ sides. 

Solution. — Divide the radius iu extreme and mean ratio^ as at (a). Then is 

the greater segment ac^ the chord of 
^ ^!s5:^^^'*==5:^JC a regular inscribed decagon, as 

ABCD, etc. To prove this, draw OA 
and OB, and taking OM = ae = AB, 
a side of the polygon, draw BM. 
Now, OA : OM : : OM : MA by con- 
struction. As OM = AB, we have 
OA : AB : : A6 : MA. Hence, con- 
sidering the anteeedents as belong- 
ing to the triangle OAB» and the 
consequents to the triangle BAM 
we observe that the two sides about the angle A, which is common to both trl- 
: angles, are proportional , hence the triangles are similar {342). Therefore, ABM 
is isosceles, since OAB is, and angle BMA = A =r OBA, and MB = BA = OM 
'This makes 0M6 also isosceles, and the angle = OBM. Again the exterior 
angle BMA = O + OBM = 20; hence A, which equals BMA = 20. Hence also 
OBA, which equals A, = 20. Wherefore is i the sum of the angles of the 
triangle OAB, or i of 2 right angles, = iV of 4 right angles. The arc AB is, 
therefore the measure of iVr of 4 right angles, and is consequently tV of the 
•circumference. 

To construct the pentagon, join the alternate angles of the decagon. To 
tconstruct the regular polygon of 20 sides, bisect the arcs subtended by the sides 
'Of the decagon, etc. 

11. The projection of one line upon another in the same plane 
is the distance between the feet of two perpendiculars let fall from 
the extremities of the former upon the latter. Show that this pro* 
jection is equal to the square root of the difference between the 
square of the line and the square of the difference of the perpen- 
diculars. 

12. In the triangle ABC, p being a perpendicular upon BA, prove that 

m+n(=c):a + J::a — J:7» — n. 

State the fact as a proposition. Give the neces- 
sary modification when the perpendicular falls 
without the triangle. 

Bug. a* — w* = J* — w?, whence «• — 6* = m' — n', etc. 

13. The three sides of a triangle being 4, 5, and 6, find the seg- 
ments of the last side^ made by a perpendicular from the opposite 
an^le. Ans. d.75, and 2.25. 
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SECTION II. 



OF SOLID ANGLSa 



4:^0. A Solid Angle is the opening between two or more 
planes^ each of which intersects all the others. The lines of inter- 
section are called Edgesy and the planes^ or the portion of the planes 
between the edges, where there are more than two, are called Faces. 

4:21» A JDiedral Angle, or simply a Diedral, is the opening 
between two intersecting planes. 

4:22. A Polyedral Angle, called also simply a Folyedral, is 
the opening between three or more planes which intersect so as to 
have one common point, and only one. In the case of three inter- 
secting planes the angle is called a Triedral. The point common to 
all the planes is called the Vertex. The plane angles enclosing a 
polyedral are the Facial angles. 

423m A Diedral {Angle) is measured by the plane angle included 
by lines drawn in its faces from any point in the edge, and perpen- 
dicular thereto. A diedral angle is called right, acute, or obtuse, 
according as its measure is right, acute, or obtuse. Of course the 
Xna^itude of a solid angle is independent of the distances to which 
the edges may chance to be produced. 

Ii^l's.— The opening between the two planes CABF and DABE is a Diedral 
KjBngle), AB is the 

S 

, , , Aid 

{a) 



^dgey and CABF 
^nd DABE are the 
'^naees. Let MO 
lie in the plane 
AF, perpendicular 

to the edge; and 

MO in AE, and also 

perpendicular to 

the edge ; then the 

plane angle MON 

Is the measure of 

the diedral. A diedral may be read by the letters on the edge, when there 
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£LEM£NTABY SOLID Ujs^u 



OHAPTEE n. 

SOLin OEOMETBY.* 



SECTION I. 

OF STRAIGHT LINES AND PLANES. 



PERPENDICULAR AND OBLIQUE LINES. 

380. Solid Geometry is that department of geometry in 
which the forms (or figures) treated are not limited to a single 
plane. 

381. A Plane (or a Plane Surface) is a surface such that a 
straight line joining two points in it lies wholly in the surface. 

III. — The surface of the blackboard is designed to be a plane. To ascertain 
whether it is truly so, take a ruler with a straight edge, and apply this edge in 
all directions upon it. If it always coincides, i. e., touches throughout its 
whole length, the surface is a plane. Is the surface of the stove-pipe a plane f 
Will a straight line coincide with it in any direction? WiU it in ^eiy 
direction? 



PROPOSITION L 

382. Theorem,. — Three points not in the same straight line 
determine the position of a plane. 

Dem. — Let A, B, and C be three points not in the same straight line ; then 
one plane can be passed through them, and only one ; i. e., they determine the 
position of a plane. 



* In some reapects, perhaps, **Oeametry of Space" is preferable to this term; but, as 
neither is flree from objections, and as this has the advantage of simplicity and long use. the 
author prefers to retain it. 
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427* Coiu — Conversely, If one plane contain a line which is 
perpendicular to another plane, the diedral is right. 

Thus, if MO is perpendicular to the plane DB, C-AB-D is a right diedral. 
For MO is perpendicular to every line of DB passing through its foot (?) ; and 
hence is perpendicular to ON, drawn at right angles to AB. Whence C-AB-D is 
a right diedral, for it is measured by a right plane angle. 



PROPOSITION n. 

428* Theorem. — If two planes are perpendicular to a third, 
their intersection is perpendicular to tJie third plane, 

Dbic— If CD and EF are perpendicular to the plane 
MN, then is AB perpendicular to MN. For, EF being 
perpendicular to MN, D-FC-E is a right diedral, and a 
line in EF and perpendicular to FC at B is perpendicular 
to MN ; also a line in the plane CD, and perpendicular to 
DH at B, is perpendicular to MN (?). Hence, as thci^ 
can be one and only one perpendicular to MN at B, and 
as this perpendicular is in both planes, CD and EF, it is their intersection. 

<^. B. D. 



Fig. 278. 



PROPOSITION nL 

4:29* Theorem* — If from any point perpendiculars be drawn 
lio the faces of a diedral angle, their included angle will be the supple- 
ment of the angle which measures the diedral, or equal to it. 

Dem. — Let BD and AD be any two planes including the 
diedral A-SD-B, then will two lines drawn fVom any point, 
X)erpendicular to these planes, include an angle which is the ^^ 
supplement of the measure of the diedral, or equal tp it. 

If the point from which the lines are drawn is not in 
the edge SD, we may conceive two lines drawn through 
any point, as S, in this edge, which shall be parallel to the 
two proposed, and hence include an equal angle, and 
have their plane parallel to the plane of the proposed 
angle (416), Let the latter lines be SO and SP. We are 
to show that OSP is supplemental to the measure of A-SD-B. 
A plane passed through S, perpendicular to the edge SD, 
will contain the lines SO and SP (388) ; and its intersec- 
tions with the faces, as SB and SA, will form an angle 
(ASB) which is the measure of the diedral (423). Now, 
PSA = a right angle (?), and OSB = a right angle (?). Hence, 
PSA + OSB = 2 right angles. But PSA = ASO + OSP, 
and OSB = BSP + OSP. Addhig these, and noticing that BSP + OSP + ASO 
= ASB, we have PSA + OSB = ASB + OSP = 2 right angles; i. a., OSP is 
the supplement of ASB. Again, P'SO=ASB (?). q. b. d. 




Pig. 274. 
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PROPOSITION IL 

388. Theorem* — A line which is perpendicular to two lines of 
aplaney at their intersection^ is perpendicular to the plane. 

Dbm. — ^Let PD be perpendicular to AB and CF at D ; then is it pai;)eiidicular 
to MN, the plane of the lines AB and CF. 

Let OQ be any other line of the plane MN, passing 
through D. Draw FB intersecting the three lines AB, 
CF, and OQL Produce PD to P', making P'D = PD, 
and draw PF, PE, PB, PT, P'E, and P'B. Then is 
PF = P'F, and PB = P'B, since FD and BD are per- 
pendicular to PP', and PD = P'D (284), Hence, the 
triangles PFB and P'FB are equal (292)i and, if PFB 
N be revolved upon FB till P fiills at P*, PE will fall in 
P'E. Therefore OQ has E equally distant from P and 
P', and as D is also equidistant from the same points, 
OQ is perpendicular to PD at D (130). Now, as OQ 
is any line, PD is perpendicular to any line of the 
Fig. 326. plane passing through its foot, and consequently per- 

pendicular to the plane (387)' Q' b. d. 

389* Cob. — If one of two perpendiculars revolves about the other 
as an axis^ its pcCth is a plane per2oendicular to the axis. 
Thus, if AB revolves about PP'as an axis, it describes the plane MN. 




PROPOSITION in» 

390* Theorenim — At any point in a plane one perpendicular 
can he erected to the plane, and only one. 

Dbm. — ^Let it be required to show that one perpen- 
dicular, and only one, can be erected to the plane 
MN at D. Through D draw two lines of the plane, 
as AB and CE, at right angles to each other. CE 
being perpendicular to AB, let a line be conceived as 
starting from the i>osition ED to revolve about AB as 
an axis. It will remain perpendicular to AB (389), 
Conceive it to have passed to P'D. Now, as it con- 
tinues to revolve, P'DC diminishes continuously, and 
at the same rate as P'DE grows greater; hence, in 
one position of the revolving line, and in only one, as PD, PDE will equal 
PDC, and PD will be perpendicular to CE. Therefore, PD is perpendicular to 
two lines of the plane, at their intersection, and is the only line that can be 
thus perpendicular, whence it is perpendicular to the plane (388), and is the 
only perpendicular, q, b. d. 




Fig. 827. 



OF 




179 



Dbm.— Tliis piiipiiHlliii needs 40lii<m8tmtk>n only in 
ease of the sum tif llto^tiro emaner flicial angles as com- 
pared with the gxeKleit (f). Let ASB and BSC each be less 
than ASe ; then to A6B + BSC > ASC. For, make the an- 
gle ASb' = ASB, «nd Sb* = Sb, and pass a plane through b 
and b', catting SA and SC in a and e. The two triangles aSb 
and aSb' are equal (?), whence aJ' = aJ. Now, ce ft + 5c> ac 
?), and subtracting a6 from the first member, and its equal 
oh' from the second, we have be > b'e. Whence the two tri- 
angles bSc and b'Sc have two sides equal, but the third side 
he > than the third side b'e, and consequently angle bSe > 
VZe, Adding ASB to the former, and its equal ASd' to the 
latter, we haye ASB + BSC > ASC. 4^. b. d. 



435 • Cor. — The difference between any two facial angles of a 
^Ttedral is less than the third facial angle (?). 




PBOPOSmON T. 

43 6 • Theorem, — The sum of the facial angles of a triedral 
-^nay he anything between and four right angles. 



PjfiM.-*-Xjet ASB, BSC, andiASC be the facial angles 

enclosing a triedral ; then, as each must have some value, 

Jibe sum is greater than 0, and we have only to show that 

ASB + ASC + BSC < 4 riglU angles. Produce eitlier 

ecl^e, as AS, to D. Now, in the triedral SBCD, BSC 

< BSD + CSD. To each member of this inequality add 

ASB + ASC, and we have 

ASB + ASC + BSC < ASB + ASC + BSD + CSD. 
But, ASB + BSD =s 2 right angles (?), and ASC + CSD = 
2 right angles; whence ASB + ASC + BSD + CSD = 
4 right angles; and consequently, ASB + ASC + BSC < 
4 r^fht angles, Q. bl d. 



./D 



S/ 




PRapasn»>!r tl 

4Stm SPheorem. — Two triedrak having thefaetcrl oAigUs of the 
one equal to the facial angles of the other, each to each^ and similarly 
arranged^ are equal 
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395. Cor. 3. — Also, conversely, Equal oblique lines from the 
same point in the perpendicular, pierce the plane at equal distances 
from the foot of the perpendicular. 

Dem.— Let PE' = PE" ; then is DE' = DE". For, let PDE' revolve upon PD 
until E'D falls in E"D ; then, if DE' were less thaa DE", PE' would be less than 
PE" ; and, if DE' were greater than DE", PE' would be greater than PE". But 
both of these conclusions are contrary to the hypothesis. Hence, as DE' can 
neither be less nor greater than DE", it must equal it This corollary follows 
also from (297). 

396. Cor. 4. — The perpendicular is the shortest line that can le 
dratvn to a plane from a point without, and measures the distance of 
the point from the p lane. 



PROPOririDN T. 

397* Tlieorem. — From a point without a plane one perpetidic- 
ular can he drawn to the plane, a7id only one. 

Dem. — Let it be required to show that one perpen- 
dicular can be drawn from P to the plane MN, and 
only one. Take AB, any line of the plane, and con- 
ceive PD' pei-pendicular to it. Through D' draw EF, 
a line of the plane, perpendicular to AB. Now, if 
PD'E = PDT, they are both right angles, and PD' is 
perpendicular to two lines of the plane passing through 
its foot and hence perpendicular to the plane {S88). 
If, however, PD'E does not equal PD'F, in the first in- 
stance, but PD'F < PD'E, conceive the line AB to 
move along the plane, continuing parallel to its 
primitive position, so as to cause D' to move towards F, thus diminishing PD'E 
and increasing PD'F. At the same time observe that, if necessary in order to 
keep PD'A = PD'B*, EF can move along the plane parallel to its first position. 
Now, as PDF increases, passing through all successive values, and PO'E dimin- 
ishes in the same way, there will be some position of PD', as PD, in which 
PDF = PDE, and as by hypothesis PDA' remains = PDB', PD becomes perpen- 
dicular to two lines passing through its foot, and hence perpendicular to the 
plane. 

That there can be only one perpendicular is evident, since, if there were two, 
as PD' and PD, there would be two right angles in the triangle PD'D. 

•i^— — ■^^^^^^■^w— m m wi^^^»^^— ^— — ^— — ^ m ■ i ■ ■ i ■ ■ i —^^^^^^^^— ■■■■ im^ ■ « ■■ ■ -imi ■■■■■!— ^.^^^i^ii^^— ■^■■m^— ^i^— ^ 

* According to the conception here need it woald not be necessary. 
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of the diedialB of S4BC. We are now to show that the facial angles of 
S-ABC are supplements of the diedrals of S-EDF ; i. e., that ASB is the sup- 
plement of 0-SE-F, BSC of E-SD-F, and ASC of D-SF-E. Since SE is by hy- 
pothesis perpendicular to ASB, it is perpendicular to AS {387) ; and since SF 
18 perpendicular to ASC, it is perpendicular to AS {387)- Hence AS is per- 
pendicular to the face FSE (?). In like manner we may show that SB is per- 
pendicular to DSE, and SC to DSF ; whence it follows from the preceding part 
of the demonstration, or directly from (429\ that angle ASB is the supple- 
ment of D-SE-F, BSC of E-SD-F, and ASC of D-SF-E. 

4S8a* SCH.— If any edge of S-EDF, as DS, is produced beyond S, another 
triedral is formed whidi has its edges perpendicular to the faces of S-ABC. 
Thus in all 4 triednds can be formed with their edges perpendicular to the faces 
of S-ABC ; but the proposition holds only for S-EDF. 



PROPOSITION Tm. 

439* Theorem, — The sum of the diedrals of a triedral may be 
€3iny thing between two and six right angles. 

Deic. — Each diedral being the supplement of a plane angle of the supple- 
Xnentary triedral, the sum of the three diedrals is 3 times 2 right angles, or 
Q right angles — the sum of tJie angles of tlie supplementary triedral. But this latter 
^um may be anything between and 4 right angles (?). Hence the sum of the 
diedrals may be anything between 2 and 6 right angles, q. e. d. 



PROPOSITION 

ddO. Theorem* — An isosceles triedral and its sym- 
metrical triedral are equal. 

Dem. — Let S-ABC be an isosceles tiiedral with tlie facial angle 
ASB = BSC ; then is it equal to its symmetrical triedral S-abc. 

For, reyolye S-abe about S until Sb falls in SB, and bring the 
plane Sba into the plane SBC ; then, since the diedrals C-SB-A and 
arSb^ are opposite, they are equal {425\* and the plane Sbe will 
fall in SBA. Moreover, Sa will fall in SC, since angle BSC = ASB ^ 
(by hypothesis) = bSa (vertical to ASB). In like manner Sc will 
fi^ in SA, and the triedrals will coincide, and are therefore equal. 

<^ B. D. SiG. 

441. ScH.— If angle ASB is not equal to BSC, it is easy to see that the ap 




* Shonid the papil haye dtfficnlty in perceiving thiB, let him notice that CSB and cSb urx 
parts of one and the Mme plane ; and ASB and aSd are parte of another. Now bB ie tbe inter. 
Motion of these planes, and the diedrals mentioned are on opposite sides of this line of inter 
lection. 
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PBOPOSinoir til 

4:02. Theorem. — One of two parallel lines is parallel to every 

plane containing the other, 

Dbh. — ^AB being parallel to CD is parallel to 





any plane MN containing CD. 

Since AB and CD are in the same plane (J)^ 
and as the intersection of their plane with MN is 
CD (?), if AB meets the plane MN, it must meet 
Fig. 961. it in CD, or CD produced. But this is impossi- 

ble (?). Whence AB is parallel to MN. q. s. d. 

403. Cor. l. Through any given line a plane may be parsed 
parallel to any other given line not in the plane of the frst. 

For, through any point of the line through which the plane is to pass, con- 
ceive a line parallel to the second given line. The plane of the two intersecting 
lines is parallel to the second given line (?). 

404. Cob. 2. — Through any point in space a plane may be passed 
parallel to any two lines in space. 

For, through the given point, conceive two lines parallel to the given lines ; 
then iskthe plane of these intersecting lines parallel to the two given lines (?). 



PROPOSITION Tim 

405. Theorem. — If one of two parallels is perpendicuiar to a 
planey the other is perpendicular also. 

Dsai.— Let AB be parallel to CD, and perpendicular to the plane MN ; then 
is CD perpendicular to MN. 

For drawing BD in the plane MN, it is perpendicular 
to AB (f), and consequently to CD (?). Through D draw 
EF in llie plane and perpendicular to BD, and Join D 
with any point in AB, as A ; then is EF perpendicular 
to AD (?). Now, EF being perpendicular to two lines, AD 
and BD of the plane ABDC, is perpendicular to the plane, 
and hence to any line of the plane passing through D, 
as CD. Therefore CD is perpendicular to BD and EF, 
Fie usst. and consequently to the plane MN (?). q. e. d. 

406. Cob. 1. — Ttoo lines which are perpendicular to the same 
plane are parallel. 

Thus, AB and CD being perpendicular to the plane MN, if AB is not parallel 
to CD, draw a line through B which shall be. By the proposition this line ia 
perpendicular to MN, and hence must comci^e 'wViXi KB V^98V 
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sides, the edges of one triedral may be produced, formiDg the symmetrical tri- 
edral, to which the other given triedral may be applied. [Let the student con- 
struct figures, and go through with the application.] 



FR0P08ITI0M Xn. 

447* Theorenim — Two triedrals which have two diedrah and 
&e included facial angle equal, are eqttaly or symmetrical and equivih 
lent. 

Dbm.— [Same as in the preceding. Let the student draw figures like those 
fox the preceding, and go Uirough with the details of the application.] 

448. OoR. — It will he observed that in equal or in symmetrical 
triedralsy the equal facial angles are opposite the equal diedraU. 



PROPOSITION XnL 

44:9 • Theorenim — Two triedrals which have two facial angles 
<if the one equal to two facial angles of the other, each to each, and tha 
-included diedrah unequal, have the third facial angles unequal, and 

^he greater facial angle belongs to the triedral having the greater in* 

eluded diedroL 

Dem.— Let ASC = (uCy and ASB = a«&, 
while the dledral C-SA-B > c-sorbx then CSB 

> esb. 
For, make the diedral C-SA-o = e-m-h : and 

taking kSo = o^, bisect the diedral e^-SA-B with 
the plane ISA. Draw o\ and <?C, and conceive 
the planes oS\ and oSC. Now, the triedral 
S-A^C = s-aJbCy since they have two facial angles 
i^d the included diedral equal (446), For a 
like reason S-Alo =r S-AIB, and the facial angle 
08I = ISB. Again, in the triedral S-loC, 0SI + 
•ISC > cSO {434), and substituting ISB for oS\, we have ISB + ISC (or BSC) > 
oSC, or its equal bse, q. b. d. 

4S0» Cor. — Conversely, If the 1 100 facial angles are equal, each to 
each, in the two triedrals, and the third facial angles unequal, the 
diedral opposite the greater facial angle is the greater. 

That is, if ASB = <ub, and ASC = aw, while BSC > bae, the diedral B-AS-C 

> 6-flw-c. For, if B-AS-C = b-as-e, BSC = buc (446), and if B-AS-C < b-a^-e, 
BSC < bse, by the proposition. Therefore^ as B-AS-C cannot be equal to nor 
less than b-cu-^, it must be greater. 




Fio. S88. 
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PBOPOSITIOlf XIY. 

451* Theorem. — Ttoo triedrdls which have the three faciei 
angles of the one equal to the three facial angles of the other^ each to 
each, are equal, or symmetrical and equivalent. 

Dem. — Let A, B, and C represent the facial angles of one, and a, by and e the 

corresponding facial angles of the other. If A = 
a, B =5, and C = <r, the triedrals are equal For A 
being equal to a, and B to by if, of their included die- 
drals, SM were greater than amy C would be greater 
than c ; and if diedral SM were less than diedral 
trtiy C would be less than e, by the last corollary. 
Hence, as diedral SM can neither be greater mon 
less than diedral «m, it must be equal to it For like 
reasons, diedral SN = diedral «n, and diedral SO 
=: diedral so. Therefore, the triedrals are equal, 
or symmetrical, according to the arrangement of the faces. Thus, if SN and m 
are both considered as lying on the same side of the planes MSO and m$o^ the 
triedrals are equal ; but, if one lies on one side and the other on the opposite 
nde of those planes (SN in front, and sn behind, for example), the diedrals are 
symmetrical, and hence equiyalenL 




PROPOSITION XT. 

452. Theorem. — Two triedrals which have the three diedrals 
of the one equal to the three diedrals of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dem.— In the two supplementary triedrals, the facial angles of the one will be 
equal to the facial angles of the other, each to each, since they are supplements 
of equal diedrals {438). Hence, the supplementary triedrals are equal or 
equivalent, by the last proposition. Now, the facial angles of the first triedrals 
are supplements of the diedrals of the supplementary ; whence the correspond-' 
ing facial angles, being the supplements of equal diedrals, are equal. Therefore, 
the proposed triedrals haye their facial augles equal, each to each, and are con- 
sequently equal, or symmetrical and equivalent <^. B. d. 

453. Cob. — All trirectangular triedrals are equal. 

454. ScH.— The proof that two forms are equal, includes the fact that cor- 
responding parts are equal. 
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muluftlly equilateral, and A, opposite ED, is equal to A', opposite E'O' equHt 
to EO. 

Again, the plane of the angle BAC, MN, is parallel to PO, the plane of B'A'C 
For, let a plane be passed through AC and revolved until it Is parallel to PQ. 
Ilmnst cut DD', which is parHllel to AA', and EE', so that DD' aliall equal AA' 
and EE' (f) ; hence it must pass through D. 

417' Cor. 1. — If two intersecting planes becut by parallel planes, 
the angles formed by the intersections are equal 

Thna, AB' and AE' being cut bjr the parallel planes MN and PQ, AD is parallel to 
A'D* (?), and lies in the same direction, and AE to AE'. Hence BAC= B'A'C (?). 

418. CoH. 2. — If the corresponding extremities of three equal 
parallel lines not in the same plane, be joined, the triangles formed 
are equal, and their planes parallel. 

Thus, if AA' = 00' = EE', the aides of the Uiangle AEO are equal to the 
lides of A'E'D', since the figures AO', DE', and EA' are parallelograms (f), and 
ihe corollary comes under the proposition (?). 



FBOFosrnoN xm. 

419. Theorem.— The corresponding seg- 
ments of lines cut by parallel planes are propor- 
tional. 

Dem. — Let AB, CD and EF becut by the parallel planes 
MN, PQ, RS, and TU ; then Ka : C«:: ab -.ef -.-.bB : fD, 
Hnd Aa : Et : : i£ : i% :: AB : JtF, and Zb -.Zi i: ^ : ik ■.: 
/D :tF. 

For, Join the extremities A and D, and E and D, and 
conceive the intersections of the plane of AB and AO 
with the parallel planes to be BO, bd, and ac These 
lines are parallel (?), and ^/l : Ae -. : i^ -. cd : : bB : dD (X). 
For a similar reason, Ca : Ac : : ef : ed :: JT> : dO (f). 
Whence, the consequents of the proportions being the 
rome, the antecedents give Aa : Ce : : ail : ff ; : iB : fD. 
In like manner we can show thatC«: Ei::^:ik -.-.fO: 
kF. [Let the student give the details.] From these 
proportions wo have Aa : £i t-.ai -. ik : : bO : kF (?). 
q. E.D. 
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1. Designate aoy three points in the room, a^ one corner of the 
desk, a point on the Btove, and some point in the ceiling, and show 
how you can conceive the plane of theae 'pom\a. 
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2. Show the position of two liies which will not meet, and yet are 
not parallel 

3. Conceiye two lines, one line in the ceiling and one in the floor, 
whioh shall not be parallel to each other. What is the shortest dis- 
tance between these lines ? 

4. The ceiling of my room is 10 feet above the floor. I have a 12 
foot pole, by the aid of which I wish to determine a point in the floor 
directly under a certain point in the ceiling. How can I do it ? 

8uo.— Consult Pbop. IV. 

5. Upon what principle in this section is it that a stool with three 
legs always stands firm on a level floor, when one with four may 
not? 

6. By the nse of two carpenter's squares yon can determine a per- 
pendicalar to a plane. How is it done ? 

7. If you wish to test the perpendicularity of a stud to a level floor, 
on how many sides of it is it necessary to measure the angle which it 
makes with the floor ? By applying the right angle of the carpen- 
ter's square on any two sides of the stud, to test the angle which it 
makes with the floor, can you determine whether it is perpendicular 
or not? 

8. We see in straight lines. If a line* be placed between our eye 
and a surface, it covers a certain space on the surface ; this figure or 
space is said to be the projection of the line on that surface. Upon 
what principles in this section is it that the projections of straight 
lines are straight ? Why is it that the projections of parallels which 
are parallel to the plane upon which we see them projected, are 
parallel, while parallel lines which are inclined to this plane are pro* 
jected in oblique lines ? 

9. If a line is drawn at an inclination of 23° to a plane, what is 
the greatest angle which any line of the plane, drawn through the 
point where the inclined line pierces the plane, makes with the line? 
Can you conceive a line of the plane which makes an angle of 50° 
with the inclined line? Of 80°? Of 15°? Of 170°? 

Hereafter^the sttident should make the synopses. 

' ^'^iioqaial eense, and refeiB to a material nptOMntattof 
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SECTION III 

OF PRISMS KSH CTLINDBIta 

4S7' A. Prtsm is a Bolid, two of whose faces are eqnal, parallel 
poljgonB, wMIe the other faces are parallelogram a. The equal par- 
cel poIjgonB are the Bases, and the parallelograms make up the 
Lateral or Convex Surface. Prisms are triangular, qaadrangnlar, 
pentagonal, etc., according to the nnmber of sides of the polygon 
forming a hase. 

dS8. A RigM IPriam, is a prism whose lateral edges are per- 
pendicuUr to its bases. An Oblique prism ia a prism whose late- 
rtl edges are obliqae to its bases. 

4S9, A Regular Primn is a right prism whose bases are 
^gular polygons; whence its &ces are equal rectangles. 

4:60. The Altitude of a prism is the perpendicular distance 
l>etweeu its bases : the altitude of a right prism is eqnal to any one 
of its lateral edges. 

461, A Truncated Priam is a portion of a prism cut off by 
s plane not parallel to its base. A section of a prism made by a plane 
}>erpeudicalar to its lateral 
^dges is called a Riffki Sect ion. 

Ill's. — In the flgare, (a) 
and ib) are both prlsinB: 
(a) is oblique and (ft) right. 
PO represents the allitade 
of (a); and anj edge of 
(6), M bB, ta Its aliltnde. 
ABCDEF, nad aba^, are 
lower and upper bases, 
respectively. Either por- 
tion of (f>) cut off by an 
oblique plane, us a'b'e'd^^, 
is a truncated prism. ^'- *"■ 

462. A ParaUelopiped is a prism whose bases are parallel- 
ograms : its feces, inclusive of the bases, are consequently all parallel- 
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ogratQB. If itt &C6a me all rectangular, it is a rectangular parallel- 



463. A Cube is a rectangular parallelopiped whoee bees are all 
equal squares. 



PBOFOSmON L 

464, TheoremT-ParalUl plane secHont 
of any prism are equal polygons. 

Dbu.— Let ABCDE and abede be parallel aectioni of 
the prism MN ; iben are they equal polygons. 

For, Ihe Interaections vitb the lateral faces, u oi 
and AB, etc., are parallel, since they are lutersectioiu 
of parallel planes by a third plane (410). MoreoTer, 
these intersectioDs arc equal, that U, <i6 = AB, be = BC, 
oi = CD, etc., since they are parallels included between 
parallels [24Z)- Again, the corresponding angles of 
these polygous are equal, that is, a = A, d = B, e = C, 
etc., since their siileH .are parallel and lie in the same 
direction (416). Therefore tbe polygons ABCDE, uid 
abed^,Me mutually equilateral uid equiangular; that 

Fi8. see. jg^ ^gy ^^ ^^^, ^^a 

46S. Cor, — Any plane section of a prism, parallel to its base, it 
equal to the base ; and all right sections are equal. 




FBOFOSinON n. 
466. Theorem. — Tf three faces including a triedral of one prism 

are equal respectively to three faces including a triedral of the other, 
and similarly placed, the prisms are equal. 

Dem.— Id tbe prisms Ad, and ft'dr, 
let ABCDE equal A'B'C'D'E', AB&a = 
\a' A'Sft-a', and BCeS=B'CV&'; then are 
the prisms equal. 

For, since Ihe facial angles of the 
triedrals 8 and B' are equal, the trie- 
drals are equal {4S1), and being ap- 
plied they will coindde. Now, con- 
ceiving A'(f as applied to AJ, with B' 
in B, since the bases are equal poly- 
gons, they will coincide throughout; 
and liie faces iB and a'B" will also 
coincide. Whence, as a'tf &])b in ai. 
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4:27» Cob* — Conversely, If one plane contain a line which is 
perpendicular to another plane, the diedral is right. 

Thas, if MO is perpendicular to the plane DB, C-AB«D is a right diedral. 
For MO is perpendicular to every line of DB passing through its foot (?) ; and 
hence is perpendicular to ON, drawn at right angles to AB. Whence C-AB-D is 
a right diedral, for it is measured by a right plane angle. 



FBOPOSinOIf IL 

428» Theorem. — If two planes are perpendicular to a third, 
their intersection is peipendicular to the third plane. 

Deh. — ^If CD and EF are perpendicular to the plane 
MN, then is AB perpendicular to MN. For, EF behig 
perpendicular to MN, D-FC-E is a right diedral, and a 
line in EF and perpendicular to FG at B is perpendicular 
to MN ; also a line in the plane CD, and perpendicular to 
DH at B, is perpendicular to MN (?). Hence, as thefd 
can be one and only one perpendicular to MN at B, and '^' 

as this perpendicular is in both planes, CD and EF, it is their intersection. 

Q. B. D. 



PROPOSITION m. 

429. ITiearetn. — If from any point perpendiculars be drawn 
to the faces of a diedral angle, their included angle will be the supple- 
ment of the angle which measures the diedral, or equal to it. 

Dem. — Let BD and AD be any two planes including the 
diedral A-SD-B, then will two lines drawn from any point, 
perpendicular to these planes, include an angle which is the ^^ 
supplement of the measure of the diedral, or equal tp it. 

If the point from which the lines are drawn is not in 
the edge SD, we may conceive two lines drawn through 
any point, as S, in this edge, which shall be parallel to the 
two proposed, and hence include an equal angle, and 
have their plane parallel to the plane of the proposed 
angle {416). Let the latter lines be SO and SP. We are 
to show that OSP is supplemental to the measure of A-SD-B. 
A plane passed through S, perpendicular to the edge SD, 
will contain the lines SO and SP (388) ; and its intersec- 
tions with the faces, as SB and SA, will form an angle 
(ASB) which is the measure of the diedral (423). Now, 
PSA = ti right angle (?), and OSB = a right angle (?). Hence, 
PSA + OSB = 2 right angles. But PSA = ASO + OSP, 
and OSB = BSP + OSP. Addhig these, and noticing that BSP + OSP + ASO 
= ASB, we have PSA + OSB = ASB + OSP = 2 rigJU angles ; u €., OSP ia 
the supplewent of ASB. Ag&in, P'SO=ASB (% q.. -ft. T>. 




Fig. 274. 
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PKOPOSITIOH T. 



Atl> S^eorem^ — The diagonals of a paraJUloptped bimct each 
other. 

Dem. — Paw B plane through two oppodte edges, 
aa ftB and dD. Since the buee are panllel, U tad 
BO will be paraUel (*10\ and iBOd will he a pual- 
lelogram. Hence, hD and dO are bbeckid at o (T). 
Fur a like rcMoD, passing a plane thronghdettnd AB, 
we may show tbat dB and eA bisect each other, and 
hence that ek passes through the commtHi centre of 
dB and hO. 80 also aC is bisected by 6D, as appeals 
from passing a plane through ab and DC. HeuGC, all 
the diagonals are bisected at «. Q. K. D. 



\ 




472. CoE. — The diagonals 0/ a rectangular par^ielepipid are equal 



PB0P08ITI0H TL 

473. Theorem,— A parallslopiped is divided into two tqwiva- — ^ 
lent triangular prisms by a plane passing through its diagonally ^^^ 
opposite edges. 

^ Dbh.— Let H-ABCD be a panllek^ped, illi lilmirp ■iil 
through Its diagonally opposite edges FA and HCp -^i 
tben are the triangular priams H-ABC, and L-ADC^^^C 
equivalent. 

For Uiis paralleliiplped Is equlTalent to a rlgh*-.^:H 

parallelopiped liaving a right section Med for lis base.^^*^ 

and AF for Its edge (rf«0), i. »., H-ABCD is equiva— «»>■ 

lent to h-Med. For the siime reason the obliqu^^-^^'* 

triangular prism H-ABC is equivalent to the rlghK«=^' 

triangular prism h-Abe; and L-ADC is equivalen*- «:^t 

' '^ to l-Me. But h-Abe Is equal to h-Ade, as thef^^^y 

P^ j^ uc r^ght prisms with equal bases {40T) and « com- ■^=*' ' 

tnon altitude. Hence, H-ABC is equivalent to L-ADC "^ -^ 

* they are equivalent to two eqna) prisms, q. k, d. 




PROPOSITION TtL 

474, !I%eorem. — Any parallelopiped is equivalent tear 
ffular parallelopiped having an equivalent base and the same altitude.— 
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Dbl— Let H-ABCD be u; panllelopiped 
with all ila faces obliqne. let By making the 
tight BectloD adHe, and completing the paral- 
lelopiped odHtbeQf, we have an equivalent right 
{MMlteloplped (^60). Sd. Throagh the edge 
^ of tblM right parallelepiped make the right 
RCtloQ ea'b'f and complete the parsllelopiped 
«a'&/H(r«'C, and we have a rectaogular paral- 
Mc^ped equiviilent to the one previously 
ibrmed (469), and hence equivalent to the ' 
glvm one. Now, the base of ttii* lecUngular ^g ^g^ 

paralleloplped, *; t,, a'tftd, is equal to lAcd (T), 

which in turn b equivalent to ABCO (?). Itoreover, the altitude of the 
K<:itaDgular panUeloptped la the same as that of the given one, since their 
baaes lie in the lame paralle] planes Ac' and EC. Therefore, the parallelopiped 
H-ABCD is equivalent to the rectangular paralleloidped H-a'^o'tf, which 
has an equivalent base and the same amtude. 4. x. D. 




FBOFosrnon Tm. 

4:7S^ Theoretn. — Tke area of the iaterai surface of a rigi 
jtrism is equai to tke product of its altitude into the perimeter c 
■its base. 



Dbh.— The lateral fhcea are all rectangles, having for their common alti- 



e Ihe altitude of the prism <460). 
product ofthe altitude Into the side of the base which 
forniB its base; and the saro of the areuof Ihe (kces 
to the common altitude Into die sum of the bases of 
the &cea, that Is, Into the perimeter of the base of 
Ibe prism, q. r. d. 



476. A Ci/Undrtettl Surface is a snr- 
face traced by a straight line moving bo as t« 
remait) constantly parallel to its first position, 
while any point in it traces some cnrre. The 
moving line is called the Oensratrix, and the 
curve traced by a point of the line is the 
I>ir»drix. 



of any fkce is the 




III.— Buppose a Une to start from the podtlon AB, ano movp VowHrds K in 
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mich a maimer as to remain all the time parallel to Its first poaitkiii AB, 

wbile A traces the curve A1234S6 M. The iurtace thns traced ia aC^'» 

Orieal Sar/aee; AS Is thu Oeneratrix, and the curre ANM the Direetrife. 

4:77, A Circular Cylinder, called also a Cylinder of Eevoiu- 
tion, ia a solid generated by the revolution of a rectangle around one 
of its sides as an axia. 

III.— Let COAB be a rectangle, and conceive it m- 
Tolved about CO &b an azU, taking aticceasiTelj the 
poaittona COA'B', COA"B", etc ; the aolld generated ia a 
dreular Oj/Under, or a t^llnder of revolatitMi. The re- 
volving side AB is the generatrix of the surface, and 
the circumference OA (or CB) is the directiiz. This b 
the only cf Under treated in Elementary Geometry, and 
ia usually meant when the word OyliTtdtria used withont 
spedffing the kind of cylinder. * 

478, The Axis of the cylinder is the fixed 

Bideof the rectangle. The side of the rectangle 

opposite the axis generates the Convex Surface; 

wUle the other sides of the rectangle, as OA and 

""' ""' CB, generate the Bases, which in the cylinder of 

revolution are circles. Any line of the enrfece corresponding to 

some position of the generatrix is called an Element of the 8Uiflu». 



479, A Might Cylinder is otie whose elements are perpen- 
dicnlar to its base. In such a cylinder any element is equal to the < 
axis. A Cylinder of Revolution (477) is right 

480, A prism is said to be iuscribed in a cylinder, when the bases 
of the prism are inscribed in the bases of the cylinder, and the edgea 
of the prism coincide with elements of the cylinder. 



PBOPOSmOM DC 

481, Theorem, — The area of the convex surface of a eylindm 

of revolution is equal to the product of its axis into the circumfer- 
ence of its iase, i. e., 2n-RH, H being the axis and S the radius oj 
the base. 
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D&u.— Let a rigfat prism, with any regular polygon for 

Its baae, be inscribed in the cylinder, as k-abe(l^, in the 

cylinder wlioee axis Is HO. The area of the lateral aurfoce 

of the prism is HO (= hb) into the perimeter of ila base, 

<.«., HO X (oi + &! + «I + ito + 5f + /o}. Now, bisect the 

arcs ab, be, etc., and inecritie & regular polygon of lirice the 

ntimb«r of sides of tbe preceding, and on this polygon aa 

a base construct the right inscribed prism with double the 

number of &ceB that the first had. The area of the iateral 

surface of this prism is HO x the perimeUr of tit bate. In 

like manner conceive the operation of inacrlbing right 

prisms with regular polygonal basea continually repeated ; 

it will altoag* be true that the area of the lateral surface 

b equal to HO X the perimeter of the bate. But the oircum- Fio. MS. 

ference of the base of the cylinder is the limit toward 
Which the perimeters of the inscribed polygons forming the bases of the prisma 
constantly approach, and the couveK surface of the cylinder is the limit of the 
lateral aurface of the inscribed prism. Therefore, the area of the convex stir- 
G»ce of the cylinder is HO into the circumference of the base. Finally, if R is 
the radius of the base, 2*11 is its circumference. This multiplied by H the 
fhltitade, i. t., H x ix^ or airBH, Is the area of the convex surfiice of the 
<^linder. 
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483' Theorem, — The volume of a rectangular parallelopipeA 
is equal to the product of the three edges of one of its (riedrals. 

Dkm.— Let H-CBFE be arectangular paral- 
lelepiped. IsL Sappose the edges commen- 
surable, and let BC be 5 units In length, BA 
4, and BF 7. Now conceive a cube, aa d-fbBg_ 
whose edge la one of these linear units. This 
cube may be used as the unit of volume. Con- 
ceive the parallelopiped Q-caBb, whose length 
is 7, and whose edges ea and ^ are 1 (the 
linear unit of measure assumed). This paral- 
lelopiped will contain as many of the units 
of volume as there are linear units in BF; j^ jg, 

we suppose 7. Again, conceive the paral- 
lelopiped whose base Is ECBF and altiiude PE, one of the linear units. This 
parallelopiped will contain aa many of the former as there are linear units in 
BCi we suppose 5. Hence this last volume is 5 x 7 = 86. Finally, there will 
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be as many times this number of units of volume in the whole paralldopiped 
as AB contains linear units, or 4 x 85 = 140. Hence, when the edges are 
commensurable, the volume is the product of the three edges including a 
triedral. 

2nd. When the edges are not commensurable, we reach the same conclusion 
by taking successively a smaller and smaller linear unit Thus, for a first 
approximation take some aliquot part of one edge, as ^^o of FB. Now, by hjrpo- 
thesis this is not contained an exact number of times in BC, nor in BA. But 
conceive it as applied to BC as many times as it can be ; the remainder will be 
less than -^ FB. In like manner conceive it applied to AB. The volume of the 
parallelopiped included by these edges will be measured by the product of the 
edges. Now conceive the linear unit smaller. The nnmeasured portion will 
be less. Thus, by supposing the linear unit to diminish indefinitely, we see that 
it will eUways remain true that the measure is the product of the three edges 
forming a triedral 

483* Cor. 1. — The volume of a cube is the third power of its 
edye^ 

484* ScH. — This fact gives rise to the term eube^ as used in arithmetic and 
algebra, for *' third power." 

48S, Cor. 2. — The volume of a rectangular parallelepiped is 
equal to the product of its altitude i^ito the area of its base, the linear 
unit beiJig the same for the m^easure of all the edges. 

486* Cor. 3. — 7%e volume of any parallelopiped is eqtuil to the « 
product of its altitude and the area of its base. 

For any parallelopiped is equivalent to a rectangular parallelopiped having -^^jtng 
an equivalent base and the same altitude (474). 

487. Cor. 4. — Parallelepipeds of the same (yr equivalent beisea are ^'^'ve 
to each other as their altitudes^ and those of the same altitudes are to ^^^^o 
each other as their bases. And, in general^ paraUelqpipeds are to ^^^^o 
each other as the products of their bases and altitudes. 



PROPOSITION XL 

488. Theorem.— The volume of any prism U equal to the pro* 

duct of its altitude into its base* 



^ 
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Dn.— 1st LetE-ABDbestriMgularptiBm. Cam- 
plele the porallelopiped E-ABCD. Then is E-ABD = 
i E-ASCD {473). But the volume nf E-ABCO is 
e<|iiBl tn ita altitnde Into its base; hence the volume 
of E-ABO is equnl to its altitude into i ABCD, or 
ABD. 

2d. Anj prism may be divided into partial, tri- 
ouigtilar prisma, by paaaing planes through one edge 
^nd all the other non-adjacent edges, as in the figure. 
Tjet H be the altitude of the whole priam, then is it 
altto thecommonaltitndeof the psriial prisms. Now, 
■the rolume of each triangular prism is H into its 
Ijaao; hence, the sum of the volumes Is H Into the 
sum of the bases, le., H into the base of the whole 

489, Cob. 1. — The volums of a right pri»m 
is eqUal. to the product of its edge into its 
base. 

490. CoH. 2. — Prisma of the same altitude 
are to each other as their bases ; and prisms 
of the same or equivalent bases are to each 
other as their altitudes; and, in general, 
prisms are to each other as the products of 
their bases and altitudes. 




PROPOSITION xn. 

491, Theorem. — Tfie volume of a cylinder of revolution is 
equal to the product of its base and altitude, i e., nrR'H, H being the 
altitude and B the radius of the base. 

Deu. — Inscribe any regular right pi'ism in the cylinder, 
as in (481). The volume of this pi'lsm is equal to tlie 
product of its base and altitude; and this continues to be ' 
the fitct HB the number of aides of the polygon forming thu 
base ia sttccessively doubled, and the prism approaches 
equally with the cylinder. Hence, as the volume of the 
prism is aheayt equal to the product of its base and alti- 
tude, and as the alUtude of the piism remains equal to the 
tlUtnde of the cylinder, this fiict Is true when the number 
oTthesidesof the bam of the prism is ti^ni'fef^ multiplied; , 
whence the volume of the cylinder is equal to the product 
of ita b^o and altitude. Now, K being the radius of the 
ban, the area of the base is slf (f) : hence, the volume of 
the cylinder Is equal to sR'H. 
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PSOPOSITIOir XIY. 

dSl. Theorem. — Two triedrals which have the three facial 
angles of the one equal to the three facial angles of the other ^ each to 
each, are equal, or symmetrical and equivalent. 

Dem.— Let A, B, and C represent the facial angles of one, and a, 6, and e the 

corresponding facial angles of the other. If A = 
a, B =5, and C = ^ , the triedrals are equaL For A 
being equal to a, and B to 6, if, of their included die- 
drals, SM were greater than sm^ C would be greater 
than e ; and if diedral SM were less than diedral 
9m, C would be less than e^ by the last corollary. 
Hence, as diedral SM can neitlier be greater nor 
less than diedral «m, it must be equal to it For like 
reasons, diedral SN = diedral sn, and diedral SO 
= diedral so. Therefore, the triedrals are equal, 
or sjrmmetrical, according to the arrangement of the faces. Thus, if SN and tn 
are both considered as lying on the same side of the planes MSO and mso, tho 
triedrals are equal ; but, if one lies on one side and the other on the opposite 
side of those planes (SN in front, and an behind, for example), the diedrals are 
symmetrical, and hence equivalent 




PROPOSITION XT. 

452. Theorem. — Two triedrals which have the three diedrals 
of the one equal to the three diedrals of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dem.— In the two supplementary triedrals, the facial angles of the one will be 
equal to the facial angles of tlie other, each to each, since they are supplements 
of equal diedrals {438). Hence, the supplementary triedrals are equal or 
equivalent, by the last proposition. Now, the facial angles of the first triedrals 
are supplements of the diedrals of the supplementary ; whence the correspond-' 
ing facial angles, being the supplements of equal diedrals, are equal. Therefore, 
the proposed triedrals have their facial angles equal, each to each, and are con- 
sequently equal, or symmetrical and equivalent q. B. D. 

453. Cor. — All trirectangular triedrals are equai, 

464» ScH. — The proof that two forms are equal, includes the fact that cor- 
responding parts are equal. 
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OF POLTEDRALS. 

^^5. A Convex Folyedral is a polyedral in which none of 
tlio faces, when produced, can enter the solid angle. A section of 
8u.ch a polyedral made by a plane cutting all its edges is a conyez 
polygon. [See Fig. 285.J 



PROPOSITION XTL 

4560 Theorem^ — The sum of the facial angles of any convex 
poZgedral is less than four right angles, 

X)ejc. — Let S be the vertex of any conyex polyedral. Let the edges of this 

polyedral be cut by any plane, as ABODE, which section 

Will be a convex polygon, since the polyedral is convex. 

^rom any point within this polygon, as 0. draw lines to 

its vertices, as OA, OB, DC, etc. There will thus be formed 

two 6et8 of triangles, one with their vertices at S, and 

the other with their vertices at ; and there will be an 

equal number in each set, for the sides of the polygon 

form the bases of both sets. Now, the sum of the angles 

of these two sets of triangles is equal. But the sum of 

the angles at the bases of the triangles having their ver- 
tices at S is greater than the sum of the angles at the 

bases of the triangles having their vertices at 0, since 

SBA + SBC > ABC, SCB + SCD > BCD, etc. (434). 

Therefore the sum of the angles at S is less than the sum of the angles at O, 

t. e., less than 4 right angles. <^ bl d. 
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EXERCISES. 

1. I have an iron block whose corners 
are all square (edges right diedrals, and 
the vertices trirectangular, or right, trie- 
drals). If I bend a wire square around 
one of its edges, as cS'd, at what angle do 
I bend the wire ? If I bend a wire ob- 
liquely around the edge, as asb, at what 
angle can I bend it ? If I bend it ob- 
liquely, as eS"f at what angle can I bend 
it? 
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PROPOSITION XYL 

499. Theorem. — The volumes of similar cylinders of revohh 
Hon are to each other as the cubes of their altitudes, or as the cuiu 
of the radii of their bases, 

Dbm. — UsiDg the same notation as in the last demonstration, the student 
should be able to give the reasons for the following steps. 

R : r : : H : A (?), whence jtR* :ier» :: W : k* (?). Multiplying the lael 
proportion by H : A : : H : A, we have jrR'H : ler^h : : H* : h*, or as R* : r*, 
Bince H* : A* : : R* : r» (?). Now, irR'H and ler^h are the volumes of tMe 
cylinders (?) ; hence the volumes ai-e to each other as the cubes of the altitudes, 
or as the cubes of the radii of the bases, q. e. d. 

ScH. — It is a general truth, that the surfaces of sunilar solids, ofanyform^ are 
to each other as the squares of homologous lines; and their volumes are as the 
cubes of such lines. 



EXERCISES. 

1. A farmer has two grain bins which are parallelopipeds. The 
front of one bin is a rectangle 6 feet long by 4 high, and the front 
of the other a rectangle 8 feet long by 4 high. They are built 
between parallel walls 5 feet apart The bottom and ends of the 
first, he says, are " square " (he means, it is a rectangular parallele- 
piped), while the bottom and ends of the other slope, i. e., are oblique 
to the front. What are the relative capacities of the bins ? 

2. How many square feet of boards in the walls and bottom of the 
first bin mentioned in Bx, 1? 

3. An average sized honey bee's cell is a right hexagonal prism, 
.8 of an inch long, with faces ^ of an inch wide. The width of the 
face is always the same> but the length of the cell varies according 
to the space the bee has to fill. Are honey bee's cells similar ? Is a 
honey bee's cell of the dimensions given above, similar to a wasp's 
cell which is 1.6 inches long, and whose face is .3 of an inch wide ? 
How much more honey will the wasp's cell hold than the honey 
bee's ? 

4. How many square inches of sheet-iron does it take to make a 
joint of 7-inch stovepipe 2 feet 4 inches long, allowing an inch and 
a half for making the seam ? 

6. A certain water-pipe is 3 inches in diameter. How much water 
is discharged through it in 24 hours, if the current flows 3 feet per 
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SECTION III. 

OF PRISMS AND CTUNDERa 

4SV, A Priam is a solid, two of whose foces we equal, parallel 
polygons, while the other faces are parallelogTaniB. The equal par- 
tBe\ polygons are the Bases, and the parallelograms make up the 
Lateral or Convex Surface, Prisms are triangular, quadrangular, 
pentagonal, etc., according to the unmber of sides of the polygon 
forming a base. 

4S8' A Right Priam is a prism whose lateral edges are per- 
pendioular to its bases. An Obligue prism is a prism whose late- 
ral edges are oblique to its bases. 

4S9t A MegtUar Priam is a right prism whose bases are 
regular polygons ; whence its faces are equal rectangles. 

400. The Altitude of a prism is the perpendicular distance 
between its bases : the altitude of a right prism is equal to any one 
of its lateral edges. 

461. A Truncated Priam is a portion of a prism cut off by 
a plane not parallel to its base. A section of a priam made by a plane 
perpendicular to its lateral 
edges is called a Biffht Section. 

Ili.*b.— Id the figure, (a) 
and (6) are both prisms : 
(a) Is oblique and (6) right 
PO repreaenta the altitude 
of (m); and any edge of 
IP\ BS bB, Is its altitude. 
ABCDEF, and oied^, are 
lower and upper bases, 
respectively. Either por- 
tion of fjb) cnt off by bq 
oblique plane, us a'Vtide', 
is a UuQCaUd prism. ^"' *"■ 

462. A ParaHelopiped is a prism whose bases are parallel- 
ograms : its foces, inclusive of the bases, are coTiaec^x^^'Ot.'j ^ ^\%&>^- 
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ograms. If its faces are all rectangular, it is a rectangular parallei- 
opiped. 

463. A Cube is a rectangalar parallelepiped wbose faces are all 
equal squares. 

PBOPOSinON I. 

4^4, Theorem. — Parallel plane sectiotu 
of any prism are equal polygons. 

Dem.— Let ASCDE and oSofe be p&rellel sectioos of 
tLe priBtn MN ; iteo are they equal polygons. 

For, tbe iDtereeciioiiB with the lateral faces, as ab 
and AB, etc., are parallel, nince they are isterEectlona 
of parallel pUoes by a third plane (410). Moreover, 
these Intersections are equal, Ibat i»,ab = AB, be = 8C, 
ed = CD, etc., BiDce they are parallels included between 
parallels (242). Again, the correBpoading angles of 
these polygons are equal, that ia, a ~ A, b = B, e = C, 
etc., since their sides are parallel and lie In the same 
direction (416). Therefore the polygons ABODE, and 
aiede, are mutually equilateral and equlangularj that 
""" ^'' Is, they are equal, q. e. d. 

463. Cor. — Any plane section of a prism, parallel to its base, is 
tqual to the base; and all right sections are equaL 




PBOPOsmo!) n. 

466> ITieoretn. — If three faces including a triedral of one prism 
are equal respectively to three faces including a triedral of the other, 
and similarly placed, the prisms are equal. 

Dkm.— In Uie prisms M, and AW, 
let ABODE equal A'B'C'D'E', ABba = 
]a.' A'B'iV, and BC(* = BXV6'; then are 
the prisms equal. 

For, since the facial angles of th« 
trledrals B and B' ara equal, the trie- 
drals are equal (401), and being ap- 
plied they will coindde. Nov, con- 
ceiving A'lf as applied to Ad, vith B' 
in B, since the bases are equal poly- 
gons, they will coincide throngbont; 
and tlie faces iB and a'B' will also 
ooincide. Whence, as a'6' &]ls in ab. 
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tmd ^ii' in be, the upper bases, wblch are eqn&I becanu eqtul to the equal lower 
bsws, will coincide. Tlierefure the remainiDg edges will have two points com- 
mcm in each, and will consequently coindde. 

4fi7. Cor. 1. — Two right prisms having equal doses and equal 
aUUudes are equal. 

If the fbces are not similarly arranged, one prism can be inverted. 

4:S8. Gob. 3. — The above proposition and demonstration applj 
tqualty well to truncated prisms. 



PB0P08ITI0K m. 

469, Theorem, — Any oblique prism is 
equivalent to a right prism, whose bases are right 
lections of the oblique prism, and whose edge is 
tqual to the edge of the oblique prism. 

DxK. — Let LB be an oblique prism, of which abede and 
/irAfl are right aections, and ^ = CB ; then is it equlva- 
lent to LB. For ibe truncated priems IC and cB have the 
fices including any triedral, as C and B, equal and simi- 
larly placed (?), whence these prisms are equal (466). 
Kow, ftova the whole figure, take away prism IC, and 
thereremftins the oblique prism LB ; also, from the whole 
like away the prism «B, and there remains the right 
[ttistn Bi. Therefore, the right prism lb Is equivalent to 
the oblique prism LB. 4. £. D. 




PBOPOSmOlf IT. 

470, Theorem.— The opposite faces of a 
equal and parallel 

DzM. — Let A0 be a parallel op Iped, AC and at being 
lis equal bases (.46:9) ; then are its opposite faces equal 
Ukd panlleL 

Since the bases are parallelograms, AB is equal and 
parallel to DC; and, since the faces are parallelograms, 
oA is equal and parallel to ^D. Hence angle aAB = 
ifDC, and their planes are parallel, since their sides are 
pat&llel and extend to tlie same directions. Therefore 
aB and dC are equal (301) and parallel parallelograms, 
la like manner it may be shown that aD is equal and 
parallel to »C. 
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FB0P08ITI0N T. 

4:111. 3%eor^n,— The diagonais 0/ a parailelqpiped bisect etuA 
ofher. 

Dbil — Pass K pluie thiough two oppoaita edges, 
u AB and dD. Since the baaes are parallel, M tod 
BD will be parallel (.4X0), and ABDd »lll be a paral- 
lelogram. Hence, 6D and dB are bisected at » (?). 
Fur a like reason, passing a plane througb de and AB. 
we may show that (IB and eA bisect each other, and 
hence that eA passes through the common centre of 
dB and AD. So also aC ia bisecled by 60, as appeara 
fivm passing a plane through ab and DC. Hence, all 
the diagonals are bisected at •■ 4. k. d. 

47;9< Cob. — The dit^onals of a rectangular jutraiieiqpiped are eqiuU. 
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473, Theorem. — A parallelopiped it divided into two eqitiwp- 
lent (riangular prisma by a plane passing through its diagonally 
opposite edges. 

Deh.— Let H-ABCO be a paralMoptped, divided 
tbrongh Its diagonally opposite edges FA and HC| 
then are the triangular prisms H-ABC, and L-ADC 
equivalenL 

For tills parallelopiped is eqalvalent to a right 
paraileloplpcd liaTing a right section AJod for its base, 
and AF for Its edge (tf«0), t. s., H-ABCD is equiva- 
lent to h-Mod. For the siime reason the oblique 
triangular prism H-ABC is equivalent to the right 
tiiangaiar prism h-hho; and L-ADC Is equivalent 
"b to l-Mc. But h-Nie is equal to A-Ade, as they 

Pts. m ""* '^S'" prisms with equal bases (4690 *nd » com- 

mon altitude. Hence, H-ABC is equivalent tn L*ADC, 
M they an equivalent to two equal priamB. q e, d. 




PBOPOSinOS TIL 
474. Theorem. — Any parallehpiped is equivalent to a rectaa- 
^ular parallelopiped havit^ an equivalent base and the tame altitude- 



Dbl— Let H-ABCD be tmj paralleloidped 
wllh all it! f«cea obllqne. U\. B; mskiDg the 
rigbt aeetlDD adH«, uid oomplellag the p&nJ- 
leloptped adHtbcXif, we have an equlvaleDt right 
panlteloptped {469). Sd. Throngfa the edge 
^ ot thb tight panlleloplped mtbe (he right 
•ectton ea'b'f and complete the paralleloplped 
m'^/HWd'C, and we have a reciangiilar paral- 
Moiriped equivalent to the one preriouslf 
Ibnned (469), and bence equivalent to the ' 
gim one. Now, the baae of this reclangnlar 
parallclopiped, L «., a'D'ef^, it equal to tOed (?), 
which In torn li equiratent to ABCD (?). Moreover, the altitude of the 
rectaagnlar panUeloptped ii Ihe same as that of the given ono, since their 
bawes He in the aame parallel planes fuf and EC. Therefore, the paralleloplped 
H-ABCO is equivalent to the rectangular para11eIo|dped H-o'i'e'd', which 
haaui eqolv&le&t base and (be Mine altitude. 4. B. D. 
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FBOFOSinoiI Tm. 

47s. Theoretn* — The area of the lateral surface of a righl 
pram is equal to tJte product of its altitude into the perimeter of 
its base. 

DSK.— The lateral hces are all rectangles, having for their common alti- 
Me the altttade of the pHsra (460). Whence the area of any face la the 
product of the altitude into the aide of the base which 
tuins its base ; and the snm of the areaa of the fhces 
b the oommcHi altitude Into the sum of the bases of 
the Gtcee, that Is, Into the perimeter of (he base of 
Ihe prism. ^ k d. 



476, A Cylindrical Sarfauie is a snr- 
Xaoe traced by a straight line moving bo as to 
>%inain coDstantlj parallel to its first position, 
"while any point in it traces flome cnrro. The 
moving line ia called the Oenerairix, and the 
vTirve traced by a point of the line is the 
JHredriz. 

Iij,_8nppose a line to start from the posllAoa W, uii^ 
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Sit* Cor. 2. — The area of the convex surface of the frustum of a 
cone is equal to the product of its slant height into half the sum of 
the circumferences of its bases; i. e., ;r (R 4- r) H', B and r being 
the radii of its bases, and H' its slant height. 



Fi-om the corresponding property of the frustum of a pyramid, the student 
will be able to deduce the fact that i (2;rR + 2icr) H', or * (R + r) H', is the 
area of this surface. 

S18. Cor. 3. — The area of the convex surface of the frustum of a 
cone is equal to the product of its slant height into the circumference 
of the circle midway between the bases. 

The radius of the circle midway between the bases is i (r + B), whence its 
cutjumference is n{r + R). Now^ (r + R) x H' is the area of the conye: 
surface of the Hustum^ by the preceding corollary. 




PROPOSITION y. 



S19. Theorem. — Two pyramids having equivalent bases anc^ 
the same altitudes are equivalent, i. e., equal in volume, 

Dem.— Let S-ABCD and S'-A'BX'D'E' be two pyramids haymg the 8am» 

altitudes, and base A BCD equivalen 
to base A'BX'D'E', i. e., equal in area 
then is pyramid S-ABCD equivalen 
to S'-A'B'C'D'E', t. «., equal in volume 

For, conceive the bases to be in th^ 
same plane, and a plane to start fronr^^"^ *™ 
coincidence with the plane of th^-^^^ 
bases, and move toward the vertices-^^*"^*' 
remaining all the time parallel to thc^ -^^ 
bases. At every stage of its progress - 
the sections are equivalent, and as th( 
plane reaches both verticeB at th< 
same time, by reason of the common altitude, it is evident that the volumes ar^^ 
equal. 

Or, if desired, we may consider the two pyramids as divided into an equal, 
number of infinitely thin lamincB parallel to the bases. Each lamina in one l;aB 
its correspouding equivalent lamina in the other ; hence the sum of all the 
lamincB in one equals the sum of all the lamina in the other ; ». 0., the pyramids 
are equivalent. 
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Dbk.— Let a right prism, with any regular polygon for 
its base, be inscribed Id the cylmder, as k-abe^f, in the 
cylinder vhoee axis is HO. The area uf the lateral aar&ce 
of the prism Is HO {~ hb) into the perimeter of its base, 
%.»., HO X {06 + *c + oi + rf« + rf +fa). Now, bisect the 
arcs ab, be, etc., and Inscribe a regular polygon of twice the 
ntunber of sides of the preceding, and on this polygon as 
a base construct the right inscriljed prism with double the 
ntunber of faces that the first had. The area of the lateral 
Burfoce of this prism is HO x lAt perimeUr of it* bate. In 
like manner conceive the operation of inscribing right 
prisms with regular polygonal bases continually repeated; 
it will atwe^t be tme that the area of the lateral surfkce 
iiequal to HO x Vie perimeter of the bate. Bui the circum- Fib. 9se. 

ference of (he base of the cylinder is the limit toward 
which the perimeters of the inscribed polygons forming the bases of the prisms 
constantly approach, and the convez surfoce of the cylinder Is Hie limit of the 
lileral aurfuce of the inscribed prism. Therefore, the area of the convex snr- 
hce of the cylinder is HO into the circumference of the baae. Finally, if R b 
the radius of the base, 2i[H is its circumference. This multiplied by H the 
altitude, I. «., H x 2xR, or a«RH, Is the area of the convex tarfoce of the 
cylinder. 




PBOPOSinOH X. 



482. Theorem, — The volume of a rectangular paraHeloptped 
U equal to the product of the three edges of one of its triedrala. 



Dmt— Let H-CBFE be a rectangular paral- 
lelepiped. Ist. Suppose the edges commen- 
surable, and let BC be S units in ieegth, BA 
4, and BF 7 Now conceive a cube, as d-fbBg_ 
vibote edge is one of these linear units. Tiiis 
Oube may be used as the unit of Tolume. Con- 
<2cive the parallelopiped O-eaBb, whose length 
is 7, and whose edges ea and cb are 1 (the 
linear unit of measure assumed). This parol- 
Jelopiped will contain as many of the units 
*if volume as there are linear unils in BF: 
'^e suppose 7. Again, conceive the paral- 
l«1opiped whose base Ib ECBF and aitilude PE, one of the li 




Fis. sse. 



This 



Tiarallelopiped will contain as many of the former as there arc linear unite in 

BC; wesupposeS. Hence this last volume is S x 7 = 36. Finally, (JliCTa-^ix^ 

13 
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PROPOSITION TIL 

S23. Theorem. — T/ie volume of the frustum of a triangular 
pyramid is equal to the volume of three pyramids of the same 
altitude as the frustum^ and whose hoses are the upper base, the lotoer 
base, and a mean proportional between the two bases of the frusturtu 

Deic. — Let ode-ABC be the frnstam of a triangu- 
lar pyramid. Through db and C pass a plane cuttinj 
off the pyramid C-abc. This has for its base the 
upper base of tlie frustum, and for its altitude th( 
altitude of the frustum. Again, draw Ad, and 
a plane through kh and dC, cutting off the pyramiS^ad 
6-ABC, which has the same altitude as the ihistum 
and for its base the lower base of the frustui 
Tliere now remains a third pyramid, h-kCa^ to be e^ 
amined. Through h draw dD parallel to aA, an^ _d 
draw DC and aD. The pyramid D-ACa is equiv^^^. 
FiQ. 312 lent to d-ACa, since it has the same base and tl^K=zie 

same altitude. But the former may be considered ^^Kas 
having ADC for its base, and the altitude of the frustum for its altitude, i ^^m^,^ 
as pyramid a-ADC. We are now to show that ADC is a mean proportioiL^.^ial 
between aJbc and ABC. 

ABC : ode : : TkB* : a? : : A§* : AD* (?). 
Also, ABC : ADC :: AB : AD (?); 

whence aIc" : ADC' : : AB' : AD' (?). 

By equality of ratios, ABC \ aJbc w ABC* : ADC*; 

whence ADC' = ode x ABC, i, e., ADC is a mean proportional between t^^ttie 
upper and lower bases of the frustum. 
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524. Cor. — The volume of the frustum of any pyramid 
equal to the volume of three pyramids having the same altitude 
the frustum^ and for bases, the upper base, the lower base, and 
mean proportional between the bases of the frustum. 

For, the frustum of any pyramid is equivalent to the corresponding frusti^^::^-^"''^ 
of a triangular pyramid of the same altitude and an equivalent base (?) ; 
the bases of the frustum of the triangular pyramid being both equivalent 
the corresponding bases of the given frustum, a mean proportional 
the triangular bases is a mean proportional between their equivalents. 
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PROPOSITION Tin. 

32S. Theorem. — The volume of a cone of revolution is equal 
one-third the product of its base and altitude ; i. e., •i;rR*H, E heir 
the radius of the base and H the altitude. 
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Dbk. — This follows from the yolume of a pyramid, by a course of reasoning 
precisely the same as in {515), The volume of a pyramid being equal to one- 
third the product of the base and altitude, and the cone being the limit of 
Hie pyramid, the volume of the cone is one-third the product of its base and 
altitude. Now, R being the radius of the base of a cone of revolution, the 
l>ase (area of) is ;rR', whence i;rR'H is the volume, H being the altitude. 

526. Cor. L — The volume of any cone is equal to one-third the 
product of its base and altitude. 

527. Cor. 2. — The volume of the frustum of a cone is equal to 
the volume of three cones having the same altitude as the frustum, 
and for bases, the upper base, the lower base, and a mean propor- 
tional between the two bases of the frustum. 

The truth of this appears from the fact that the frustum of a cone if the 
limit of the frustum of a pyramid. 



PROPOSITION 

528* Theorem. — The lateral surfaces of similar right pyra- 
mids are to each other as the squares of their homologous edges, their 
slant heights, and their altitudes ; i. e., as the squares of any two 
ham^logous dimensions. 

Dem. — Let A and a be homologous sides of jthe bases of two similar right 
pyramids, H' and h' then* slant heights, H and h their altitudes, and P and p 
the perimeters of their bases ; then — 

(1) P : p : : A : a, because the bases are similar polygons ; 

(2) A : a : : H' : h\ because the faces are similar Uiangles ; 
(8) H' : A' : : H : A (?). 

fiThence, P : p : : H' : A' ; 

and, as JH' : iV : : H' : /t', 

multiplying, we have JP x H' : ip x A' : : H'^ : A'« : : A« : a« : : H« : h\ But 

IP X H' and ip x h' are the areas of the lateral surfaces. 



PROPOSITION X. 

329* Theorem* — The convex surfaces of similar cones of revih 
liUion are to each other as the squares of their slant heights, the radii 
of their bases, and their altitudes ; i. e., as the squares of any two hO' 
unohg^us dimensions. 

DsaL^Let H' and h' be the slant heights of two similar cones of revolution, 
R and r the radii of their bases, and H and h their altitudes; theU* convex 
Borfaces are jtRH' and fcrh'. Now, since the cones are similar R : r ; : H' : A'. 
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492. Cor. — The volume of any cylinder is equal to the product 
of its base into its altitude. 

This can be demonstrated in a manner altogether analogous to the case 
giyen in the proposition. 



493* Similar Solids are snch as have their correBponding 
solid angles equal and their homologous edges proportional. 

494. Similar Cylinders of revolution are such as haye their 
altitudes in the same ratio as the radii of their bases. 

495. Homologous Edges of similar solids are such as are 
included between equal plane angles in corresponding faces. 

Ill's.— The idea of similarity in the case of solids is the same as in the 
case of plane figures, viz., that of likeness of form. Thus, one would not think 
such a cylinder as one joint of stovepipe, similar to another composed of » 
hundred joints of the same pipe. One would be long and very dim in propor. 
tion to its length, while the other would not be thought of as slim. But, if we 
hare two cylinders the radii of whose bases are 2 and 4, and whose lengths are 
respectively 6 and 13, we readily recognize them as of the same shape: they 
are similar. 



PROPOSITION xin. 

496^ Theorem. — The lateral surfaces of similar right prisms 
are to each other as the squares of their edges {or altitudes) and as 
the squares of any two homologous sides of their bases, i. e., as the 
squares of any ttvo homologous lines. 

Dem. — Let Ay By (7, Z>, and E, be the sides of the base of one right prism 
whose edge (equal to its altitude) is H, and a, &, c, dy and 0, the homologous 
sides of a similar prism whose edge is 7i. Letting A +jB+C7+ Z>+J2r=P, 
and a + b + c + d+e^pyWe have 

P:p :: A: a : : B :b :: C:Cy etc. (?). 
But by hypothesis, H : h:: A : a : : B :by etc. 
Hence, P:p::H:h (?). 

Now, H:h iiH'.h {^). 

Whence, P x H : p x h : : H^ :k^ {f). 

And as H^ . h^ -. . A^ : a^ : : B^ xlPy etc., 

we have P x H\p x h -.: A^ : a^ wB* :l^y etc. 

But P X H is the area of the lateral surface of one prism and p x A of the 
other, whence the truth of the theorem appeara. 
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FBOPOSinoiI XIY. 

497> Theorem, — The volumes of similar prittns are to each 

other as the -cubes of their homologous edges, and as the cuba of 

£Jieir altitudes. 

Dim.— Let H-ABCDE and h-abede be 

two similar prisms, of which A and a ate 
norrespondiitK triedrala. PlaciogaeoUiKt 
it will coincide with A, all tbe facM and 
^sdgea of one will be parallel to or coiaci- 
<ient with the coixeaponding parts of the 
Esther, by definition (493). L«t fall the 
XKrpendictilar FP upon tbe common base, 
«r its plane produced, so that FP shall 

«quai tbe altitude of H-A8CDE, and OP, 

Intercepted between the planes of tbe upper 

snd lower bases of h-ahedt, shall be ils alti- 

Itide. Call the former altitude H, and the 

latter K Since FP and AF are cut by 

parallel planes, ffe have 
AF :qr::H ; A; and AS : a* :; H ; A, 

siiioe by definition AF ; a/ : : AB : «4, etc. Pie. aot 

Call tbe base of H-ABCDE B, and of 

h-abedt b. Now, as the bases are similar polygons, 
B : S ; : A'B' : ^' : : H' : A*. 

Bat H : A : : AB ; ofi : : H : A. 

Hence, B x H : 6 .< A ; : AB* : fli* :: H* ; A*. 

Ifow, as B x H and b x h are llie volumes of tbe respective prisms, and as 

Ab' : oA* as the cubes of any other homologous edges are to each other, tbe 

trutb of the theorem is demonstrated. 




PROPOSITION XT. 
4:98. Theorem. — The convex surfaces of similar cylinders of 

^evohition are to each other as the squares of their altitudes, and as 
ihe squares of the radii of their bases. 

Dem.— Let H and A be the altitudes, and R and r tbe radii of the bases of 
t-wo similar cylinders ; the convex surfaces are %x«a.a.aA2nrh(481)- Now. 



fiy hypothi 

Multiplying the 



H:A;: 



2«RH : SirrA : : RH : rA (?) (1). 

andg=j^ 
of the second couplet of (1) by these equals, we hftve, 
: %XTh : : H* : A», 
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polygon, and the perpendicular from whose yertex fallfl at the middle 
of the base. This perpendicular is called the axis. 

BOS. A Ftmstum of a pyramid is a portion of the pyramid 
intercepted between the base and*a plane parallel to the base. If 
tiie cutting plane is not parallel to the base, the portion intercepted 
is called a Truncated pyramid. 

504. The Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height of a 
Frustum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the frustum. 







Fio. 803. 

Ill*& — The student will be able to find illustrations of the definitions in the 
accompanying figures. 

505. A' Conical Surface is a surface traced by a line which 
passes through a fixed point, while any other point traces a curve. 
The line is the Oeneratnx, and the curve the Directrix. The fixed 
point is the Vertex. Any line of the surface corresponding to some 
position of the generatrix is called an Element of the surface. 

506. A Cone of Revolution is a solid generated by the 
revolution of a right angled triangle around one of its sides, called 
the Axis. The hypotenuse describes the Convex Surface of the 
cone, and corresponds to the generatrix in the preceding definition. 
The other side of the triangle describes the Base. This cone is righty 
since the perpendicular (the axis) falls at the middle of the base. 
The Slant Height is the distance from the vertex to the circumfer- 
ence of the base, and is the same as the hypotenuse of the generating 
triangle. 

507. The terms Frustum and Truncated are applied to the cone 
in the same manner as to the pyramid. 
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minnte ? How much throngh a pipe of twice as great diameter^ at 
fhe same rate of flow ? 

6. What is the ratio of the length of a hogshead holding 125 gal- 
lons> to the length of a keg of tb^same shape^ holding 8 gallons? 

7. What are the relatiye amounts of cloth required to clothe 3 
of the same form (similar solids), one being 5 feet high, another 

feet 9 inches, and the other 6 feet, provided they dress in the same 
tyle ? If the second of these men weighs 156 lbs., what do the 
tilers weigh ? 

8. If a man 5^ feet high weighs 160 lbs., and a man 3 inches taller 
^^^reighs 180 lbs., which is the stouter in proportion to his height ? 

9. I have a prismatic piece of timber from which I cut two blocks 

Tboth 5 feet long measured along one edge of the stick; but one 

T)lock is made by cutting the stick square across (a right section), 

and the other by cutting both ends of it obliquely, making an angle 

of 45° with the same face of the timber. Which block is the greater ? 

"Which has the greater lateral surface ? 

10. How many cubic feet in a log 12 feet long and 2 feet 5 inches 
in diameter? How many square feet of inch boards can be cut 
from such a log, allowing ^ for waste in slabs and sawing ? 



SECT/ON IV. 

OP PYRAMIDS AND CONES. 



500. A Pyramid is a solid having a polygon for its base, 
and triangles for its lateral faces. If the base is also a triangle, it is 
called a triangular pyramid, or a tetraedron (i. e., a solid with four 
faces). The vertex of the polyedral angle formed by the faces is the 
vertex of the pyramid. 

501. The Altitude of a pyramid is the perpendicular dis- 
tance from its vertex to the plane of its base. 

502. A Right Pyramid is ob© vflaoe*^ Wfc \^ ^ ^swigiJas. 
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polygon, and the perpendicular from whose vertex falls at the middle 
of the base. This perpendicular is called the axis. 

503. A Ftmstum of a pyramid is a portion of the pyramid 
intercepted between the base and*a plane parallel to the base. If 
the cutting plane is not parallel to the base, the portion intercepted 
is called a Truncated pyramid. 

504. The Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height of a 
Frustum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the frustum. 







Fro. 80S. 

Ill'& — The student will be able to find illustrations of the definitions in the 
accompanying figures. 

505. A' Conical Surface is a surface traced by a line which 
passes through a fixed point, while any other point traces a curve. 
The line is the Generatnx, and the curve the Directrix. The fixed 
point is the Vertex. Any line of the surface corresponding to some 
position of the generatrix is called an Element of the surface. 

506. A Cone of Revolution is a solid generated by the 
revolution of a right angled triangle around one of its sides, called 
the Axis. The hypotenuse describes the Convex Surface of the 
oone, and corresponds to the generatrix in the preceding definition. 
The other side of the triangle describes the Base. This cone is righty 
since the perpendicular (the axis) falls at the middle of the base. 
The Slant Height is the distance from the vertex to the circumfer- 
ence of the base, and is the same as the hypotenuse of the generating 
triangle. 

_ • 

507. The terms Frustum and Truncated are applied to the cone 
Jn the same manner as to the pyramid. 
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tbese trUnKiM It the productor one-balf the slant height Into the sum of theit 
b&ses. But thia is the lateral sntftce of the pjramid. (See Ihe thiid cut in 

^14, Cob. — The area of (he lateral surface of the 
fr^m^tum of a right pyramid is equal to the product 
0^ its slant height into half the sum of the perimeters 
B^ its bases. 

The student will be able to give the proof. It U based 
ax>«>n [398} and deflnitions. 



FROFOSmON IT. 

^13, Uteorem, — 77w area of the convex surface of a cone of 
rs^nlulion (a right cone with a circular base) is equal to the product 
1^ the circumference of its base and one-half its slant height, i. e., 
""ItH', R being the radius of the base, and H' the slant h 

Dbu. — In the circle which forms the hue of the cone. 
F***lygon inscribed, as abed*. Joining the verlicea of the 
***Klea of this polygon with the vertex of the cone, there 
^'ill be constructed ft right pyramid inscribed in the cone. 
^O'w, if the arcs subtended by the aides of Ibis polygon are 
Dtaected, and these again bisected, etc., and at ever; step 
^ >'>ght pyramid conceived as inscritted, it will altaagi 
'^waain true that the lateral surface of the pjramiij is the 
**^rtnieter of ila base into half its slant height But, 
** the number of feces of the pyramid is increased, 
***« perimeter of the base approaches the circumference 
'^f tie base of the cone, the slant height of the pyramid 
^POi^aches tile slant height of the coce, and the lateral Fiq see 

*'**T»tce of the pyramid approaches the convex surface 
'^' the cone. HeDce, at the limit we still have the same expiession lor the 
f^'^a of the convex surfoce, that is, the circumference of tlie base multiplied by 
f**'lr the slant height Fiually, if R is the radius of iho base, its cirtumference 
~^ ^5rB, and H' being the slant height, we have for the area of the convex but 
*^«2e aiB X iff, or iRH'. 

^16- Cob, 1. — The area of the convex surface of a cone is also 
^9tial to the product of the slant height into the circumference of the 
^ifcle parallel to the base, and midway between the base and vertex. 

Thia follows directly fVom the fact that the radius of the circle midway 
'>«tween the base and vertex ia one-half the radius of the base, I'.a., |R, whence 
^^ circumference is zR Now, sR x H' is the area of the convex surface, by 
**»a proposition. 
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X)2ii, — The section abode of the pyramid S-ABCDE, made by a plane parallel 

to ABODE, is Bimilar to ABODE. 

Since AB and ab are intersections of two parallel 
planes by a third plane, they are parallel (?). So 
also be is parallel to 80, ed to OD, etc. Hence, 
angle & = B, c = 0, etcu (?), and the polygons are 
mutually equiangular. Again, ab : AB :: Sb : SB, 
and be : BC :: Sb : SB (f). Hence, ab : be :: AB 
• 80 (?). In like manner, we can show that be : 
ed :: BO : OD, etc. Therefore, abode and ABODE 
are mutually equiangular, and have their corre- 
sponding sides proportional, and are consequently 
similar, q. e. d. 




Fig. 806. 



PROPOSITION n. 

511m Theorem. — If two pyramids of the same altitude are cut 
by planes equally distant from and parallel to their basesy thesectionb 

are to each other as the bases. 

Dem.— Let S-ABO and S'-A'8'0'D'E' be 
two pyramids of the same altitude, cut by 
the planes abe and a'b'c'de\ parallel to and 
at equal distances from their bases ; then is 
abe : a'b'c'de' : : ABO : A'B'O'D'E'. 

For, conceive the bases in the same 
plane. Let SP = S'P' be the common alti- 
tude, and Sp = S'p' the distances of the 
cutting planes from the vertex. We have 

ABO : ode : : AB* : ^" : : SP* : Sp* (?). 

Also, A'B'O'D'E' : a'b'<^d'ef : : A^'' :"S^'* :: S'P' : Sy' (?). 
Whence, as SP = S'P', and Sp = S'p' (?), we have 

dbc : a'b'e'd'e' : : ABO ; A'B'O'D'E' (?). <i. B. D. 

512. Cor. — If the bases are equivalent^ the sectior^ are also 
equivalent. 




PROPOSITION in. 

513. Theorem. — TJie area of the lateral surface of a right 
pyramid is equal to the perimeter of the base multiplied by one-half 
the slant height. 

Dem. — The faces of such a pjrramid are equal isosceles triangles (?), whose 
common altitude ia the slant height ot \]he pytwsiK^ ^Y ^^TLO^^the area of 
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Uieu triuiKlM if the product of one-bsir the slant keight Into the sum of their 
Imei. But this b the lateral aurbce of the pyramid. (See the third cut in 
%30S.) 

Jfl4. Cob.— ?7« area of the lateral surface of the 
/nistum of a right pyramid is equal to the product 
of its slant height into half the sum of the perimeters 
of its hoses. 

The HtDdent will be able to give the pmof. It in based 
i>I>«D {,320} and deflnitions. 



pBorosmoN it. 

SIS. Theorem..— Tlie area of the convex surface of a cone of 
*~^volution (a right cone with a circular base) is equal to the product 
°/^ the circumference of its base and one-half its slant height, i. e., 
**"3lH', R being the radius of the base, and H' the slant height. 

Dei[. — In the circle which forms the base of the cone, conceive a regular 
t^Olygon ioscilhed, as abedt. Joining the verlices of the 
^^glea of this polygon with the vertex of the cone, there 
'^'Itl be constructed a right i)jramid inscribed in Ibe cone. 
-^ow, if the arcs subtended by the sides of tliia polygon are 
bisected, and Uiese again bisected, etc, , and at eveiy st*p 
^ right pyramid conceived as inscribed, it will aiuagi 
("^main true that the lateral surface of the pyramid w tbe 
lk«rimeter of its base into half its slant beight. But, 

^e the number of faces of the pyramid is increased, 

Uie perimeter of the base approaches tbe circumference 

Of the baae of Ibe cone, the slant height of tiie pyramid 

Approaches lite slant heiglit of the cone, and the lateral 

Surface of the pyramid approaches the convex surface 

of the cone. Hence, at the limit we still have the same expression for the 

&Tea of tbe convex surface, that is, the circumference of the base multiplied by 

lialf the slant height. Finally, if R is the radius of the base, its circumference 

ia 2»B, and H' being the slant heiglit, we have for tbe area of tbe convex snr- 

fece SjrR x ^H', or «KH'. 

S16. Cob. 1. — The area of the convex surface of a cone is also 
equal to the product of the slant height into the circumference of the 
f:ircle parallel to the base, and midway between the base and vertex. 

This follows directly from tbe fact that the radius of the circle midway 
lietween the base and vertex is one-half the radius of the base. i. «., iR, whence 
its nrcumfeience is xR. Now, xR x H' is the area of the convex, suriace^h^ 
the propoeitioa 




Fia. SOB. 
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PROPOSITIOIf TIL 

S23. Theorem.— TJie volume of the frustum of a triangular 
pyramid is equal to the volume of three pyramids of the same 
altitude as the frustum^ and whose hoses are the upper base, the lotoer 
base, and a mean proportional between the two bases of the frustum, 

Dem. — Let ode-ABC be the fhistam of a triangu- 
lar pyramid. Through ab and C pass a plane catting 
off the pyramid C-abc, This has for its base th< 
upper base of the fhistum, and for its altitude th 
altitude of the frustum. Again, draw Ad, and 




e 



a plane through A6 and 6C, cutting off the pyramii 
6-ABC, which has the same altitude as the ihistum. 
and for its base the lower base of the frustom 
There now remains a third pyramid, b-KCa, to be ex 
amined. Through h draw bD parallel to oA, anc 
draw DC and aD. The pyramid D-ACa is equiv 
Fig. 312 lent to 6-ACa, since it has the same base and 

same altitude. But the former may be considered 
haying ADC for its base, and the altitude of the frustum for its altitude, i, 
as pyramid o-ADC. We are now to show that ADC is a mean proportio: 
between cibc and ABC. 

ABC '. abc'.'. "AB* : a? : : A§* ; AD* (?). 
Also, ABC : ADC :: AB : AD (?); 

whence ABC* : ADC' : : AB' : AD* (?). 

By equality of ratios, ABC : abc :: ABC* : ADC*; 

whence ADC =: abc x ABC, i. «., ADC is a mean proportional between 
upper and lower bases of the frustum. 

524. Cor. — The volume of the frustum of any pyramid 
equal to the volume of three pyramids having the same altitude < 
the frustum, and for bases, the upper base, the lower base, and 
mean proportional between the bases of the frustum. 

For, the frustum of any pyramid is equivalent to the corresponding frusta 
of a triangular pyramid of the same altitude and an equivalent base (?) ; 
the bases of the frustum of the triangular pyramid being both equivalent ' 
the corresponding bases of the given frustum, a mean proportional 
the triangular bases is a mean proportional between their equivalents. 






e 



as 
a 
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PROPOSITION TDI. 

S2S. Theorem. — The volume of a cone of revolution is equal 
one-third the product of its base and altitude ; i. e., •J»'fi*H, E bei 
the radius of the base and H tJie altitude. 
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Dsac— This follows from the yolume of a pyramid, by a course of reasoning 
precisely the same as in {515). The yolume of a pyramid being equal to one- 
ttiird the product of the base and altitude, and the cone being the limit of 
the pyramid, the volume of the cone is one-third the product of its base and 
altitude. Now, R being the radius of the base of a cone of revolution, the 
base (area of) is ;rR*, whence ^TrR^H is the volume, H being the altitude. 

526. Cor. L — The volume of any cone is equal to one-third the 
product of its base and altitude. 

527* Cor. 2. — The volume of the frustum of a cone is equal to 
the volume of three cones having the same altitude as the frustum^ 
and for bases, the upper base, the lower base, and a mean propor- 
tional between the two bases of the frustum. 

The truth of this appears from the fact that the frustum of a cone it the 
limit of the frustum of a pyramid. 



PROPOSITION 

S28* Theorem. — The lateral surfaces of similar right pyra- 
mids are to each other as the squares of their homologous edges, their 
slant heights, and their altitudes ; i. e., as the squares of any two 
homologous dimensions. 

Dem. — Let A and a be homologous sides of the bases of two similar right 
pyramids, H' and h' their slant heights, H and h their altitudes, and P and p 
the perimeters of their bases ; then — 

(1) P : p : : A : a, because the bases are similar polygons ; 

(2) A : a : : H' : h\ because the feces are similar tiiangles ; 
(8) H' : A' : : H : ^ (?). 

fHience, P : p : : H' : A' ; 

and, as iH' : i^' : : H' : /*', 

multiplying, we have JP x H' : ipxh' :: W : A"» : : A« : a'' : : H^ : h\ But 

iP X H' and j^p x A' are the areas of the lateral surfaces. 



PROPOSITION X. 

S29» Theorem. — The convex surfaces of similar cones of revth 
iiUvon are to each other as the squares of their slant heights, the radii 
ef their bases, and their altitudes ; i. e., as the squares of any two ho- 
fnolog&us dimensionsm 

Deic— Let H' and h' be the slant heights of two similar cones of revolution, 
R and r the radii of their bases, and H and h their altitudes; their convex 
Bur&ces are nBS! and Krh\ Now, since the cones are similar R : ri : H' : A'. 
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PROPOSITIOIf VIL 

S23. Theorem. — Tlie volume of the frustum of a triangular 
pyramid is equal to the volume of three pyramids of the sams 
altitude as the frustum, and whose bases are the upper hose, the l&iaer 
base, and a mean proportional between the two bases of the frustum^ 

Dem. — Let ode-ABC be the frnstam of a triangu- 
lar pyramid. Through ab and C pass a plane cutting 
off the pyramid C-abc. This has for its base the 
upper base of the frustum, and for its altitude the 
altitude of the fmstum. Again, draw A6, and pass 
a plane through Ab and bC, cutting off the pyramid 
6-ABC, which has the same altitude as the ihistum, 
and for its base the lower base of the frustum. 
There now remains a third pyramid, b-ACa, to be ex- 
amined. Through b draw bD parallel to oA, and 
draw DC and aO. The pyramid D-ACa is equiva- 
lent to 6-ACa, since it has the same base and the 
same altitude. But the former may be considered as 
haying ADC for its base, and the altitude of the frustum for its altitude, i. e., 
as pyramid a-ADC. We are now to show that ADC is a mean proportional 
between abc and ABC. 

ABC : abc:: "AB* : a? : : A§* : AD* (?). 




Fig. 312 



Also, 
whence 



ABC : ADC :: AB : AD (?); 



ABC : ADC :; AB : AD' (?). 

By equality of ratios, ABC : abc :: ABC* : ADC*; 

whence ADC* =: abc x ABC, l «., ADC is a mean proportional between the 
upper and lower bases of the frustum. 

S24. Cor. — The volume of the frustum of any pyramid is 
equal to the volume of three pyramids having the same altitude as 
the frustum, and for bases, the upper base, the lower base, and a 
mean proportional between the bases of the frustum. 

For, the frustum of any pyramid is equivalent to the corresponding frostum 
of a triangular pyramid of the same altitude and an equivalent base (?) ; and 
the bases of the frustum of the triangular pyramid being both equivalent to 
the corresponding bases of the given frustum, a mean proportional between 
the triangular bases is a mean proportional between their equivalents. 



PROPOSITION TDI. 

525. Theorem. — The volume of a cone of revolution is equal to 
one-third the product of its base and altitude ; i. e,, ^ttR^S., fi being 
ike radius of the base and H the altitude. 



OF PYRAMIDS AND CONES. 207 

Dek.— This follows from the yolume of a pyramid, by a course of reasoning 
precisely the same as in {515). The yolume of a pyramid being equal to one- 
third the product of the base and altitude, and the cone being the limit of 
the pyramid, the volume of the cone is one-third the product of its base and 
altitude. Now, R being the radius of the base of a cone of revolution, the 
base (area of) is ;rR*, whence ^ttR'H is the volume, H being the altitude. 

526. Cob, 1. — Tlie volume of any cone is equal to one-third the 
product of its base and altitude. 

527. Cob. 2. — The volume of the frustum of a cone is equal to 
the volume of three cones having the same altitude as the frustum^ 
and for bases^ the upper base, the lower base, and a mean propor- 
Honal between the two bases of the frustum. 

The truth of this appears fh)m the fact that the frnstum of a cone it the 
limit of the frustum of a pyramid. 



PROPOSITION 

528. Theorem* — The lateral surfaces of similar right pyra- 
mids are to each other as the squares of their homologous edges, their 
slant heights, and their altitudes ; i. e., as the squares of any two 
homologous dimensions. 

Dem. — Let A and a be homologous sides of the bases of two similar right 
pyramids, H' and h' their slant heights, H and h their altitudes, and P and p 
the perimeters of their bases ; then — 

(1) P : p : : A : a, because the bases are similar polygons ; 

(2) A : a : : H' : h\ because the feces are similar triangles ; 
(8) H' : A' : : H : ^ (?). 

(Hience, V:p \.B! ih' \ 

and, as iH' : i^' : : H' : /*', 

multiplying, we have JP x H' : Jp x A' : : H'^ : A" : : A« : a'' : : H'' : h\ But 

IP X H' and \p x h' are the areas of the lateral surfaces. 



PROPOSITION X. 

529. Theorem. — The convex surfaces of similar cones of revth 
hition are to each other as the squares of their slant heights, the radii 
of their bases, and their altitudes ; i. e., as the squares of any two ho* 
nwlogeus dimensions* 

DEM.^Let H' and h' be the slant heights of two similar cones of revolution, 
R and r the radii of their bases, and H and h their altitudes; then- convex 
Burfaces are jtRH' and igrh\ Now, since the cones are aimilat R ; r : i H' \ A'» 
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Multiplying the terms of this proportion by the corresponding terms of nW - 
1th' : : H' : h\ we have— 

Hence the convex surfaces are as the squares of the slant heights, and since 
R : r :: H' : ^' : : H : A (?), R» : r« : : H'« : A" : : H« ; A»; and consequenUy 
jrRH';;rrA'::R«:r»::H«:A*. 



PROPOSITION XL 

530* Theore^n. — Tlie volumes of similar pyramids are to each 
other as the cubes of their homologous dimensions. 

Dem. — Letting A and a be homologous sides of the bases of two similai 
pyramids, B and h their bases, and H and h their altitudes, the student should 
be able to give the reasons for the following proportions : 

B:ft:: A'':a«:;H«;;i». 
4H : 4/i : : A : a : : H :h. 
Whence iBH : 4d/i : : A* ; a* : : H" : A®. Q. E. D. 



PROPOSITION xn. 

S31* Theorem* — The volumes of similar cones are to each other 
as the cubes of their altitudes^ or as the cubes of the radii of their 
bases. 

Dem. R and r being the radii of their bases, and H and h their altitudes, 

R' : r* :: H« : h* (?), and R» ; r» : : H» : h\ 
Also, i;rH : ^nh : : H : A. 

Multiplying, i^rR'H : ^nr'h : : H* : A», or as R" : r". q. B. D. 



EXERCISES. 

1. What is the area of the lateral surface of a right hexagonal 
pyramid whose base is inscribed in a circle whose diameter is 20 feet, 
the altitude of the pyramid being 8 feet ? What is the volume of 
this pyramid ? 

2. What is the area of the lateral surface of a right pentagonal 
pyramid whose base is inscribed in a circle whose radius is 6 yards, 
the slant height of the p3rramid being 10 yards ? What is the vol- 
ume of this pyramid ? 

3. How many quarts will a can contain, whose entire height is 10 
laches, the body being a cylinder 6 mcViea m d\a.meter and 6^ inches 
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S39. Cor. 4. — A small circle is less as its distance from the cen- 
tre of the sphere is greater. 

For, its diameter, being a chord of a great circle, is less as it is farther from 
Ae centre of the great circle, which is also the centre of the sphere. 

S4:0* Cob, 5. — All great circles of the same sphere are equals their 
radii being the radius of the sphere. 



PROPOSITION n. 

[. Theorem* — Any great circle divides the sphere into two 
equal parts called Hemispheres, 

Dbm. — Conceive a sphere as divided by a great circle, i. «., by a plane passing 
through its centre, and let the great circle be considered as the base of each 
portion. These bases being equal, reverse one of the portions and conceive 
its base placed in the base of the other, the convex surfaces being on the same 
side of the common base. Since the bases are equal circles, they will coincide, 
and since every point in the convex surface of each portion is equally distant 
from tlie centre of the common base, the convex surfaces will coincide. There- 
fore, the portions coincide throughout, and are consequently equal, q. e. d. 



PROPOSITION m. 

54:2. Theorem* — Tlie intersection of any two great circles of a 
sphere is a diameter of the sphere. 

Dbm. — The intersection of two planes is a straight line ; and in the case of 
the two great circles, as they both pass through the centre of the sphere, this is 
one point of their intersection. Hence, the intersection of two great circles of 
a sphere is a straight line which passes through the centre. Q. B. d. 

S43* Coil— The intersections on the surface of a sphere of two 
circumferences of great circles are a semi-circufriference, or 180**, 
'^party since they are at opposite extremities of a diameter. 



DISTANCES ON THE SURFACE OF A SPHERE. 

S4:4:* Distances on the surface of a sphere are always to be under- 
stood as measured on the arc of a great circle^ unless it is otherwise 
stated. 
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CmCLES OF THE SPHERE. 




PROPOSITION L 

S33. Theorem, — Every section of a spherej made by a plane^ u 

a circle, 

Dem. — ^Let AFEBD be a section of a sphere 
whose centre is O, made by a plane ; then is it a 
circle. 

For, let fall fix)m the centre O a perpendicular 

\^ upon the plane AFEBD, as OC, and draw CA, CD, 

CE, CB, etc., lines of the plane, from the foot of the 

perpendicular to any points in which the plane 

cuts the surface of the sphere. Join these points 

with the centre, O, of the sphere. Now, OA, OD, 

OB, OE, etc., being radii, are equal ; whence, CA, 

CD, CB, CE, etc., are equal ; t. «., every point in the 

line of intersection of a plane and surface of a 

sphere is equally distant from a point in this plane. Hence, the intersection is 

a circle, q. b. d. 

S34:* Dep. — A circle made by a plane not passing through the 
centre is a Small Circle ; one made by a plane passing through the 
centre is a Great Circle. 

535. Cor. 1. — A perpendicular from the centre of a sphere, upon 
any small circle, pierces the circle at its centre ; and, conversely, a 
perpendicular to a small circle at its centre passes- through the centre 
of the sphere. 

536* Dep. — A diameter perpendicular to any circle of a sphere 
is called the Axis of that circle. The extremities of the axis are 
the Poles of the circle. 

537* Cor. 2. — The pole of a circle is equally distant from every 
point in its circumference. • 

The student should be able to give the reason. 

538* Qoji. 3. — Every circle of a sphere has two poles, which, in 
ease of a great circle, are equally distant from every point in the dr- 
cum/erence of the circle ; hut, in case of a small circle, oiie pole is 
nearer any point in the circumference ihau the otlier poU \a« 
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Solution. — Let A and B be two points on the sur- 
Ace of a sphere, through which it is proposed to pass a 
c^ircumference of a great circle. From B as a pole, with 
sn arc equal to a quadrant, strike an arc on^ as nearly 
"where the pole of tne circle passing through A.and B 
lies, as may be determined by inspection. Then, from 
A, with the same arc, strike an arc st intersecting on at 
P. Now, P is the pole of the great circle passing through 
A and B. Hence, from P as a pole, with a quadrant arc 
draw a circle ; it will pass through A and B, and will Fio. 316. 

l>e a great circle, since its ])ole is a quadrant's distance 
from its circumference. [The student should make the construction on the 
spherical blackboard.] 

S49* Cor. 1. — Through any two points on the surface of a sphere, 
one great circle* caii always be made to pass, and only one, except 
when the two points are at the extretnities of the same diameter, in 
which case an i7ifinite number of great circles can be passed through 
the two points. 

Since the arcs on and %t are arcs of great circles, the circumferences of which 
they form parts will intersect also on the opposite side of the sphere, at a dis- 
tance of a semicircumference from P. But tliese two points are poles of tbe 
tame great circle. Now, as the two great circles can intersect at no other points, 
there can be only one great circle passed through A and B. But if the two 
given points were at the extremities of the same diameter, as at D and C, the 
arcs «^and on would coincide, and any point in this circumference being taken 
as a pole, great circles can be drawn through D and C. [The student should 
trace the work on the spheiical blackboard.] 

3&0. ScH. — The truth of the corollary is also evident from the fact that 
three points not in the same straight line determine the position of a plane. 
TThus A, B, and the centre of the sphere, fix the position of one, and only one, 
^reat circle passing through A and B. Moreover, if the two given points are at 
^he extremities of the same diameter, they are in the same straight line 
>?eith the centre of the sphere, whence an infinite number of planes can be 
X>a8ded through them and the centre. The meridians on the eai'th's surface af- 
:Sbrd an example, the poles (of the equator) being the given points. 

SSI* Cor. 2. — If two points hi the circumference of a great circle 
^f a sphere, not at the extremities of the same diameter, are at a 
^uadranfs distance from a point on the surface, that point is the 
^ole of the circle* 

* The word circle may be nnderetood to refer either to the circle proper, or to its cir- 
'^cunference. The word Ib In constant nse in the higher mathematicB, in the latter sense. 



ELBKENTABY solid 6E01IETBT. 




PBOPOsmoN n. 

S4S, Tfieorem. — The distances, measured on the surface of a 
*phere,fTQm a pole to all points in the circumference of a circle of 
which it is the pole, are equal. 

Deu.— Let P be B pole of tbe bihrII circle AEB ; 
then are the arcs PA, PE, PB, elc, which measuie 
tbe dutauces trom P to anj points in the circum- 
ference of circle AEB, equal. For, by (537), the 
straight lines AP, PE, PB, elc, arc cqaal, and these 
equal chords subtend equal arcs, as arc PA, arc 
PE, arc PB, etc., tbe great circles of which these 
lines are chords and arcs behig eqnal (S^O\ 
F Thus, for like reasons, arc PQA = arc P'LE = 

Pio. 8M. arc P'RB, elc. 

S4S, Cor. — The distance from the pole of a great circle to any 
point in the circumference of the circle is a quadrant {a quarter of a 
circumference) . 

Since the polea are 1B0° apart (bciog the extremities of a diameter), PAQP' = 
PELP" = 8 semicircumference. But, in case of a great circle, chord PL — chord 
P'L (= chord PS = chord P'Q), whence arc PEL = arc PL = arc PAQ = arc 
PQ. Hence, eaclk of these arcs is a quadrant 

047- Sen.— B7 means of the facta demonstnted In 
this proposition and corollary, we are enabled to draw 
arcsof sniail andgreatcircles, in tbesurfoceof asphere, 
with nearly the same facility as we draw area and 
lines in a plane. Thus, to draw tbe xmail circle AEB, 
we take an arc equal 10 PE, and placing one end of it 
at P, cause a pencil held at the other end to trace the 
arc AEB, etc. To deiicribe tbe circumference of a great 
circle, a quadrant must be used for the arc. By bend- 
ing a wire into an arc of tbe circle, and making a loop 
in each end, a wooden [dn can be put through one loop and a crayon through 
the other, and an arc drawn as represented iu the Bgure. 




Fie. SIB. 



PBOFOSinON T. 

^sftft Froblem. — To pass a circumference of 
any two points on the surface of a iiplvere. 



I great circle 



SPHEBIOAL ANGLES. 
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Fig. 319. 



Dem. — ^Let P be a point in the surface of the hemi- 
siphere whose base is ACBC, and OPmO' an arc of a 
^reat circle passing through P and perpendicular to 
AOCBC ; then is PD the shortest path on the surface 
£roin P to circumference ADBC, and Pmty is the 
longest path from P to the circumference, measured 
on the arc of a great circle. 

For, the shortest path from P to any point in cir- 
cumference ADBC is measured on the arc of a great 
circle (552). Now, let PC be any oblique arc of a 
^eat circle. We will show that arc PD < arc PC. Pro- 
duce PD until DP' = PD ; and pass a great circle through P and C. Draw the 
radii OP, 00, OC, and OP. The triedrals 0-PDC and 0-PDC have the facial angls 
POD = P'OD, they being measured by equal arcs, and the facial angle DOC com- 
mon. Hence, as the included diedrals are equal, both being right, the tiledrals are 
equal or symmetrical (446), In this case they are symmetrical, and the facial 
angle POC = POC ; whence the aic PC = arc P'C. Finally, since PC + P'C > 
PP, PC, the half of PC + PC, is greater than PD, the half of PP'. 

Secondly, PwD' is the supplement of PD, and we are to show that it is greater 
than any other arc of a great circle from P to the circumference ADBC. Let 
PnC be any arc of a great circle oblique to ADCBC Produce C'nP to C. Now 
CP7iC' is a semicircuraference and consequently equal to DPmD'. But we have 
before shown that PD < PC, and subtracting these from the equals CPwC and 
DPwD', we have PmD' > PnO\ 

SSS. Cor. — From any point in the surface of a hemisphere then 

Qre two perpendiculars to the circumference of the great circle which 

forrtis the base of the hemisphere; one of which perpendiculars 

Measures the least distance to that circumferencey and the other the 

Sfreatesty on the arc of any great circle of the sphere. 

Thus PD and PmO' are two perpendiculars from P upon the circumfereno« 



SPHERICAL ANGLES. 

S56* The angle formed by two arcs of 
circles of a sphere is conceived as the same 
«s the angle included by the tangents to 
the arcs at the common point. 

III.— Let AB and AC be two arcs of circles of 
the sphere, meeting at A ; then the angle BAC is 
conceived as the same as the angle B'AC, B'A 
being tangent to the circle BAD971, and C'A to the 
circle CAEn. 




Fig. aao. 




'ASS SOLID OBOKETItT. 

SS7. A ^herical Angle ie the 

angle iucluded bj two arcs i>i great circles. 

luL.— BAC, Fig. 321, iaHBpherical angle, and fs 
conceived as Uic eameas theaDgle B'AC, B'Aond 
C'A being Ungents to the grtat eirelti BADF and 
CAEF. [The student sbould notcoDfoDDd such an 
angle as BAC, ^. 330, with a »p/wricai aiigk.] 




PROPOSITION Tm. 

SSS, aUiewem. — A spherical angle is equal to iAe measure of^Kj 

the diedral included by the great circles whose ares form the sides fl^"^X,^ 

the angle. 

Dbm. — Let BAC be any Bpherical angle, an£:».^^i* 
BADF and CAEF tbe great circlea whose arcs Bl^^ ^3^ 
and CA include the angle ; then is BAC equal tto^ ^ 
themeaaure of tlie diedral C-AF-B. For, since two ■^■^^' 
great circles intersect in a diameter {542), AF i^£ ' ' 
a diameter. Now B'A is a tangent to the circl^^^^^"^' 
BADF, tiiat is.it lies in the same plane and isper''X=^*'^' 
pendicular to AO at A, In like manner C'A Uea^ ^ "^ 
in tlie plane CAEF and is perpendicular to AO. ^^^ ^^ 
Hence B'AC U the measure of the diedral C-AF-^ — — B 

{426). Therefore tbe spherical angle BAC, which in the same as the plane augl»>C'S'e 

B'AC, is equal to the measure of the diedral C-AF-B. q. b. d. 

S39, Cor. 1. — If one of two great circles passes through the polm-^^^ 

of the other, their circumferences intersect at right angles. 

Dbm.— Thus, P being the pole of tbe great tsirclc-^* 
CABrn, PO is its axis, and any plane passing tbrougt:^^"^* 

PO is perpendicular to the plane CABm {427) 

Hence, the diedral B-AO-P is right, and the spheri- — " 

cal angle PAB, which is equal to the measure of th^ ^^ 

diedi'sl, is also right. 

S60^ Cor. 3. — A spherical angle is msa*— Z 

ured by the arc of a great circle intercepted 
Fi8. Ka. between its sides, and at a quadrant's dis" 

tancefro?ii its vertex. 
Thus, the splierical angle CPA is measured by CA, PC and PA being quad- 
rants. For, since PC is a quadrant, CO is perpendicular to PO, the edge of ths 
diedral C-PO-A, and for a like reason AO is perpendicular to PO. Hence, COA 
1b the measure of tbe diedral, and consequently CA, its measure, is It 
of the spherical angle CPA. 
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S61. Cob. 3. — The angle included by two arcs of small circles is 
€he same as the angle included by two arcs of great circles passing 
through the vertex and having the same tangents. 

Thus BAC = B"AC". For the angle BAC is, by 
c^efinition, the same as B'AC, B'A and C'A being 
t;angents to BA and CA. Now, passing planes 
through C'A, B'A, and the centre of the sphere, 
"we have the arcs B"A, C"A, and B'A. C'A tangents 
to them. Hence, B"AC" is the same as B'AC, and 
consequently the same as BAC. 

SG2* 8cH. — To draw an arc of a great eirde 
which shall be perpendicular to another; or, what Fig. S34. 

is Ike same thing^ to construct a right spherical angle. Let it be required to erect 
an arc of a great circle perpendicular to CAB at A, Mg. 833. Lay off from A, on 
the arc CAB, a quadrant's distance, as AP', and from P' as a pole, with a quad- 
rant describe an arc passing through A. This will be the perpendicular required. 

In a similar manner we may let fall a perpendicular from any point in the 

surfhce, upon any arc of a great circle. To let fall a perpendicular from P upon 

the arc CAB, fVom P as a pole, with a quadrant describe an arc cutting CAB, 

as at P'. Then from P' as a pole, with a quadrant describe an arc passing 

tZu'ough P and cutting CAB; and it will be perpendicular to CAB. [The stu- 

<lent should have practice in making these constructions on the sphere.] 




PROPOSITION 

S63» Problem. — To pass the circumference of a small circle 
through any three points on the surface of a sphere. 

Solution. — Let A, B, and C be the three points in the surface of the sphere 
^%hrough which we propose to pass the circumference of 
« circle. Pass arcs of great circles through the points, 
Ibmiing the spherical triangle ABC. Thus, to pass an 
arc of a great circle through B and C, from B as a pole, 
with a quadrant strike an arc as near as may be to the 
pole of the required circle ; and from C as a pole, with 
the quadrant strike an arc intersecting the former, as at 
P ; then is P the pole of a great circle passing through 
B and C (?). Hence, from P as a pole, with a quadrant 
pass an arc through B and C, and it will be the arc re- 
quired (331), In like manner pass arcs through A and 
C, A and B. Now, bisect two of these arcs, as BC and AC, by arcs of great 




Fig. S25. 




'ABX SOLID OEOIIBTBX. 

S57. A Spfterical Angle is the 

angle iucluded by two area of great circles. 

III. — BAC, F^. 831, is a spherical angle, and is 
conceiTed as Uic eume as the angle B'AC, B'A and 
C'A bting tangents ta tlie ffreat dreUw BADF and 
CAEF. [The student should not confound such an 
angle as BAC, Fig. 320, with a tpharieai angle.] 




PBOPOsinoN Tm. 

SS8. Theorem, — A spherical angle is equal to the measure of 

the diedral included hy the great circles whose arcs form the sides of 

the angle. 

Deu. — Let BAC be any spherical angle, and 
BAOF and CAEF the great circles whose arcs BA 
and CA include the angle ; then is BAC equal to 
themeasureorthe diedral C-AF-B. For, since two 
great circles intersect in a diameter (5d2), AF is 
a diameter. Now B'A is a tangent to the circle 
BADF, tliat is, il lies in the same plane and is per- 
pendicular to AG at A. In like manner C'A lies 
in tlie plane CAEF and is perpendicular to AO. 
riH. oBi. Hence B'AC is the measure of the diedral C-AF-B 

(d20). Therefore the spherical angle BAC, which is the same as the plane augle 

B'AC, is equal to the measure of the diedral C-AF-B- q. e. d. 

S39. Cor. 1. — If one of two great circles passes through the pole 
of the ot/ter, their circumferences intersect at right angles. 

Dem.— Thus, P being the pole of the great circle 
CABm, PO is ila axis, and any plane passing tlirough 
PC is perpendicular to the plane CABm (427)- 
Hence, the diedral B-AO-P is right, and the spheri- 
cal angle PAB, which is equal to the measure of the 
diedral, Is also right 

S60. Cor. 3. — A spherical angle is meas- 
ured by the arc of a great circle intercepted 
Fia 8?8. between its sides, and at a quadranfs dis' 

tancefrorii its vertex. 
Thus, the spherical angle CPA is measured by CA, PC and PA being quad- 
ranla. For, since PC is a quadrant, CO is perpendicular to PO, the edge of Qie 
diedral C-PO-A, and for a lilte reason AO Is perpendicular lo PO. Hence, COA 
Sb the measure of the diedral, and consequently CA, ila measure, is tbe measure 
of the spberical angle CPA. 
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For, OP, the perpendicular, is shorter than any line which can be drawn 
firom O to any other point in the plane (?), hence any other point in the plane 
Uian P lies farther from the centre of the sphere than the length of the radius, 
is, therefore, without the sphere. 



S67. Cob. 2. — ^A tangent through p to any circle of the sphere 
jpassing through this point, lies in the tangent plane. 

DsM. — ^Thus MN, tangent to the small circle PnHb through P» lies in the 
'tangent plane. For, conceive the plane of the small circle extended till it in- 
'kersects the tangent plane. This intersection is tangent to the small circle, 
since it touches it at one point, but cannot cut it ; otherwise the tangent plane 
"would have another point than P connnon with the surface of the sphere. But 
'Ihere can be only one tangent to a circle at a given point. Hence this intersec- 
tion is MN, which is consequently in the tangent plane. 



OF SPHERICAL TRIANGLES. 

S68. A Spherical Triangle is a portion of the surface of a 
sphere bounded by three arcs of great circles. In the present treatise 
these arcs will be considered as each less than a semicircumfer- 

ence. 

Tlie terms scalene, isosceles, equilateral, right angled, and oblique 
angled, are applied to spherical triangles in the same manner as to 
plane triangles. 



PROPOSITION XL 

S69. Theorem.— The sum of any two sides of a spherical tri- 
^^ngle is greater than the third side, and their difference is less than 
^Ae third side. 

Dbm.— Let ABC be any spherical triangle ; then is ^^^^ 

J < BA + AC, and BC - AC < BA; and the same is y^ |\ 

'txaeof the sides in any order. For, join the vertices A, / / \ 

S, and C, with the centre of the sphere, by drawing AG, A o / 1 

BO, and CO. There is thus formed a triedral 0-ABC, I \^ /jx/ n 

yrhose fecial angles are measured by the sides of V ^^XWjx ,/y 

the triangle (208), Now, angle BOC < BOA + AOC \^^,.,^iZ^:^^^ 

(434\ whence BC < BA + AC : and subtracting AC ^<5Z-1-^ 

from both members, we have BC — AC < BA. Fie. 328. 
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drcles perpendicular to ettcb. [Tbs student will readily perceive how this is 
done.] The interacctiou of tbeae perpendiculars, o, will be tbepole of tbesmftll 
drcle required (f). Tiien from ». sh a pole, wilh an arc oB draw the circum- 
ference of a small circle : it will pass through A, B, and C (?), and hence is the 
circumference required. 



OP TAIfGENT PLANES. 

S6d. A Tangent Plane to s curved surface at a given poJot 
is the plane of two lines respectively tangent to two plane sections 
through the point 

III. — Let P be a point in the curved 
surface at which we wish a tangent 
plane. Pass tinj two ptaues through 
the surface and Ihe point P, and let OPQ 
and MPN represent the InterBCCtionB of 
these plauGS with the curved surface. 
Draw UV and ST in the planes of the 
sections, and tangent to OPQ and MPN, 
at P. Then is the plane of UV and ST 
the tangent plane at P. 




PBOFOSinON X. 

S6S. Theorem. — A tangent plaiie to a spher 
!o the radius at the point oftan^ency. 



■ is perpendicular 




D£U.— Let Pbe any point in the surface 
of a sphere ; pats two great circles, aa PoA, 
etc., and PmAR, through P, and draw ST 
laagent to the arc tnP, and UV tangent to the 
arctiP; tlien is the plane SVTU a tangent 
plane at P, and perpendicular to the radius 
OP. For, a tangent (as ST) w> the arc mP is 
perpendicular to the radius of the circle, i.e., 
to OP, and also a Ungent (as VU) to the arc aP 
is perpendicular to the radius of Ihi* circle, 
i.e,, to OP. Hence, OP is perpendicular to 
two lines of the plane SVTU, and conse- 
qnenlly to the plane of these lines (t). 



366. Cor. 1.— Every point in a tangent plane to a sphere, except 
^^e point ofiangency, is without the sphere. 
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being diCferent liner /rftrf C'A and B'A are oblique to tlie edge AO, and in- 
clude an angle Ui* than its measure, and consequently less tlian CAB. For 
n. like reason the plane angle ACB < the spherical angle ACB, and plane angle 
^BC < spherical angle ASC. Moreover, it ia easy to see that the inequality 
lietween any plane angle and the coirespondingspherical angle increases as the 
chords BA and CA deviate more from the tangents. .Whence we see why the 
sum or the angles of the spherical triangle Is not a fixed quantity. 

StS> COE. — A spherical triangle may have one, two, or even three 
Tight angles; and, in fact, it may have one, ttvo, or three obtuse 
angles ; since, in the latter case, the sum of the angles toill not neces- 
sarily be greater than 540°. 

S70^ Def.— ^ Trirectangular Spherical Triangle is 

a epherical triangle which ha^ three right angles. 



PROPOSITION XIV. 
Sttt Theorem. — The trirectangular triangle is one-eighth of 
the surface of a sphere, 

Deu. — Pass three planes through the centre of a spbere, respectively per- 
pendicular to each other. They will divide the ^ 
surface into 8 trireclangular triangles, any one of 

*hich mjy be applied to any other. Thus, let 

^BA'B', ACA'C, and CBC'B' bu Uie great circles 

formed by the three planes, mutually perpendicu- 
lar to each other. The planes being perpendicular 

to each Otber the dledrals, as A-CO-B, C-BO- A, 

C-AO-B, etc., are right, and hence the angles of 

the 8 triangles formed are all right. Also, as AOB 

is a right angle, AB ia a quadrant; as BOC is a 

light angle, CB is a quadrant, etc. Hence, each *'"'■ **"■ 

side of every triangle is a quadranL Now any one triangle may be applied to 

any other. [Let the student make ihe application.] Hence the trirectangular 

triangle is one-eighth of the surface of a sphere. ^ K. D. 

S78. Cor. — The trirectangular triangle is equilateral and its 
sides are quadrants. 



PROFOi-ilTIOir XT. 
579. Theorem. — In an isosceles spherical triangle the angles 
opposite the equal sides are equal; and, conrersely. If two angles of 
a spherical triangle are equal, the triangle is isosceles. 






222 



ELEMENTART SOLID GEOMETBT. 



Dem. — Let ABC be an isosceles spherical triangle in which AB = AC ; the 

angle ABC =: ACB. For, draw the radii AO, CO, an 
BO, forming the edges of the triedral O-ABC. No 
since AB = AC, the facial angles AOC and ACB ar»- 
equal, and the triedral is isosceles. Hence the di 
drals A-OB-C and A-OC-B are equal (442), and co 
sequently the spherical angles ABC and ACB 
equal (558). Again, if angle ABC = angle ACB, sid 
AC = side AB. For in the triedral O-ABC, the di 
drals A-OB-C and A -OC-B are equal, whence the faci 
angles AOB and AOC are equal (443), and cons 
quently the sides AB and AC which measure these angles. 






Pio. 331. 



S80. Cor. — An eqxiilateral spherical triangle is also equiangula 
and, conversely, If the angles of a spherical triangle are equal i 
triangle is equilateral. 



-e 





PROPOSITION XVL 

S81. Theorem^ — On the same or on equal spheres two isoSi 
triangles havi7ig two sides and the included angle of the one equal 
two sides and the included angle of the other, each to each, can 
superimposed, and are conseque^itly equal. ' 

Dem.— In the triangles ABC and AB'C, let AB = AC, AB' = AC ; and 

AB = AB', BC = B'C, and angle ABC = AB'C ; t 
can the triangle AB'C be superimposed upon A 
For, since the triangles are isosceles, we have angle A 
= ACB, AB'C = ACB', and, as by hypothesis AB 
AB'C, these four angles are equal each to each, 
like reason AB = AC = AB' = AC. Now, appl 
AC to its equal AB, the extremity A at A and C a 
with the angle B' on the same side of AB as C, the & 
vexities of the arcs AC and AB being the same, and 
the same direction, the arcs will coincide. Then, 
angle ACB' = ABC, CB' will take the direction BC, and since these arcs 
equal by hypothesis, B' will fall at C. Hence B'A will fall in CA, as only 
arc of a great circle can pass between C and A, and the triangle AB'C is su 
imposed upon ABC; wherefore they are equal. [Let the student give 
application when other parts are assumed equal.] 




Fio. 832. 



S82. Symmetrical Spherical Triangles are such 
have the parts (sides and angles) of the one respectively equal to tb 
parts of the other, but arranged in a diflFerent order, so that the iTi 
angles are not capable of superposition. 



-Z to 
^ he 




OF BPHEBIOAL TBIANQLE8. "eoo 

Tt-t,.— In Fig. 838, ABC and A'B'C repreaenl symmelHcal Bpherical tri- 
.ngles. In these triaaglea A = A', B = B', C - C, 
\C = A'C, AB = A'B', and BC = B'C ; neverlhe- 
«s we caDDOt conceive one triangle superimposed 
Ipon the other. Thna, were we to make the at- 
empt b7 pUcU^ A'B' in ita equal AB, A' at A, and 
3' at B, the angle C would &11 on the opposite side 
>f AB from C, Now, we cannot revolve A'C'B' on 
^B (or its chord), and thus make the two coincide, 
for this would bring their convexities together, 
Korean wo make them coincide by reversing A'B'C, 
and placing B' at A, and A' at B. For, although 
these two arcs will thus coincide, as the angle B is 
not equal to A, B'C will not fall in AC ; and again 
if it did, C would not fall at C, since B'C and AC are 
not equal. 

But, considering the triangles ABC and A B C in 

^. 384, in which A = A', B = B', C = C AC = 

A'C, AB = A'B", and BC = B'C, we can readily 

conceive the latter as superimposed upon the former 

[The student should make the application,] Now 

the two triangles are equal in each case, as will 

lubaequerlly appear of the Fonner. Such triangles us 

those in FIg.SSS are called tj/mmetricaUy equal while 

the latter are said to be equal by ivperpoKlion 
Pig. 335 represents the same triangles as Ftg 334 

Uid exhibits a complete projection* of the semicir 

Cnmferences of which the sides of the trianglea are 

arcs- The student should become pertbctly familiar 

«itb it, and be able to draw it readily, Thus aABA 

Is the projection of the aemicircumference of which Fio. b». 

AB Is an arc, oACe of the semlclrcumference of which AC is an arc, etc., etc 




FROFOSmON XTn. 
/183. Theorem. — Symmeirical spherical triangles are equiva- 
lent. 



• To nnderawnd wlist la mesnt bj tho projection of 
Irith in bate on Iha paper, udrepnitaDled by tbs circle oA 
paper u the; woaMbaoD lha anrbce orencb a faamlepfaeTi 
the enda a and b voald be Id Ibe paper JsHt wbere tbej ai 
off the paper, u tbooith ran coaM take hold of B and m\ 
ranialn ttei. Tbe line* in tlie figure are repraeenUtlon 



beta liiieF. coneaiTa a bemltphate 
and all Uia area raited op ftom Ibe 
Tbna. coaalderlDg tbe arc oABt, 
', but lha rett of tbe arc viould be 
e It (rom Iba paper while a and b 
of llnsK or 



oald appear lo as Bja altnated tn the aiti of tbe circle abe, and at an 
a It; lliat ia.Jant as If each point In tbe litiee dropped jKr;)intfleHliir/|r 
, Arcaof ireatcireieR perpendlcalar to tbe baie are projccttdin rlralgbt 
Une* paaeing Ihmagb tbe canln, and obllqae area ara projected In elllpaei. See Bp^tHeal 
tl9T-/0ff). 
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Dem. — Let ABC be an isosceles spherical triangle in which AB = AC ; then 

angle ABC = ACB. For, draw the radii AG, CO, and 
BO, fonning the edges of the triedral O-ABC. Now, 
since AB = AC, the facial angles AOC and AOB are 
equal, and the triedral is isosceles. Hence the die- 
drals A-OB-C and A-OC-B are equal (442), and con- 
sequently the spherical angles ABC and ACB are 
equal (558). Again, if angle ABC = angle ACB, side 
AC = side AB. For in the triedral O-ABC, the die- 
drals A-OB-C and A -OC-B are equal, whence the facial 
angles AOB and AOC are equal (443), and conse- 
quently the sides AB and AC which measure these angles. 




Fio. 331. 



S80. Cor. — An equilateral spherical triangle is also equiangular ; 
and, conversely, If the angles of a spherical triangle are equal the 
triangle is equilateral. 



PROPOSITION XVL 

S81. Theorem^ — On the same or on equal spheres two isosceles 
triangles having two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each, can be 
superimposed, and are coyisequently equal. '^ 

Dem.— In the triangles ABC and AB'C, let AB = AC, AB' = At' ; and let 

AB = AB', BC = B'C, and angle ABC = ABX' ; then 
can the triangle AB'C be superimposed upon ABC. 
For, since the triangles are isosceles, we have angle ABC 
= ACB, AB'C = ACB', and, as by hypothesis ABC = 
AB'C, these four angles are equal each to each. For a 
like reason AB = AC = AB' = AC. Now, applying 
AC to its equal AB, the extremity A at A and C at B, 
with the angle B' on the same side of AB as C, the con- 
vexities of the arcs AC and AB being the same, and in 
the same direction, the arcs will coincide. Then, as 
angle ACB' = ABC, CB' will take the direction BC, and since these arcs are 
equal by hypothesis, B' will fall at C. Hence B'A will fall in CA, as only one 
arc of a great circle can pass between C and A, and the triangle AB'C is super- 
imposed upon ABC; wherefore they are equal. [Let the student give the 
application when other parts are assumed equal.] 




Fio. 833. 



S82. Symmetrical Spherical Triangles are such as 
have the parts (sides and angles) of the one respectively equal to the 
parts of the other, but arranged in a diflFerent order, so that the tri- 
angles are not capable of superpoBition. 



OF 8PBEBI0AL TBUMaLES. '£ii 

III.— In P(g. S38, ABC and A'B'C represent symmetrical spherical tri- 

Rnglea. In these triangles A = A', B = B', C = C, 

AC = A'C, AB = A'B', and BC - B'C ; neverthe- 
less we cannot conceive one triangle superimposed 
npon the other. Thus, were we to make the at- 
tempt by placing A'B' in its equal AB, A' at A, and 
B' at B, the angle C would tUl on the opposite side 
of AB fWim C. Now, we cannot revolve A'C'B' on 
AB (or its chord), and thus make the two coincide, 
for this would bring their convexities together. 
3forcan we make Ihem coincide byreveraing A'B'C, 
and placing B' at A, and A' at B. For, although 
these two arcs will thus coincide, as the angle B' is 
not equal to A, B'C will not fall in AC ; and, again, 
if It did, C would not M at C, since B'C and AC are 
not equal. 

But, considering the triangles ABC and A'B'C in 

y%r. 334, in which A = A', B = B'. C = C, AC = 

A'C, AB = A'B', and BC = B'C, we can readily 

conceive the latter as superimposed upon the former. 

[The student should make the application.} Now, 

the two triangles are equal in each case, as will 

labsequently appear of the former, Buch triangles ns 

those in Fig. 833 are called tymrmtrieaUy equal while 

the latter are said lo be equal by mperpotilion 

Fig. 33S represents the same triangles as Fig S34 

and exhibits a complete projection* of the semiclr 

cnmferences of which the sides of the triangles are 

arcs. The student should become perfectly femil ar 

with It, and be able to draw it readily. Thus akBb 

Is the projection of the semicircumference of which *^ 835 

ABl8anarc,aAC«oftlieBemidrcDmferenceof which ACisanarc, etc. 



PROPOSITION XyiL 
583- TheoTetn. — Symmetrical spherical triangles are equiva- 
lent. 

* To nndenund wbst la meant by the projection ot theee \inet. conceive a hcmlrplian 
Mthita txtseod the papai, ind represunted by the circle abc, ud all ihe«ca nlrednp (torn the 
Pqieru Ihej wanid be on the nai&ce of each s tiemigphere. Thoi, coDildertDK tlie arcoABi, 
ths end* a and b vonld be In ibe paper jDrt where tbey ure. but the reft of the arc wonld be 
Off the paper, at Ihoagh joa conld takB hold of B and raise It rram the paper while a and ft 
t«maln died. Tbe liaei In the dgure are repreaeoU^ons of Haw an ttie i urbce of vuch ■ 
hemisphere, at ihej wonld appear to so eye (ItDSted In the ailt of the circle abc. and at aa 
Inltilta dtatsoce tnm It; that la, Jurt bb If each point In the Wnet dropped perpendlculiaif 
down upon the paper. Ares of great circle* perpendlcnlar to (he tiaae are projected In ptralght 
lloM paislng tbmn^ the centre, and obUiiiie area are projected luelllpaea. See ^JUKMl 
— '■V(»7-fO0). 
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BC > B'C, A > A'. For, BC being greater than B'C, COB > COB' ; whence^^u— je 
B-AO-C > B'-A'O-C {450), or A is greater than A'. 



PROPOSITION XXL 

S89* Theorem* — On the same, or on equal spheres, two sphen 
eal triangles having the sides of the one respectively equal to the side -^bs 
of the other, or the angUs of the one respectively equal to the angle -^^s 
of the other, are equal, or symmetrical and equivalent. 

Dem.— The sides of the triangles being eqnal, the facial angles of the triedra' 
at the centre are equal, whence the triedrals are equal or symmetrical 
Consequently the angles of the triangles are equal, and the triangles are equi 
or symmetrical and equivalent 

Again, the triangles being mutually equiangular, the triedrals have th< 
diedrals mutually equal ; whence the triedrals are equal or symmetrical (43/ 
Therefore, the sides of the triangles are mutually equal, and the triangles 
equal, or symmetrical and equivalent (See Figs. 338, 334) 




PROPOSITION XXIL 

S90. Theorem. — On spheres of different radii, mutually eq^^^ui- 
migular triangles are similar (not equal). 

Dem. — Let be the common centre of two -w un- 
equal spheres ; and let ABC be a spherical trian .^r sigle 
on the surface of the outer. Draw the radii AC, ^^ BO, 
and CO, constructing the triedral 0-ABC. N^- ^ott, 
the intersections of these faces with the surface - of 
the inner sphere will constitute a triangle whicKT — h is 

mutually equiangular with ABC. Thus, A = a, 

B = 6, and = 6, since in each case the corresp^^oo- 
ding diedrals are the same. From the similar ftJLJec- 
toi-s a06, AOB, we have ab : AS :: aO : AO ; a^ ^d, 
Fig. 340. in like manner, ae i AO :: aO : AO. Whence, e:::^ : 

AS :: ae : AC. So, also, ab : AS :: bO : BO, «» n^ 
heiBC: : 2*0 : BO ; whence, ab : AS :: be: BC. Thus we see that ABC ^^ti^ 
abCf having their angles equal each to each, have also their sides proportioim< 
therefore they are similar. 




POLAR OR SUPPLEBIENTAL TRIANGLES. 

591. One triangle is polar to another when the vertices of o^^ 
are the poles of the sides of the other. Such triangles are 9A» 



POIAB OR BUPPLEMENTAL TRIANGLES. 
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called supplemental, since the angles of one are the supplements of 
the sides opposite in the other, as will appear hereafter. 



PROPOSITION xxin. 

S92m Problem. — Having a spherical 
triangle given, to draw its polar. 

Solution. — Let ABC be the given triangle * From 
A as a pole, with a quadrant strike an arc, as C'B'. 
From B as a pole, with a quadrant strike the arc 
C'A' ; and from C, the arc A'B'. Then is A'B'C 
polar to ABC. 

S93» CoR. — If one triangle is polar to 
another, conversely, the latter is polar to the 
former ; i. e., the relation is reciprocal. 




Fio. 341. 



Thus, A'BX' being polar to ABC ; reciprocally, ABC is polar to A'B'C; that 
Is, A' is the pole of CB, B' of AC, and C of AB. For every point in A'B' is 
at a quadrant's distance from C, and every point in A'C is at a quadrant's dis- 
tance from B. Hence, A' is at a quadrant's distance from the two points Cand 
6 of CB, and is therefore its pole. [In like manner the student should show 
(hat B' is the pole of AC, and C of AB.] 



304. ScH. — By producing each of the arcs 

struck from the vertices of the given triangles 

»oMc\ent\y^four new triangles will be formed, viz., 

A'B'C, QC'B', PC'A', and RA'B'. Only the flrst 

r^f these is called polar to the given triangle. 

tt is easy to observe the relation of any of the 

()arts of any one of the other three triangles to 

the parts of the polar. Thus, QC = 180° — b\ 

QB' = 180" - 6\ QC'B' = ISC' - B'C'A', QB'C 

= 180* - C'B'A', and Q = A' = 180" - a, as will 

appear hereafter. 



-9 




Fio. 843. 



* This should be executed on a sphere. Few students get Qlear ideas of polar triang'cs 
-without it. Care should be talcen to construct a variety of trianji^ies as the given triangle, 
since the polar triangle does not always lie in the position indicated in the figure here given. 
Let the given triangle have one side considerably greater than 90°, another somewhat less, 
and the third quite small. Also, let each of the sides of the given triangle be greater 
than90^ 
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BC > B'C, A > A'. For, BC being greater than B'C, COB > COB' ; whence 
B-AO-C > B'-A'D-C (450), or A is greater than A'. 



PROPOSITION XXL 

S89* Theorem* — On the same, or on equal spheres, two spheri- 
eal triangles having the sides of the one respectively equal to the sides 
of the other, or the angUs of the one respectively equal to the angles 
of the other, are equal, or symmetrical and equivalent. 

Dem. — The sides of the triangles being equal, the facial angles of the triedrali 
at the centre are equal, whence the triedrals are equal or symmetrical (4^1)* 
Consequently the angles of the triangles are equal, and the triangles are equal, 
or symmetrical and equivalent 

Again, the triangles being mutually equiangular, the triedrals have their 
diedrals mutually equal ; whence the triedrals are equal or symmetrical (452), 
Therefore, the sides of the triangles are mutually equal, and the triangles are 
equal, or Bymmetrical and equivalent (See FigB. 338, 334) 



PROPOSITION XXIL 

S90. Theorem. — On spheres of different radii, mutually equi- 
migular triangles are similar (not equal). 

Dem. — Let be the common centre of two un- 
equal spheres ; and let ABC be a spherical triangle 
on the suiface of the outer. Draw the radii AO, BO, 
and CO, constructing the triedral 0-ABC. Now, 
the intersections of these faces with the surface of 
the inner sphere will constitute a triangle which is 
mutually equiangular with ABC. Thus, A = a, 
B = 6, and = 6, since in each case the correspon- 
ding diedrals are the same. From the similar sec- 
tora a06, AOB, we have ab : ^,B :\ aO x AG; and, 
in like manner, ac : AC : : aO : AO. Whence, ab : 
kS :\ ac I AC. So, also, a& : AB : : 50 : BO, and 
hcxBC'.: 2*0 : BO ; whence, ab : kB ,. hci BC. Thus we see that ABC and 
abCf having their angles equal each to each, have also their sides proportional : 
therefore they are similar. 




Fig. 340. 



POLAR OR SUPPLEMENTAL TRIANGLES. 

S91. One triangle is polar to another when the vertices of one 
Mre the poles of the sides of the ottiet. Smc^Xi \.TVBSL^ka are also 
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qUADBATURE OF THE SUBFAOE OF THE SPHERE. 

S96. The Quadrature * of a surface is the same as finding its 
ajea. The term is applied under the conception that the process 
oonsists in finding a square which is equivalent to the given surface. 



PROPOSITION XXY. 

S97* Ijetnma. — The surface generated by the revolution of a 
regular semi-polygon of an even number of sides, about the diameter 
of the circumscribed circle as an axis, is equivalent to the circum- 
ference of the inscribed circle multiplied by the axis. 

Beh. — Let ABCDE be one half of a regular octagon, AE ^ 

being the diameter of the circumscribing circle. If the semi- «^ 

perimeter ABCDE be revolved about AE as an axis, the suiface ^j^^^-^-. 

generated will be 2nr x AE, r being the radius of the inscribed ^Z]-- \ 

circle, as aO, or 60. / ■ **'-.,. 

This surface is composed of the convex surfaces of cones \^ 
and frustums of cones. Thus AB generates the surface of a \ 

cone, BC the frustum of a cone, etc. Let a and b be the mid- j^^.^— . 

die points of AB and BC, and draw aw, Be, bn, and CO per- ^^ 

pendicular to the axis, and Bd parallel to it. Also draw the 
I'adii of the inscribed circle, aO and bO. Indicate the sur- Fig. 845. 

/aces generated by the sides, as Surf. AB, Surf. BC, etc. 
I^he areas of these surfaces are : 

Surf. AB = 27e X am X AB {5 J 6), (1) 

Surf BC =:2it X bn X BC (S18), etc. (2) 

Now, from the similar triangles 0am and BAc, 
"We have aO : AB : : aw : Ac, or 2;r x aO : AB : : 2;r x aw : Ac ; 
"Whence 2;r x aw x AB = 27tr x Ac, putting r for aO. 

Also, fi*om the similar triangles Obn and CB(2, 
We have bO :BC ::bn : Bd (= cO), or 2ir x bO :BC ::2x x bn :eO; 
"Whence 2;r x bn x BC = 2;rr x cO, putting r for 60. 
Substituting these values in (1) and (2), we obtain 

Surf. AB = 27tr x Ac, 

Surf. BC = 2n:r x cO, 

And, in like manner. Surf CD = 2n:r x Op, 

Aad, Surf. DE = 27tr x pE, 



Adding, Surf. ABCDE == 27tr (Ac + cO + Op + pE) = 2rtr x AE. 

Finally, since the same course of reasoning is applicable to the semi-polygons 
of 16, 32, 64» etc., sides, the truth of the proposition is established 



* Lathi uttadrcUua^ eqnared. 
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Fie. 848. 



PROPOsmoir xxiv. 

595. Theorem. — Any angle of a spherical triangle is ih% 
supplement of the side opposite in its polar triangle; and any side 
is the supplement of the angle opposite in the polar triangle. 

Dbm.— Let ABC and A'B'C be two spherical tri- 
angles polar to each other ; and let the sides of 
each be designated as a, 5, c, a\ h\ cf^ a being 
opposite A, a' opposite A', h opposite B, etc. Then 
A= 180" - a', B = 180" -d', C = 180" - c', a = 
180" - A', d = 180" - B', and e = 180" - C. 

For, join the vertices of the triangles with the 
centre of the sphere, thus forming the triedrals 
0-ABC, and O-A'B'C. These triedraki are sup- 
plemental ; for, A being the pole of C'B', AO is the 
axis of the great circle of which C'B' is an arc (?), 
hence is pei-pendicular to the plane COB', and 
consequently to OB' and-OC (?). Li like manner, 
BO is perpendicular to the plane A'OC, and hence to OA' and 0C^ So, also, 
CO is perpendicular to OA' and OB'. Now, these triedrals being supplement- 
ary, thediedral B-AO-C is the supplement of the facial angle COB' (^33); or, 
since the diedral B-AO-C is the same as the spherical angle A, and the &cial 
angle COB' is measured by a', A is the supplement of a', t. e., A rr 180" — a'. 
For like reasons, B = 180" - h\ and C = 180" — e'. [Let the student give them 
in full.] Again, the diedral B'-A'O-C^ is the supplement of the facial angle 
COB {438); whence A' = 180" - a. In like manner B' = 180" - 6, and C = 
180" - 6. 

Second Demonstration. — Let ABC and A'B'C be two 
polar triangles. Let CB, CA, and AB be represented by a^ 
h, and c respectively, and CB', CA', and A'B' by a', y, and d. 
To show that A = 180" — a', produce b and c, if necessary, till 
they meet the side a', of tlie triangle polar to ABC, in e and 
d. Now A is measured by ed (500). But, since Cd = 90", 
and B'e = 90", C'd + B'«, or CB' + e<f = 180" ; whence trans- 
posing, and putting a' for CB', we have etf = A = 180" — «'. 
In like manner C'g + A'/= CA' +/5r = 180" ; whence /^r = B = 180" - CA', 
or 180" - V, So, also, C = 180" — c'. To show that A' = 180" — a, consider 
that A' being the polo of CB, fi is the measure of A'. Now B/= 90" (?), and 
Ct = 90" ; whence B/ + C* = 180". But B/ + Ci=fi + a, wherefore f£-¥a = 
180", and transposing, and putting A' for /», we have A' = 180" — a. In like man- 
ner we may show that B' = 180" - 5, and C = 180" - c. [The student should 
give the details.] 




QUADBATUBE OF SUBFAOE OF SPHSRE. iSid 

qUADBATURE OF THE SUBFAOE OF THE SPHERE. 

596m The Quadrature * of a surface is the same as finding its 
area. The term is applied under the conception that the process 
consists in finding a square which is equivalent to the given surface. 



PROPOSITION XXY. 

597* Lemma. — The surface ge^ierated by the revolution of a 
regular semi-polygon of an even number of sides, about the diameter 
of the circumscribed circle as an axis, is equivalent to the circum- 
ference of the inscribed circle multiplied by the akis, 

Deh. — Let ABCDE be one half of a regular octagon, AE ^ 

being the diameter of the circumscribing circle. If the semi- a^ 

perimeter ABCDE be revolved about AE as an axis, the surface /*:r::3... 

generated will be 27zr x AE, r being the radius of the inscribed ^ A_ .j, 

circle, as aO, or 60. / i """--.. 

This surface is composed of the convex surfaces of cones \ ^ 
and frustums of cones. Thus AB generates tlie surface of a \ 

cone, BC the frustum of a cone, etc. Let a and b be the mid- j^,.^— 

die points of AB and BC, and draw aw. Be, ftw, and CO per- ^^ 

pendicular to the axis, and Bd parallel to it Also draw the 
radii of the inscribed circle, aO and bO. Indicate the sur- Fig. 845. 

faces generated by the sides, as Surf. AB, Surf. BC, etc. 
The areas of these surfaces are : 

Surf. AB = 27e X am X AB {5 J 6), (1) 

Surf BC = 27i: X bn X BC (518), etc. (2) 

Now, from the similar triangles 0am and BAc, 
We have aO : AB : : am : Ac, or 2;r x aO : AB : : 2;r x am : Ae ; 
Whence 2;r x aw x AB = 27tr x Ac, putting r for aO. 

Also, fi*om the similar triangles O^ and CBd, 
We have bO :BC::bn:Bd (= cO), or 2ir x bO :BC ::2it x bnieO; 
Whence 27e x bn x BC = 27Cr x cO, putting r for 60. 

Substituting these values in (1) and (2), we obtain 

Surf. AB = 2itr x Ac, 

Surf. BC = 2itr x cO, 

And, in like manner. Surf CD = 2itr x Op, 

And, Surf DE = 2;rr x pE, 



Adding, Surf. ABCDE — 2Ttr (Ac + cO + Op + pE) = 2ier x AE. 

Finally, since the same course of reasoning is applicable to the semi-polygons 
of 16, 32, 64» etc., sides, the ti*uth of the proposition is established 



* Latin guodratiM, ^uaxed. 



832 



ELEMENTARY SOLID GEOMETRY. 




is the same thing, the plane angle BOC measured 
by the arc CB, of which A is the pole ; then is 

lune ACEB : surface of sphere : : CAB : 4 riglU angles. 

For, suppose the arc CB commenBurable with the 
circumference BCmDn, and suppose that they are 
to each other as 5 : 24. Dividing BC into ^ equal 
arcs, and the entire circumference BZmOn into 24 
arcs of the same length, and passing arcs of grea^ 
circles through A and these points of division, the 
lune will be divided into 5 equal lunes, and the 
entire surface into 24 equal lunes of the same size. 

That these lunes are equal to each other is evident from the fact that they are 

composed of equal isosceles triangles. Hence, 

lune ACEB : surfaee of sphere : : 5 : 24. 

Now, angle BOC : 4 right angles : : BC (= 5) : BOmDn (= 24). 

Therefore, lune ACEB : surface of sphere : ; BOC (or CAB) : 4 right angles^ 

since the circumference measures 4 right angles. 

If BC has no finite common measure with the circumference, we may divide 
it into any number of equal arcs, bisect these arcs, then bisect the last formed, 
and continue the process of bisection (in conception) to any required extent ; 
and as, when any one of the arcs thus obtained is applied to the circumference, 
if it is not an exact measure, the remainder is less than the arc, we can continue 
the subdivision of BC (in conception) until this remainder is less than any 
assignable quantity. Hence, we may always consider the arc BC as com- 
mensurable with the circumference by making the measure infinitesimal. 

608. Cor. — Hie sum of several lunes on the same sphere is equal 
to a lune whose angle is the sum of the angles of the lunes ; and the 
difference of tioo lunes is a lune whose angle is the difference of their 
angles, 

009 • ScH, 1. — The case in which the arc measuring the angle of the lune 
Is incommensurable with the cu'cumference, may be treated as in (200\ by the 
method of reasoning called the JReductio ad absurdum, i, e,, by showing a thing 
to be true, since it would be absurd to suppose it untrue. 

Thus, there is some arc to which the circum- 
ference bears the same ratio as the surface of the 
sphere does to the surface of the lune. If that arc 
be not BC let it be BL, an arc less than BC, so that 

surface of sphere : lune ACEB : : BCmDn : BL. (1) 

Conceive the circumference BCmDn divided into 
equal parts, each of which is less than CL, the as- 
sumed difference between BC and BL. Then con- 
ceive one of these equal parts applied to BC as a 
measure, beginuloig &t B. Since the measure is less 
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than LC, one point of diyision, at least, will fall between L and C. Let I be 
such a point, and pass tlie arc of a great circle through A and I. 

Now, surf ace of sphere : lune A\EB :: BCmDn : Bl, (2) 

9ince the arc 81 is commensurable with the ch'cumference. In (1) and (2), the 
antecedents being equal, the consequents should be proportional, hence we 
should have 

lune ACEB : lune AIEB : : BL : Bl. 

But this is abeurd, sinoe lune ACEB > lune AIEB, whereas BL < Bl. In 
a similar manner we can show that 

surface ofsphei*e is not to lune ACEB : : BCmOn : any arc greater than BC. 

Hence, as the fourth tei*m can neither be less nor greater than BC, it must 
be equal to BC, and we have 

sniff ace of sphere : hiryekZZB :: BCmDn : BC, 

%. 6., as 4 right angles, to the angle of the lune. 

^lO. ScH. 2. — To obtain the area ef a lune whose angle is known^ on a given 
mphere^ find the area of the sphere, and multiply it by the ratio of the angle 
of the lune (in degrees) to 360°. Thus, R being the radius of the sphere, 
^ic'R* is the surface of the sphere ; and the lune whose angle is 30° is -^^ or 
tV the sur&ce of the sphere, t. «., A* of 4;rR' = iirR*. 



PROPOSITION 

Oil, The(n*etn^i—If two semicircumferences of great circles 
intersect an the surface of a hemisphercy the sum of the two opposite 
triangles thus formed is equivalent to a lune whose angle is that 
included by the semicircumferences, 

Dem. — ^Let the semicircumferences CEB and 
DEA intersect at E on the surface of the hemi- 
sphere whose base is CABD ; then the sum of the 
triangles CED and AEB is equivalent to a lune 
whose angle is AEB. 

For, let the semicircumferences CEB and DEA 
be produced around the sphere, intereecting on 
the opposite hemisphere, at the extremity F of 
the diameter through E. Now, FBEA is a lune 
whose angle is AEB. Moreover, the triangle AFB 
is equivalent to the triangle DEC : since angle yj^ 35Q 

AFB = AEB = DEC, side AF =r side ED, each being 

the supplement of AE; and BF =: CE, each being the supplement of EB. 
Hence, Uie sum of the triangles CED and AEB is equivalent to the lune FBEA. 
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PROPOSITION 

612n Theorem^ — The area of a spherical triangle is to the area 
of the surface of the hemisphere in which it is situated, as its spheri- 
cal excess is to four right angles, or 360°. 

Dbh.— Let ABC be a spherical triangle whose angles are represented by A, 
B, and C ; then is 

area ABC : $uff, of hemisphere : : A + B + — 180" : 4 right angles, or 860'. 

Let lune A represent the lune whose angle is the an- 
gle A of the triangle, i, e., angle CAB, and m like man- 
ner understand lune B and lune C. 

Now, triangle AHG+ AED = htne A {611), 
BHI + BEF = lune B, 
CGF + CDI = lune C . 

Adding, 2ABC + Tiemuphere = lune(k + B + C)* (1) 
since the six triangles AHG, AED, BHI, BEF, CGF, and 
CDI, make the whole hemisphere and 2ABC be- 
sides, ABC being reckoned three times. From (1), we 
have by transposing and remembering that a hemi- 
sphere is a lune whose angle is 180"*, and dividing 

by 2, 

ABC = i^t^Tkj (A + B + C - 180'). 

But, by (607), 

\lune\k + B + C — 180°) : 9urf. of h&misph. : : A + B +C — 180* : 4 ^ightanglee. 

Therefore, ABC : surf, of hemisph, : : A + B + C — 180* : 4 right angles, 

613. ScH. 1. — To find the area of a spherical triangle on a given sphere, 
the angles of the triangle being given, we have simply to multiply the 
area of the hemisphere, ». e.y 27rR', by the ratio of the spherical excess 
to 360°. Thus, if the angles are A = 110°, B = 80% and C = 50°, we have 




area ABC = 2;rR" x 



A + B + C -180' 
860° 



= 2;rR.X3^ = 4^R«. 



614. ScH. 2.— This proposition is usually stated thus: The area of a 
spherical triangle is equal to its spherical excess muUipUed by the trirectangvlar 
triangle. When so stated the spherical excess is to be estimated in terms of 
the right angle ; i. «., having subtracted 180° from the sum of its angles^ we are 
to divide the remainder by 90°, thus getting the spherical excess in right angles. 
Li the example in the preceding scholium, the spherical excess estimated in this 



way would be 



110° + 80° + 50° - 180' 
90° 



= I ; and the area of the triangle would 



* This clgnifieB the lane whose angle is A ->- B ->- C« which is of coarse the som of the 
tlwee JaneB whose angles are Ai B« <uid C* 
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be } of the tiirectatigalar triangle. Now, tlie uriracl&ngalu' triangle being \ of 
the surfoce nf the sphere (J77) ia I "t 4«R', or inlt'. This multiplied by ) 
giTes i:rR', the same as above. 
The proportion, 

ABC L >7t7f. cf hemiiph. ; : A + B + C - 180' : 860", 
b readily put iuto a form which sgrees with the enunciation as given in this 
Ddioliiim. Thus, mif.tfhemi^. = SjtR', whence 



ABC = SxB? 



A + B + C - 180° . 



inW > 



90' 



TOLOO: OF SFHEBE. 




FBOFOSrriON SXXL 
015. Theorem- — The volume of a sphere is equal to fhe area 
o/ its surface multiplied by \ of the radius, that is, t?rE', K ieing 
^he radius. 

Dem.— Let OL = R he the radius of a sphere. 
<3onceive a drcumacribed culw, that ia,a cube whose 
faces are taagent planes to the sphere. Draw lines 
Xrom the vertices of each nf the poiyedral angles of 
Uie cube, to the centre of Ihe sphere, as BO, CO, DO, 
AO, etc. These lines are the edges of siK pyramids, 
liaviag for their baseB the faces of the cube, and for 
B common altitude Ihe radius of the sphere (?). 
Sence the volume of the circumscribed cube is 
equal to its surface multiplied by IR. 

Again, conceive each of the poiyedral ant^les of 
the cube truncated by planes tangent to tiie tplleit. A new circumscribed solid 
will thns be formed, whose volume will be Dearer tliat of the sphere than is that 
of the circumscritted cube. Let <i6c represent one of these tangent planes. Draw 
from the poiyedral angles of tliis new solid, lines lo the centre of the sphere, as 
oO, SO, and eO, etc. ; these lines will form the edges of a set of pyramids whose 
bases constitute the siu^ace of the solid, and whose common altitude is the 
radius of the sphere (f). Hence the volume of this solid is equal to the product 
of its surface (the sum of the bases of the pyramids) Into ^R 

Now, this process of truncating the angles by tangent planes may be con- 
ceived as continued indefinitely ; and, to whatever extent it is carried, it will 
edieaj/i be true that the volume of the solid Is equal to its surface multiplied by 
iR Therefore, as the sphere is the limit of this circumscribed solid, we have 
the volume of the sphere equal txi the surface of the sphere, which is ixJP, 
multipUed by iR, i «., to isR*. q. bl d. 



Fie. SI 
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6I60 Cor. — TTie surface of the sphere may be conceived as con- 
sisting of an infinite number of infinitely small plane faces, and the 
vohime as composed of an infinite number of pyramids having these 
faces for their bases, and their vertices at the centre of the sphere, the 
common altitude of the pyramids being the radius of the sphere. 

617. A Spherical Sector is a portion of a sphere generated 
by the revolution of a circular sector about the diameter around 
which the semicircle which generates the sphere is conceived to 
revolve. It has a zone for its base ; and it may have as its other sur- 
faces one, or two, conical surfaces, or one conical and one plane 
surface. 

III. — ^Thas let a5 be fhe diameter around which 
the semicircle aOh revolves to generate the spliere. 
Tlie solid generated by the circular sector AOa will 
be a spherical sector having a zone (AB) for its base ; 
and for its other sur&ce, the conical surface gene- 
rated by AO. The spherical sector generated by 
COD, has the zone generated by CD for its base ; and 
for its other surfaces, the concave conical surface 
generated by DO, and the convex conical surface 
generated by CO. The spherical sector generated 
by EOF, has the zone generated by EF for its base, 

the plane generated by EO for one surface, and the concave conical surface 

generated by FO for the other. 

618. A Spherical Segment is a portion of the sphere in- 
cluded by two parallel planes, it being understood that one of the 
planes may become a tangent plane. In the latter case, the seg- 
ment has but one base; in other cases, it has two. A spherical 
segment is bounded by a zone and one, or two, plane Bur£a,ces. 




PBOPOSmOK XXXIL 

619. Theorem. — The volume of a spherical sector is equal to 
the product of the zone which forms its base into one-third the radius 
of the sphere. 

Dbm. — ^A spherical sector, like the sphere itself, may be conceived as con- 
sisting of an infinite numbei* of pjrramids whose bases make up its surface, and 
whose common altitude is the radius of the sphere. Hence, the volume of the 
sector is equal to the sum of the bases of these pjo'amids, that is, the surface of 
Gie sector, multiplied by one-third their common altitude, which is one-third 
the mdiua of the sphere. Q. B. d. 
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620» Cob. — The volumes of spherical sectors of the same or equal 
spheres are to each other as the zoties which form their bases; andy 
since these zones are to each other as their altitudes (604), the sec- 
tors are to each other as the altitudes of the zones which form their 
bases. 



PROPOSITION xxxra. 

621. Theorem. — The volume of a spherical segment of one base 
is ;rA'(R — -^A), A being the altitude of the segment, and R the ra- 
dius of the sphere, 

Dem. — Let CO = R, and CD = A ; then is the volume of tiie spherical seg- 
rnent generated by the revolution of CAD about CO 
equal to «'A*(R — JA). 

For, the volume of the spherical sector generated 
\ky AOC is the zone generated by AC, multiplied by 
-^R, or 2jrAR x iR = f jrAR*. From this we must 
subtract the cone, the radius of whose base is AD, and 
^vrhose altitude is DO. To obtain this, we have DO 
= R — A ; whence, from the right angled triangle 

ADO, AD = V'R« - (R - A)« = v'2AR - A*. Now, 
the volume of this cone is 

40D X ;rAD', or i;r(R - A) (2AR - A«) = 4)r(3AR« - SA'R + A«). 
Subtracting this from the volume of the spherical sec- 
tor, we have 

lffAR« - 4^(2AR« - 8A«R + A«) = 

«(A*R - 4A') = TT A*(R - 4A). Q. B. D. 

S22. ScH.— The volume of a spherical segment 
with two bases is readily obtained by taking the 
difference between two segments of one base each. 
Thus, to obtain the volumes of the segment generated 
by the revolution of 6CAc about aO, take the differ- 
ence of the segments whose altitudes are €lc and od. Fia. 866. 




Fio. 854. 




EXERCISES. 

1. What is the circumference of a small circle of a sphere whose 
diameter is 10, the circle being at 3 from the centre ? 

Ans., 25.1«328. 

2. Construct on the spherical blackboard a spherical angle of 60°. 
Of 45°. Of 90°. Ofl20S Of 250°. 
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8uG*s. — Let P be the point where the vertex of tlie required angle is to be 
situated. With a quadrant strike an arc from P, wiiich shall represent one side 
of the required angle. From P as a pole, witli a quadrant, strike an arc from 
the side before drawn, which shall measure the required angle. On this last arc 
lay off from the first side the measure of the required angle,* as 60°, 45°, etc 
Through the extremity of this ai*c and P pass a great circle (548). [The stu- 
dent should not fail to give the reasons, as well as (29 the work.] 

3. On the spherical blackboard construct a spherical triangle ABC, 
haying ab = 100% AC = 80°, and A = 58°. 

4. Construct as above a spherical triangle ABC, having AB = 75°, 
A = 110°, and B = 87°. 

5. Construct as above, having AB = 150°, BC = 80°, and AC = 100°- 
Also haying AB = 160°, AC = 50°, and BC = 85°. 

6. Construct as above, having A = 52°, AC = 47°, and CB = 40°. 

Bug's.— Construct the angle A as before taught, and lay off AC from A equal 
to 47% with the tape. This determines the vertex C. Prom C, as a pole, with 
an arc of 40°, describe an arc of a small circle ; in this case this arc will cut the 
opposite side of the angle A in two places. Call these points B and B'. Pass 
circumferences of great curcles through C, and B, and B'. There are two tri- 
angles, ACB and ACB'. 

NoTB. — The teacher can multiply examples like the three preceding at pleas- 
ure. This exercise should be continued till the pupil can draw a spherical tri- 
angle as readily as a plane triangle. 

7. What is the area of a spherical triangle on the surface of a 
sphere whose radius is 10, the angles of the triangle being 85°, 
120°, and 150° ? Ans., 305.4 +. 

8. What is the area of a spherical trtangle on a sphere whose 
diameter is 12, the angles of the triangle being 82°, 98°, and 100° ? 

9. A sphere is cut by 5 parallel planes at 7 from each other. What 
are the relative areas of the zones ? What of the segments ? 

10. Considering the earth as a sphere, its radius would be 3958 
miles, and the altitudes of the zones. North torrid = 1578, North 
temperate = 2052, and North frigid = 328 miles. What are the 
relatiye areas of the several zones ? 

Sue. — The student should be careful to discriminate between the width of a 
zone, and its altitude. The altitudes are found fiom their widths, as usually 
given in degrees, by means of trigonometry. 

* For this purpose a tape eqnal in leng^th to a eemicircninference of a great circle of the 
sphere aeed, and marked off into ISO equal parte, vriU b« convenient A strip of paper ma>' 
de aged. 
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11. The earth being regarded as a sphere whose radius is 3958 
miles^ what is the area of a spherical triangle on its surface^ the 
angles being 120% 130**, and 150*^ ? What is the area of a trirectan- 
gular triangle on the earth's surface ? 

12. Construct on the spherical blackboard a spherical triangle 
ABC, having A = 59°, AC = 120°, and AB = 88°. Then construct the 
triangle polar to ABC. 

13. Construct triangles polar to each of those in Examples 3, 4, 
and 5. 

14. In the spherical triangle ABC given A = 58°, B = 67°, and 
AC = 81° ; what can you aflfirm of the polar triangle ? 

15. What is the volume of a globe which is 2 feet in diameter ? What 
of a segment of the same globe included by two parallel planes, one 
at 3 and the other at 9 inches from the centre ? 

16. Compare the convex surfaces of a sphere and its circumscribed 
cylinder and cone, the vertical angle of the cone being 60°. 

17. Compare the volumes of a sphere and its circumscribed cube, 
cylinder, and cone, the vertical angle of the cone being 60°. 

18. If a and b represent the distances from the centre of a sphere 
whose radius is r, to the bases of a spherical segment, show that the 
volume of the segment is n[r' (i — ff) — \{V — a*)]. See {62 If 
622). 



PART III. 



AN ADVANCED COURSE 
IN GEOMETRY. 



OHAPTEE I. 

EXERCISES IN GEOMETRICAL INVENTIOK. 



SECTION L 

THEOREMS IN SPECIAL OR ELEMENTARY GEOMETRY. 

623. This chapter will afford a review of Parte I. and II., while 
it will greatly extend the student's knowledge of geometrical facts. 
Great pains should be taken to secure good habits as to neatness of 
execution in the construction of figures, orderly and proper arrange- 
ment of thought, and in style of expression. The practice of con- 
structing every figure upon geometrical principles — ^guessing at 
nothing — cannot be too strongly commended. As to the form of a 
geometrical argument, observe the following order: 

Ist. The enunciation of the theorem or problem in general terms. 

2d. The elucidation of the general statement, by reference to the 
particular figure which it is proposed to use. 

3d. A description of the figure, with reference to any auxiliary 
construction which is used in the demonstration or solution. 

4th. The demonstration prq)er. 

624. If two adjacent sides of a quadrilateral are equal each to 
each, and the other two adjacent sides equal each to each, the diago- 
nals intersect at right angles. 

8i7«'a— /sf. Draw a quadrilateral hav\ng sucYi ^\CieE «& \Jcv^ ^"aJ«v. \^^^^^^'^^^ 
draw its (Vmgonals, 2cl State the pvoY>08\t\oii V\l\\ \^^^\cwc^ \» ^^>» ^«=^^^ 
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3d. [In tliis case the regular third step is not required, as no auxiliary lines are 
necessar>\] 4th. Prove that the diagonals are at right angles to each other. 
The.denionstration is based upon a corollary in Section I., Part IL, Chapter I. 

025* Cor. — One of the diagonals is bisected. [State which one, 
and show why.] 

626. If a parallelogram has one oblique angle, all its angles are 
oblique ; and if it has one right angle, all its angles are right angles. 

SuG'a — Let tlie student be carefUl to follow the order as heretofore given. 
No auxiliary constniction is needed. The demonstration is based upon the 
doctrine of parallels. 

627' The sum of three straight lines drawn from any point 
within a triangle to the vertices is less than the sum, and greater 
than the half sum of the three sides of the triangle. 

SuG*B. — The first statement is proved from (270) and the second from (274:.) 



628. A line drawn from any angle of a triangle to the middle 
of the opposite side, is less than the half sum of the 
^^ adjacent sides, and greater than the difference between 
this half sum and half the third side. 

• 

8uG*s. — Ist. Draw a triangle, as ABC, bisect one side, as AC, 
and draw BD. 2d. Make the statement with reference to the 
figure. 3d. Produce BD until DE = BD, and draw AE and EC. 
4th. The first step in the proof is to show the triangle ADE equal 
to CBD, and ADB equal to DCE ; whence AE = BC, and EC = AB. 




Fio. 356. 




Fie. 357. 



629* If lines be drawn from the extremities of 
either of the non-parallel sides of a trapezoid to the mid- 
dle of the opposite side, the triangle thus 
formed is half the trapezoid. 

guG'g._The third step, or construction, consists in 
drawing HE parallel to AD and hence to BC (?), and 
FG through E parallel to AB. 



ffSO. Any line drawn through t\ie c^ntie of the diagonal of a 
parallelogram bisects the figure. 
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G31- Prove that the sum of the angles of a 
triangle is two right angles, by producing two 
of the sides about an angle and through this 
angle drawing a line parallel to the third side. 

Prove the same by producing one side of the 
triangle and drawing a line through the ex- 
terior angle parallel to the non-adjacent side. 




632. If any point, not the centre, be taken 
in a diameter of a circle, of all the chords 
which can pass through that point, that one is 
the least which is at right angles to the diameter. 




Fig. 358. 



S33' If from any point there extend two lines tangent to a cir- 
cumference, the angle contained by the tangents is double the angle 
contained by the line joining the points of tangency and the radius 
extending to one of them. 

634:. The angle included by two lines drawn from any angle of a 
triangle, the one bisecting the angle and the 
other perpendicular to the opposite side, is 
lalf the difference of the other two angles 
of the triangle. 

SuG's. ABD = 90" - A. whence ABD - EBD = 
90" - A - EBD. Also. DBC = 90" - C, whence EBC = 90" - C + EBD 
-- 90" - A - EBD, etc. 




635. If three lines be drawn from the acute angles of a right 
angled triangle — two bisecting these angles, 
and a third a perpendicular to one of the 
bisecting lines — the triangle included by 
these lines will be isosceles. 

Bug's.— It is to be proved that OD r= CD. 
COD = OAC + ACQ = 45°, etc. 




636. If one circumference be described 
on the radius of another as a diameter, 

any straight line extending from their point of contact to the outer 
circumference is bisected by the inner. 

Bug. — The demonstration is based upon (159, 211). 
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637* Prove that the sum of the angles of a regular five point star 
(Fig. 101) is two right angles. Show, also, that the figure formed b] 
the intercepted portions of the lines is a regular pentagon. 



638. If the sides of a regular hexagon are produced till the 
meet^ show that the exterior figures will be equilateral triangles. 




639. If from two given points on the sam^ 
side of a given line, two lines be drawn meet> 
ing in the line, their sum is least when they 
make equal angles with the line. 



640. If from two given points without a 
circumference, two lines be drawn meeting in the circumference, 
their sum is least when they make equal angles with a tangent at 
the common point, the points being on the opposite side of the tan- 
gent from the circle. 

641. The side of an equilateral triangle inscribed in a circle is 
equal to the diagonal of a rhombus, whose other diagonal and each 
of whose sides are e(j[ual to the radius. 

642. If two circumferences intersect each other, and from either 
point of intersection a diameter be drawn in each, the other ex- 
tremities of these diameters and the other point of intersection are 
in the same straight line. 

643. If any straight line joining two parallels be bisected, any 
other line through the point of bisection and included by the par- 
allels, is bisected at the same point. 

644. If the sides of any quadrilateral are bisected, the quadri- 
lateral formed by joining the adjacent points of bisection is a par- 
allelogram. 

Bug's.— Ist. Draw a quadrilateral, bisect its 

sides, and Join the adjacent points of bisection. 
2d. State tlie proposition, with refei'ence to the 
figure. 3d. Draw the diagonals. 4th. Give the 
proof. It is based on the simiJarity of triangles. 

64S. Cor. 1. — The parallelogram is one- 
half the trapezium. Prove it What figure 
is formed by joining the centres of EF, FC, 
Fio. 802. and FC, HG, etc. ? 




6d6. Cob. 2. — Lines joining the middle points of the opposite 
sides of any trapezium bisect each other (?). 



647* If two straight lines join the alternate ends of two parallels, 
the line joining their centres is half the dif- 
ference of the parallels. 

Sug's.— We are to prove that EF = i (CD — AB). 
CH = EF = i (CD - AB). 




648. In any right-angled triangle the line drawn from the right 
angle to the middle of the hypotenuse is equal to one-half the 
liypotenuse. 

649. The perpendiculars which bisect the three sides of a triangle 
xneet in a common point. 

Suo'fi.'-^First Rhow that the intersection of two of the perpendiculars is 
equally distant from the three vertices of the triangle. Then that a line 
drawn from this point to the middle of the third side is perpendicular to it 



650. The three perpendiculars drawn from the angles of a tri- 
angle upon the opposite sides intersect 

in a common point 

Sug's. — Draw through the vertices of the 
triangle lines parallel to the opposite sides. 
The proposition may then be brought under 
the preceding. 

651. Cob. — The following triangles 
are similar—viz., BOE, BDC, ADD, and 
AEC, each to each ; also BOF, BDA, DOC, p^^ ^^ 
and CFA. Prove it 




652. If from a point without a circle two secants be drawn, mak- 
ing equal angles with a third secant passing through the same point 
and the centre of the circle^ the intercepted chords of the first two 
are equaL 

Sua. >*Froye by reyolving one part of the figure. 
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6S3. The sam of the alternate angles of a7iy hexagon inscribed 
in a circle is four right angles. 




6S4. If two circles intersect in A and B, 
and from P, any point in one circumference, 
the chords PA and PB be drawn to cut the 
other in c and D, CD is parallel to a tangent 
at P. 



Fio. 865. 



pendicular to each other. 



6S5. If two lines intersect, two lines 
which bisect the opposite angles are per- 



6S6» The angle included by two lines drawn from a point within 
a tiiangle to the yertices of two of the angles, is greater than the third 
angle. 

Bug's.— The demonstratioii may be founded on (219) or (231), 



657 » In a triangle whose angles are 90°, 60°, and 30°, show that 
the longest side is twice the shortest 



658. Lines which bisect the adjacent angles of a parallelogram 
are mutually perpendicular. 

659* If from any point in the base of an isosceles triangle lines 
are drawn parallel to the sides, a parallelogram is formed whose peri- 
meter is constant and equal to the sum of the two equal sides of the 
triangle. 



660. If from any point in the base of an isosceles 
triangle perpendiculars be drawn to the sides of the 
triangle, their sum is constant and equal to the per- 
pendicular from one of the equal angles of the triangle 
upon the opposite side. 




Fig. 866. 




^iG. 867. 



661. If from any point within an equilateral tri- 
angle, three perpendiculars be let fall upon the sides, 
theiv sum is constant aivd ec\via.l to the altitude of the 
triangle. 
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662. If from a fixed point without a circle two 
tangents be drawn terminating in the circumfer- 
ence, the triangle formed by them and any tan- 
gent to the included arc has a constant peripeter 
equal to the sum of the first two tangents. 




lu;. 3<i8. 



663. The sum of two opposite sides of a quadrilateral circum- 
scribed about a circle, is equal to the sura of the other two. 



664. If two opposite angles of a quadrilateral are supplemen- 
tary, it may be circumscribed by a circumference. 



66S. The square described on th6 sum of two 
lines is equivalent to the sum of the squares on 
the lines, plus twice the rectangle of the lines. 

Sug'b. — Be careful to give the construction fully, and 
show that the parts are rectangles, etc. 



a b 


6' 


a' 


a b 



a + l. 

« 

Fig. 869. 



666. The square described on the diflference of [7 
two lines is equivalent to the sum of the squares 
on the lines, mmus twice the rectangle of the 
lines. 




Pig. 870. 



667. The rectangle of the sum and difference 
of two lines is equivalent to the difference of the 
squares described on the lines. 

SCH. — The three preceding propositions are but geo- 
metrical conceptions and demonstrations of the algebraic 
farmulcB, {a + hf = a" + ^(tb + *^ {a - bf = a^ - ^iab 
+ J*, and (a + ft) (a — ft) = a" — ft**. 



I 



0-6 ft d 



a 
Pig. 871. 
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YABI0D8 DEM0S8TIUII0NS OF THE PTTIUeOREAS PBOPCMUTIOX. 
608. The square described on the hypotenuse of a right-angled 
triungle is equivalent t« the sum of the squares 
Inscribed on the other two sides. 



iBt Method. — Let ABC be the giren triaogle, and 
ACED Uie square described on tbeh7polena8& Complete 
the coDstruclioD. Show that the four triangles &re equal 
Ttie square HF is {AB — BC}*. The aUideatcan complete 
ihe demonstration. 



3d Hethod.— Let ACEO be the square on the 
bypotennse. Let fall the petpendiculare EF, DC, 
ele. Show that the three triangles are equal, sod 
Ibat FD and LB are tbe squan» of the two sides A8 
aadBC. 



8d HsTHOD.— Let Bt. and BH be thi 

squares on tbe sides. Produce FL and 
HC U11 they meel in K. Draw DA and EC 
perpendicular to AC, and draw DE and 
KB. Prove tbat ACEO is a Bquare, and also 
that the iriangles ABC, CLE, BFK, KBC, 
DKE, and AHD are all equal to each Other. 
The demonstralion is then readily made. 



4th Mbthod.— This is the demousttation 

usually given in our leit-books. Drawing the 
squares on the three sides, iet fhll Bl perpen- 
diculHr to AC and produce it U> K. Draw BO, 
BE, HCandAF. Show that Ihe triangle HAC 
= BAD, and that the ibrmer is half the square 
AC, and the latter lialf the rectangle AK, 
Hence AC = AK. In like manner ebaw tbat 
LC = CK. 
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We will nov give a few other figures by n 
::ui be Affected, and leftve [he student to his < 



e of which the demonstmtioD 

n effecting it. 





6tli Method. 7th Method. 
Fia. sn 



9th Hbthod.— The truth of the ihoorem appears alBo 
'A a direct consequence of {300). 



669. In an oblique angled triangle the square 
of a side opposite an acute angle is equivalent to the sum of the 
^nares of the other two sides diminished bj twice the rectangle of 
t:he base, and the distance ttom the acute aiigle to the foot of the 
perpendicular kt fall upon the base firom the angle opposite. 

Sna's.— It is to bo shown that AB» = BC' + AC' - SAC x DC ^ 

Obserre that AD' = (AC - DC)' = AC + DC' - SAC x DC, 
mience, by a simple application of the preceding tbeot«m, 
the truth c^ this becomes apparent 



670. In an obtnse angled triangle the square of the side opposite 
the obtnse angle is equivalent to the sum of the squares on the otiiei- 
two sides, increased by twice the rectangle contained by the base and 
- tiic distance from the obtuse angle to the foot of the perpendicular 
let fall from the angle opposite upon the base produced. 



8uo.— The demonetratloh is analogous ti 
in this case ; whence AD = AC + DC, etc. 



the preceding, C being made obtuse 
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671- The following is an outline of a general demonstration cot- 

ering the three preceding propositions : 

Letting AE, BD, and CF be the three perpendiculars from 
the angles upon the opposite sides, and observing that a 
circumference described on any side as a diameter passes 
through the feet of two of tlie perpendiculars, (356) and 
(355) readily give the following : 

AB X AF = AC X AD = AC» ± AC X CD, 
and AB X BF = BC X BE = BC» ± BC X CE ; 




adding. AB« = AC» + BC* ± 2AC x CD (or 2BC x CE), 
the + sign being taken when C is obtuse, and the — sign 

when C is acute. If C is right CE and CD become 0, whence AB* = AC» + BC*. 



672. Def. — The line drawn from any angle of a triangle to the 
middle of the opposite side is called a medial line. 

673- The sum of the squares of any two sides of a triangle is 
equivalent to twice the square of the medial line drawn from their 
included angle, plus twice the square of half the third side. 

Sua— Proved by applying (669, 670). 

674. The three medial lines of a triangle mutually trisect each 

other, and hence intersect in a common point. 

Sug's.— To prove that OE = ^BE, draw FC parallel to 
AD until it meets BE produced. Then the triangles 
AEG and FEC are equal (?) ; whence EF = OE. Also, 
BO = OF (?). 



Having shown that OE = iBE,bya similar construc- 
tion we can show that OD = ^AD* 

Finally, we may show that the medial line from C to AB cuts off i of BE, and 
hence cuts BE at the same point as does AD* 

Another Dkm.— Lines through parallel to the sides trisect the sides, etc 

67S. In any quadrilateral the sum of the squares of the sides is 

equivalent to the sum of the squares of the diagon- 
als, plus four times the square of the line joining the 
centres of the diagonals. 

676. Cor.— The sum of the squares of the sides 
of a parallelogram is equivalent to the sum of the 
Fia. 381. squares of the c\\agOYva\^. 
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677. In any quadrilateral which may be inscribed in a circle, 
the product of the diagonals is equal to the sum of the products of 
the opposite sides. 

678. In any triangle the rectangle of two sides is equivalent to 
the rectangle of the perpendicular let fall from their 

included angle upon the third side, into the diameter 
of the circumscribed circle. 




Sue. — This proposition is an immediate consequence of the 

similarity of two triangles in the figure. 

Fig. 883. 

679. Cor. — The area of a triangle is equivalent to the product 
of its sides divided by twice the diameter of the circumscribed circle. 



680. If there be an isosceles and an equilateral triangle on the 
ssame base, and if the vertex of the inner triangle is equally dis- 
"fcant from the vertex of the outer one and from the ends of the base, 
"then, according as the isosceles triangle is the inner or the outer 
one, its base angle will be J of, or 2^ times the vertical angle. 

681* Of all triangles on the same base, and having the same 
vertical angle, the isosceles has the greatest area. 

Sno's.— Describe a segment on the given base, which shall contain the given 
angle. The triangle on this base and having its vertex in the arc of the seg- 
ment is the triangle to be considered. 



682. Two triangles are similar, when two sides of one are pro- 
portional to two sides of the other, and the angle opposite to that 
side which is equal to or greater than the other given side in one, is 
equal to the homologous angle in the other. 



ALGEBRAIC DEMONSTRATIONS. 

683. The diflference of the squares on any side of a regular 
pentagon and any side of regular decagon, inscribed in the same 
circle, is equivalent to the square of the radius. 

Suo'a— We will give the outline of what may be termed an Algebraic Demofi- 
itratian of this proposition. This method is often the most convenient and ex- 
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peditioos. Letting p represent a side of the pentagon, d a side of the decagon, 
and r the radius, the student should be able to discover the following relations : 

(1) f : d : : d : r — <f, or r* — </r = d^ ; 

Prom (2), 2rV^r« — Ip* = 2r* — d* = r« + dr, by substituting for d« its value 
from (1). Hence 4r« — p« = r» + 2dr + d*, or 8r* — 2(fr = pj + d*. In this, 
substitutuig the value of dr as found in (1), we readily obtain r* = p* — d*. 

q. E. D. 



684. Demonstrate algebraically that the square on the sura of 
two lines, together with the square on the difference, is double the 
sum of the squares on the lines separately. 



68S* The sum of the squares of the three medial lines of a tri- 
angle is three-fourths of the sum of the squares of the sides. 



68Q, The square of any side of a triangle is equivalent to twice 
the sum of the squares of the segments of the medial lines adjacent 
to its extremities, minus the square of the non-adjacent segment of 
the third medial line. 

Deduced algebraically from the preceding. 



687* The sum of the squares of the three greater segments of 
the medial lines of a triangle is equivalent to one-third the sum of 
the squares of the sides of a triangle. 

Deduced algebiaically from the preceding. 



Q88. The lines from the vertices of a triangle to the points of 
tangency of the inscribed circle intersect in a common point 

Bug's. DC is parallel to AF, BD = BF = ft, CF = CP 
=rc, AD = AP=ra, DC = d, FC = «. 0F= * 




e + 6 



. AF X 6 ab #xp. Ar- be 

d = r , e = 7. .'. OF = AF X 



a + 6' " a -i- b' " ■" a{b A- e) -i- be 

In like manner we may find where PB Intersects AF, by 

drawing through p a parallel to AF. This distance is 

be 
fbund to be OF = AF X — ^r — -r — =-1 a result which 

m/jgrht hare been /inffcipated, since h ancV c «\Te Ati\\\^t\^ Vn^csVi^. 
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689' The area of a triangle, as expressed in terms of its sides, is 
Area = the square root of the continued product of haUf the swn of 
the sides into this half sum minus each side sepanUsly. 




Suo's. — ^We will give the outlines of both the Geometric and Algebndc de- 
monstratious : 

Ist Geometric Demonstration. CD = CB, CE = CA, and through F, the 
centre of DA, HC is drawn parallel to AB. With F as a centre, 
and FH as a radius, a circumference passes through C (?). CN 
is perpendicular to AE and passes through H (?). 

Now CF = i (AC + CB), and FL = ^AB {:), 

Hence CL = i(AC + CB + AB) = iS, S bemg Oie sum of [ Jj^ 

the sides ; ^^i 

Hence, also, DL •= Al = ^ -CB, CI = iS - AB, and AL = ^S ^^^ ^^ 

— AC 

Again, CN x AN = area ACE ; 
andHN x AN = area ABE; 
Subtracting; AN (CN - HN) = AN x CM = area ACB (1). 
Once more, CH x DH = area CDB; 
and HN x DH = area ADB. 
Adding, DH (CH + HN) = CA x CN = area ACB (2). 
Multiplying (1) and (2), we have 
CA X AN X CH X CN = (area ACB)*. 
But CN X CH = CL X CI, and CA x AN = AL x Al = AL x DL. 

Therefore, area ACB =\/CL x CI x AL x DL = 

^^iSlVS - AB) (iS - AC) (iS - CB). 



2d. Algebraic Demonstration. From the right angled triangles BCD and 

«* — ** + c« 

ACD, we find m = -^ =-. 

' 2c 



Wlience 



p = ^_(«2^|Lti!)',and 



««,ABC = |4/7-(£^|^)' 




-t.^ \/\it + 6 + c) (/( + ^» — c) (a — 6 + c) (— o + 6 + c) 
= \/Kf* — c)(\H ^ b) (\s — a\ 
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690. From any point in the plane of a circle the greatest and 
least distances to the circumference are measured on 
the line passing through the centre. 



SuG*8.— There are three cases .•—1st. When the point is with- 
out the circle. 2d. When the pomt is within. 8d. When the 
point is in the circumference. 





Fig. 886. 



691. From any point except the centre of a circle, 
two, and only two, equal lines can be drawn to the cir- 
cumference. 

Sue. — ^This is a direct consequence of (181, 182), 



692. If two opposite sides of a parallelogram be bisected, straight 
lines from the points of bisection to the opposite vertices will trisect 
the diagonal 

693. The feet of two pei-pendiculars let fall from two given points 
upon a given line are equally distant from the middle of the line 
joining the points. 




Fig. 387. 




^10. 88S. 



694. Two quadrilaterals are equivalent when 
their diagonals are respectively equal, and form 
equal angles. 



695. If, on the h3rpotenuse and sides of a right 
angled triangle, semicircumferences be described, 
that upon the hypotenuse passing through the ver- 
tex, the sum of the crescents thus formed will be 
equal to the area oi t\ie tnaxi^^* 



I BPEOUL QEOMEIBT. 



696. The bisectors of 
any two exterior angles 
of a triangle meet in a 
point which is the centre 
of a circle, to which one 
side of the triangle and 
the other two produced 
are tangents. 

These circles are called 
the escribed circles. 




THE HINE POCmS CIBCLE. 

697. In any triangle the centres of 
the THREE Bides, the feet of the thbbb 
perpendiculars from the vertices apon 
~the opposite sides or sides produced, 
and the three middle points of the 
distances fb^m the vertices to the 
common' intersection of the perpen- 
dicnlara, are nine points in the circum- 
ference of one and the same circle ; the 
centre of this circle is at the middle of 
the Une joining the centre of the cir- 
cumscrihed circle and the common intersec- 
tion of the perpendiculars; and the radius is 
half the radius of the circumscribed circle. 

Soo'b.— The student will do well to coDflne hia at- 
tention Id the flrgt Inetance to the flret figure, and 
after he sees the demonstTalioii in this casi — 1. e,, 
when the perpend iculara fall within, to trace it in 
Ibe caae of an obtuse angled triangle, in wtiich the 
perpendiculars fall on tbe sides produced 

IsL To show that the circle which passea through 
a, b, and e, also passes through a. we show the fol- 
lowing relations among the angles : ca6 = cM) := 
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eAa + oM = cab. Hence, the vertices a and a are in the same circumference. 
In like manner we show that fl and y are in the circumference passing through 
a, by and e, 

2d. Considering one of the partial triangles as BHO, a, /3, and y are the feet of 
the three perpendiculars from its vertices upon one of its sides and the prolonga- 
tion of the other two. Therefore, hy the first part r and q are the middle points 
of CH and BH. Considering either of the other partial triangles we find p the 
centre of AH. 

8d. cux and b/3 being chords of the nine points circle, is its centre, and let- 
ting Q be the centre of the circumscribed circle, we may readily show that 
is in QH, and also is at its middle point 

4th. Drawing aO, and jlroducing it, we may show that it intersects AH in p, 
and hence pH = Ap = Qa, and AQop is a parallelogram. Therefore Op = ipa = 
iQA. 

698. Cor. — ^The middle points of the three lines joining the cen- 
tres, twQ and two, of the escribed circles of a triangle, and the middle 
joints of the three lines joining the centres of the escribed circles 
ivith the centre of the inscribed circle, are six points in the circum- 
ference of the circle circumscribed about the same triangle. 



699' If one triangle be inscribed in another, the circumferences 
♦circumscribing the three exterior triangles thus formed intersect in 
.a common point. 

SuG. — The demonstration is founded on the property of the opposite angles 
<of an inscribed quadrilateral. The construction lines extend fi*om the vertices 
tof the inscribed triangle to the intersection to be examined. 



700. The Afference between the hypotenuse and the sum of the 
f^other two sides of a right angled triangle is equal to the diameter of 
the inscribed circle. 




701. If from the extremities of any side of 

a triangle two lines be drawn, one bisecting an 

Fio. 892. interior and the other an exterior angle, these 

lines will meet if suflSciently produced, and 
their included angle will be half the third angle of the triangle. 

702. An inscribed efi|uilateral triangle is one-fourth the circum- 
scribed equilateral triangle about the same circle. 



^A?. The three altitudes of a triaii^<b «t^ ^ oayok other inversely 
^ the sides upon which they Ml. 
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704. The bisectors of the angles 
included by the opposite sides of an 
inscribed quadrilateral intersect at 
right angles. 

Bug.— By means of {2 14) show that FC + 
CE + HA + AC = 180°. Whence FOE = 90^ 




Fig. 893. 



70S' Two triangles which have an 
angle in each equal, are to each other 
as the rectangle of the sides including the equal angle. 



Sug's. a and D being equal, we are to show 
that ABC : DEF : : AB x AC : DE x DF. Take AE' 
= DE, AF' = DF, and draw ET'. Now from the 
&cts that the triangles AET' and DEF are equal, and 
that triangles of the same altitudes are to each other 
as their bases, the proposition is proved. 




Fig. 894 

706. If of the four triangles into which the diagonals divide a 
quadrilateral, two opposite ones are equivalent, the figure is a 
trapezoid. 

707. The difference between the angles which a bisector in a 
triangle makes with the side to which it is drawn, is equal to the 
difference of the angles of the triangle including this side. 



708. If any number of equal right lines radiate from a common 
point, making equal consecutive angles, and 

any line be drawn through the common 
point, the sum of the perpendiculars upon 
this line from the extremities of the radiat- 
ing lines on one side, is equal to the sum of 
those on the other side. 

709. Cor. — In any regular polygon, the Fio.aas. 
sum of the perpendiculars let fall from the 

vertices on the one side of any line passing through the centre, is 
equal to the sum of those let fall from the vertices on the other 
side. 
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710. If the sum of two opposite sides of a qnadrilatersl is equal 
the sum of the other two opposite sides, & circle may be inscribed 
it 

Sco's. — Bisect vaj two adjacent angles, as A aod B. 
Tben are the perpenclicularg r, r, r, equal (F); and It 
remains to be shown that the perpeDdicuUr p = r. 
Tahe AD' = AD, and BC = BC, and draw 00' and OC. 
Since a + b=e + d, and CD' = J - (6 - <) - (6 - d), 
CD' = a, and the triangles DOC and D'OC are equal. 
Hence p = r. 

711- If two planes are parallel, any right line which pierces one, 
pierces the other also. 
Suo.— Proof based on (4XO). 

712. If two planes are parallel, any plane which intersects one, 
intersects the other also, and the lines of intersection are parallel 

713. Cob. — Two planes which are parallel to a third, are parallel 
to each other. 

714. A plane which is perpendicular to a line of another plane, 
or to a line parallel to that plane, is itself perpendicular to the 
latter plane. 

7 15. If a straight line is perpendicular to a plane, any line par- 
allel to the plane is perpendicular to the first line. 

Sno. — Two IIdcs in space which are not in the same plane, are said to make 
the same an^le with each other as two lines respectively paiallel to them and 
both lying in one plane. 

71G. In order that a straight line be perpendicular to a plane, it 
is sufficient that it be perpendicukr to two lines not parallel to each 
other, and situated in the plane or parallel to it 

717- If two right lines in space are perpendicular to each other 
(not necessarily intersecting), their projections on a plane parallel 
to either line are perpendicular to each other. 

> is that which Is called the OrOo- 
not generally true of the J 
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718. The angle of inclination {392, Part IL) of a line oblique 
to a plane, is less than the angle included be- 
tween this line and any line of the plane, 
except its projection, which passes through the 
point in which the first line pierces the plane. 



Sno. BD being the projection of AB, ABD < 
ABD^ BD' being any line other than BD, passing 
thi'ough B. 




Pig. 897. 



719* Between any two lines not in the same plane, one line, and 
only one, can be drawn, which shall be perpendicular to both the 
given lines. 

Sue's. — Pass a plane through one of the lines parallel to the other; and 
through the other line pass a plane perpendicular to the first plane. 



720. In a warped quadrilateral, i. e., one whose sides do not all 
lie in the same plane, the middle points of the sides are in one 
plane, and are the vertices of the angles of a parallelogram. 

SuG. — Conceive the planes of two opposite angles of the quadrilateral, the 
intersection of which will be a diagonal of the given quadrilateral. 



721. A line being given in a plane, one plane can be drawn in- 
cluding the given line and perpendicular to the first plane, and only 
one. Hence all right diedrals are equal. 

SuG. — ^Demonstration similar to (390). 



722. The plane angle formed by drawin^two lines in the faces 
of a diedral, from a common point in the edge, is less than the 
measure of the diedral 
if the angle is acute, 
and lines lie on the 
same side of the plane 
of the measure and 
are equally inclined to 
it, and greater if they 
lie on opposite sides. 

In general, if the 
diedral is acute, the 
limits of the varying 
angle are and 90** 
when both the lines lie 





Fro. S98. 
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on the same side of the plane of the measuring angle, and 180° when 
iiiey lie on opposite sides. K the diedral is obtuse the limits are 
and the angle itself when the lines lie on the same side of the 
measure, and 90° and 180° when they lie on opposite sides. 



723. If the projections of a line in the two faces of a diedral are 
straight, the line is a straight line. 

Bug.— Proof based on (386), 



724» If from the vertex of a triedral a line be drawn at pleasure 
within the triedral, the sum of the plane angles formed by this line 
and any two edges is less than the sum of the facial angles formed 
by the other edge and these two. 



723- If through a point in space two lines be drawn parallel to a 
given plane, and through the same point two planes be passed re- 
spectively perpendicular to the two lines, the intersection of these 
two planes will be perpendicular to the given plane. 



726> The three planes which bisect the three diedrals of a trie- 
dral intersect in a common line. 



727^ In any convex polyedral, the sum of the diedrals is greater 
than the sum of the angles of a polygon having the same number 
of sides that the polyedral has faces. 

Bug.— -Proof based upon {722). 



728. Def. — A JPolyedron is a solid bounded by plane sur- 
faces. A Regular Convex Polyedron is a polyedron whose faces are 
all equal regular polygons, and each of whose solid angles is con- 
vex outward, and is enclosed by the same number of faces. 



729. There are five and only five regular convex polyedrons — ^viz. : 
The Tetraedron, whose faces are four equal equilateral triangles ; The 
HeonaedroUy or Cube, whose faces are six equal squares; The Octaedron, 
whose feces are eight equal equilateral triangles ; The Dodecaedron, 
whose faces are twelve equal regular pentagons ; and The Icosaedron, 
whose faces are twenty equal equilateral triangles. 
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Dbm.— We demonstrate this proposition by showing— 1st, that such solids 
can be constructed ; and 2d, that no others are possible. 

ITu Hegular Tstraedron.— Taking three equal equilateral triangles, as ASB, ASC; 
and BSC, it is possible to enclose a solid angle, as S, with 
them, since the sum of tlie three facial angles is (what ?) 
(Pabt II., 436). Then, since AC = AS = CB (?), consid- 
ering ACB the fourth face, we have a regular polyedroa 
^whose four faces are equilateral triangles. 

The Begular Eexaedron or Cvbe,—T\i\a is a familiar 
solid, but for purposes of uniformity and completeness we 
may conceive it constructed as follows : Taking three 
equal squares, as ASCB, CSED, and ASEF, we can en- 
close a solid angle, as S, with them (?). Now, conceive 
the planes of CB and CD, AB and AF, EF and ED pro- 
duced. The plane of CB and CD being parallel to ASEF (?) 
will intersect the plane of EF and ED in HD parallel to 
FE (?). In like manner FH can be shown parallel to ED, 
BH to CD, and HD to BC. Hence the solid has for its 
faces six equal squares. 




Fio. 899. 



B 



7\ 



/TV 



C 
Fig. 400. 




Ths Beffular Octaedron, — At the intersection P, of the 
diagonals of a square, ABCD, erect a perpendicular SP to 
the plane of the square, and making SP = AP (half of one 
of the diagonals) draw SA, SD, SC, and SB. Making a 
similar construction on the other side of the plane ABCD, 
we have a solid having for faces eie^ht equal equilateral 
triangles. 

Th£ BegvXar 2>wfoca«2iv».— Taking twelve equal regu- 
lar pentagons, it is evident that we may group them in 
two sets of six each, as in the figure. Thus, around O we 
may place five, forming 5 triedrals at the vertices of O. These triedrals are 
possible, since the sum of the facial angles enclosmg each is 3? right angles (?) 
— i. e. , between and 4 right angles (Part IL, 436). In like manner the other 
6 may be grouped by placing 5 of them about 0'. Now, conceiving the convexity 
of the group O in front and the eonr 
eavity of group 0', we may place 
the two together so as to inclose a 
solid. Thus, placing A at b, the 
three faces 5, 6, 1, will enclose a tri- 
edral, since the diedral included by 
5 and 1 is the diedral of such a tri- 
edraJ. Then will vertex B fall at 
c, and a like triedral will be formed Pi^^ 402, 

at that point, and so of all the other 

vertices. Hence we have a polyedion having for feces 12 equal regular penta- 
gons. 
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Fio. 408. 



The Begula/r leosaedron. — ^Taking 
20 equal equilateral triangles, they 
can be grouped in two sets, as in 
the figure, in a manner altogether 
similar to the preceding case. The 
solid angles in this case are included 
by 6 facial angles whose sum is ^ 
right angles (?), which is a possible 
case (Pakt II., 436), As before, 
conceiving the convexity of group 
O in front, and the concavity of 0', we can place them together by placing A at 
a, thus enclosing a solid angle with 5 faces, whence B will fall at 5, etc. Thus 
we obtain a solid with 20 equal equilateral triangles for its faces. 

That there can be no other regular polyedrons than these 5 is evident, since we 
can form no other convex solid angles by means of regular polygons. Thus, with 
equilateral triangles (the simplest polygon) we have formed solid angles with 3 
faces (the least number possible), as in the tetraedron ; with 4, as in the octaedron ; 
and with 5, as in the icosaedron. Six such facial angles cannot enclose a solid 
angle, since their sum is four right angles (?), and much less any greater num- 
ber. Again, with squares (the next most simple polygon) we have formed solid 
angles with 3 faces as in the hexaedron, and can form no other, for the same 
reason as above. With regular pentagons we can only enclose a triedral, as in 
the dodecaedron, for a like reason. With regular hexagons we cannot enclose 
a solid angle (?), and much less with any regular polygon of more than six 
sides. 

ScH. — Models of the regular polyedrons are easily formed by cutting the fol- 
lowing figures from cardboard, cutting half-way through the board in the dotted 
lines, and bringing the edges together as the forms will readily suggest 










l!ia.404. 
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18 inBcriptible and circumscriptible 



730. Any regular polyedroi 
by a sphere. 

Sdq's.— From the centrea of aaj two u^acent fitcea, as c and «', let iiill per- 
pendiculars upon the common edge, and tbejr will meet it in 
the same point o (f). The plane of these lines vlll be per- 
pendicular to this edge (T), and perpendiculars to these facea 
fVom their centres, as eS, e'S, will lie in thia plane (f), and hence 
will intersect at a point equHllj distant fWim these bees. 

In like manner «"5 = tf'S, and the point S can be shown to 
be equally distant fVom all of the faces, and ia therefore the 
centre of the Inscribed aphere. 

Joining S with the vertices, we can readily show that S la 
also the centre of the circumscribed sphere. 




731. Show that a, being the edge of a regular tetraedron, its 

rnlniTiB » "'V^ 



732. Dep.— ^ Truncated JPrtstn is one whose upper and 
lower bases are not parallel 

733. The volnme of a truncated triangular prism ie equal to the 
sum of the TOlnmes of three pyramids „ 
"whose common base is the lower base of 
the prism, and whose rertices are the 
angles of the upper base, 

Sofl'a.— Let TO, tO', and aD" be perpendicu- 
lar to the lower base. Volume of i-ABC is } £0 
X ABC, Volume d-bCe : volume b-ABC : ; edC 
r SBC : : cC : 6B : : eD' : 6D. .-. Volume a-iCe 
~ 4eD' « ABC. In a similar manner volume 
^oAC = iaO" X ABC. 

734. CoE. — The Tolume of a prism, 

one of whose bases is a right section and the other an oblique 
section, is the product of the right section into the arithmetical 
mean of its edges. 

Suo'a— The volume of ofe-ABC ia as shown above ABC I ~ — 1. 

But If ABC ia a right aectlon, TO = 6B, eD' = eC, and aD" 
volume is ABC f 




oA. Hence the 



^ / iB + eC -I- t 
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AVr^.. 



735. The volume of any polyedron having for ita bases any 
two polygons whatever, situated in parallel planes, and for lateral 
faces trapezoids, is the product of \ the distance between the bases 
into the sum of the two bases plus 4 times a section midway be- 
tween the bases; or v = 5 (B + B' 4- 4B")* in which H is the dis- 

tance between the bases, B and B' the bases, and b" a section mid. 
way between the bases. 

Dem.— Let U Ml Ni Pi Qi be the section of such a 
polyedron midway between its bases, and S any point 
in this section. Joining S with the vertices of the 
polyedron, we divide the solid into as many P3rramids 
as it has faces. The volumes of the two which have 
B and B' for their bases are evidently ^H x B, and (H 
X B'. It remains to find the volume of the others. 

Let LML'M' be a lateral face corresponding to LiMi 
and SO a perpendicular fh>m S upon this lace. Dra 
II through perpendicular to LM, and consequently to L'M'. Take I'Ki per- 
pendicular to the plane section, whence TKi = ^H. Now the volume of th 
pyramid having L'M'LM for its base and S for its vertex is LiMi x 2l1i x iSO 
But I'll X SO = Sli X TKi (?) ; whence the volume of this pyramid is | LiMi x ^= 
Sh X VKx = % x 2SLiMi X TKi = i TK, x 4SLiMi = iH x 4SLiMi. In lik( 
manner the volume of the pyramid having for its base the face in which M, N 
is situated, can be shown to be ^H x 4SM| Ni and similarly of all th( 
others. Whence the whole volume is i H (B + B' + 4B"). 

736. CoR. — The proposition is equally true when some or all o 
the lateral faces are triangles ; i, e., when one base has more sides 
than the other. 

ScH. — The preceding propositions are of much value in calculating earth- 
work. 





737. If we cut a pyramid by a plane parallel to its base, a second 
pyramid is formed similar to the first 



738. Two triangular pyramids are similar whenever they have 
an equal diedral angle contained between faces, similar each to each, 
and similarly placed. 



'^^^. Two polyedrons composed of the same number of tetra 

-^ ^o each, and similarly disposed, are similar. 
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740* All regular polyedrons of the same number of faces are 
similar solids. 



74 J. The intersection of the surfaces of two spheres is the cir- 
cumference of a circle whose plane is perpendicular to the line which 
joins their centres. 

74)8. Through any four points not in the same plane one sphere 
may be made to pass, and only one. 

Suo's. — The four pomts may be considered as the vertices of a tetraedron 
Conceive perpendiculars drawn to the triangular faces from the intersections 
of lines drawn in these faces perpendicular to the sides at their middle points. 
These perpendiculars will meet at a common point (^), which is the centre of 
the circumscribed sphere (?). 

[The student should show why only one sphere can be circumscribed.] 

74:3. Cob.' 1. — ^The four perpendiculars erected at the centres of 
the circles circumscribing the fia.ces of a tetraedron intersect at a 
common point 

74:4. Cor. 2. — The six planes, perpendicular to the six edges of 
a tetraedron at their middle points, intersect at the centre of the 
circumscribed sphere. 

745. One sphere and only one may be inscribed in any tetraedron. 
Sue.— Bisect the diedrals with planes. 

746. The angle included by any two curves intersecting on the 
surface of a sphere, is equal to the angle included by the arcs of two 
^eat circles passing through the point of intersection, and whose 
3)lanes produced include the tangents to the curves at thOT inter- 
section. 



SECTION 11. 

PROBLEMS IN SPECIAL OB ELEMENTARY GEOMETRY. 



747. To bisect the angle formed 
.by two lines whose intersection is .r-^jvi 
inaccessible. 

Suo. — M and N are points in the bisector. 




Fio.408. 
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74:8. To pass a circumference through three points, not in the 
same straight line, when the radius is so long as to render the ordi- 
nary method impracticable. 

Sue.— Let A, B, and C be the three points ; then are M and N other points in 
the same circumference. 





Fio. 409. 

N 74:9' From two given points on the same 
side of a line given in position, to draw two 
lines which shall meet in that line and make 
equal angles with it ^ 

Suo. — If a and fi are equal, what is the relation of 
MEtoEF? 



750- To construct an isosceles triangle with a given base and 
vertical angle. 

SuG.—See Prob. 4, p. 102. 

7S1> To trisect a right angle. 

Suo.— What is the value of an angle of an equilateral triangle ? 



752* Given the perpendicular of an equilateral triangle, to con- 
struct the triangle. 

753. Given the diagonal of a square, to construct it. 



TSd. To construct an isosceles triangle, so that the base shall be 
a given line, and the vertical angle a t\^\. au^^ 
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7SS. Oiyen the sum of the diagonal and a side 
of the square, to construot it. 

Sua.— What are the values of a and fi respectiyely ? 




756. To construct a triangle when the altitude, 
the vertical angle, and one of the sides are given. 



Fio. 411. 



7S7. To construct a triangle when the sum of the three sides 
and the angles at the base are given. 



SuG^s. — MN being the sum ofa.b, and 
e, what are the angles M and N as com- 
pared with the given angles a and fi ? 




Fig. 412. 



738. In a right angled triangle the perimeter, and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
construct the triangle. 



Sue's.— DE is equal to the perimeter, 
DBE is an angle of 185% and FE is the 
perpendicular on the hypotenuse. ABC 
is the required triangle. Let the student 
give the solution in full, and the proof. 




7S9. From two given points on the same side 
of a given line, to draw two equal straight lines 
^hich shall meet in the same point of the line. 




760. To pass a circumference through two 
given points, which shall have its centre in a given line. 



Fie. 414. 



761. To construct a quadrilateral when three sides, one angle, 
and the sum of two other angles are given. 

SuG*8. — ^What is the fourth angle ? When two sides and their included angle 
are known, there will be two cases, according as the two angles whose sum is 
known are adjacent to each other or oppo&ile. ImVi&VdXV^x ^<bSb&^^\s»:%^\s^ 
describe a segment on a diagonal, wliicli'wVW co\i\aXsi^'al'a>w^*2^^^« ^^t^^os^ 
third case see Ex. 13, ji.ige 136. 
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762. To construct a quadrilateral when three 
angles and two opposite sides are given. 




763. To bisect a trapezoid by a line 
drawn from one of its angles. 



Fio. 416. 



764. In a given circle, to inscribe a triangle equiangular with a 
given triangle. 

SuG. — How does an angle at the centre compare with one inscribed in 
the same segment ? 



763. To describe three circles of equal diameters which shall 
'touch each other. 



766. In an equilateral triangle, to inscribe three equal circles 
which shall touch each other and the three sides of the triangle. 



767. To describe a circle of given radius touching the two sides 
of a given angle. 



Sue. — How far is the centre from each line ? 



768. To describe a circumference which shall be embraced be- 
tween two parallels and pass through a given point within the par- 
allels. 

Sua.— In what line is the centre ? How far fh>m the given point? 



769. To describe a circle with a given radius, which shall pass 
through a given point and be tangent to a given line. 



770. To find in one side of a triangle the centre of a circle which 
shall touch the other two sides. 



^^X TTirongh a given point on a cStc^uToSKt^iRfc^ ^sA ^aa^^ 
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given point without, to describe a circle touching the given circum- 
lerence. 

Bug. — Consider in what two lines the centre must lie. 



772* In the diameter of a circle produced, to determine the point 
from which a tangent drawn to the circumference shall be equal to 
the diameter. 

SuG. — What is the relation between the radius, the required tangent, and the 
distance from the centre to the intersection of the produced diameter and the 
required tangent? 



773> To describe a circle of given radius, touching two given 
circles. 



774. In a given circle, to inscribe a right angle, one side of which 
is given. 



77S* In a given circle, to construct an inscribed triangle of given 
altitude and vertical angle. 



776» To inscribe a square in a given right- 
angled isosceles triangle, one side being in the 
hypotenuse. 




Fio. 417. 



777. To inscribe a square in a given quadrant of a circle, the 
vertex of an angle being at the centre. 

778. To find the centre of a circle in which two given lines 
meeting in a point shall be a tangent and a chord. 



779. To describe a circumference which shall pass through a 
given point and be tangent to a given line at a given point. 



780. To bisect a quadrilateral by a line 
drawn from one of its angles. 

8uG. — The demonstration is based upon the prin- 
ciple that triangles having equal bases and equal 
altitudes are equivalent. ^iq. 4l& 
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781, Through a given point situated between the sides of an 
angle, to draw a line terminating at the sides of the angle^ and in 
such a manner as to be bisected at the point 

Suo.— Conceiye the point as situated in the tliird side of a triangle of which 
the two given lines are the other two. 




782. To draw a line parallel to the base of 
a triangle so as to divide the triangle into two 
equivalent parts. 



F?;;^* 



KS 



8uG. PB* = DB' = iAB'. See (S4^, 362), 



Fio. 419. 




783. To construct a square when the difference 
between the diagonal and a side is given. 

Sue. — Consider the angles. 



Fie. 420. 

784. To determine the point in the circumference of a circle 
from which chords drawn to two given points shall have a given 
ratio. 

Suo. — Draw a chord dividing the chord joining the given points in the re- 
quired ratio, and bisecting one of the subtended arcs. 



78S. To bisect a given triangle by a line drawn from one of its 
angles. 



786. To bisect a given triangle by a line drawn 
from a given point in one of its sides. 




Fig. 431 



787. In the base of a triangle find the point from which lines 
extending to the sides, and parallel to them, will be equal. 



788. To construct a parallelogram having the diagonals and one 
side given. 

789. To construct a triangle when the three altitudes are 
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SuG.— What is the relation of the perpendiculars to the sides upon which 
they fall ? If a triangle can be formed with the perpendiculars as sides, how 
^ill it compare with the first triangle ? How proceed when the perpendiculars 
will not form a triangle ? 



790* What is the area of the sector whose arc is 50% and whose 
radius is 10 inches ? 



79 J?. To construct a square equivalent to the sum, or to the dif- 
ference of two given squares. 

792. To divide a given straight line in the ratio of the areas of 
two given squares. 

793. To construct a triangle, when the altitude, the line bisecting^ 
the vertical angle, and the line from the vertex to the middle of the^ 
base are given. 

Sue. — The centre of the circle circumscribing the required triangle is in the 
perpendicular to the base at its middle point; and the intersection of this per- 
pendicular and the bisectrix is a point in this circumference. 

Show that the bisector always lies between the perpendicular and the medial 
line. 



79^. Through a given point, draw a line such that the parts of 
it, between the given point and perpendiculars let fall on it from two < 
other given points, shall be equaL 

What would be the result, if the first point were in the straight 
line joining the other two ? 



79S. From a point without two given lines, to draw a line such 
that the part intercepted between the given lines shall be equal to 
the part between the given point and the nearest line. 

SuG. — Produce the lines till they meet, if necessary. Draw a line through the* 
^ven point parallel to one of the lines, and produce it till it meets the other. 



796. Oiven one angle, a side adjacent to it, and the difference of 
the other two sides, to construct the triangle. c 

QUEBIBS .—-How if 6 > a ? How if B is obtuse ? 




797. To ifass a circumference through two given ^^^ ^c^ 

points, having its centre in a given line. 

18 
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79S. To draw b ]ine parallel to a given line and tangent to a 
given circumference. 
Bua. — Draw a diameter perpendicular U> the ^ven line. 



7&0- To draw a common 
tangent to two given circles, 

Bva. — Ibt Method, — There are 
two sets of tangents, ACi BD, and 
A'D', B'C, For the first, obeerve 
that if PE = AP - OC. OE is paraUd 
to AC. etc. 



2d Mbtbod. pO, p'O' 
being parallel to each other, 
pp'T gives the interBecii<ni 
of the tangent with the line 
passing through the centres, 



pO ; p'O' : : OT : O'T, or pO —p'O' : p'O' : : 00' : O'T. 

Also, PO - PO' : P'O' ; ! 00' : O'T, 

Hence OT is constant for all positions of the parallel radii. Prove that If 

the parallel radii are on different sides of the line joining the centres, T' is 

the point where the inlenial tangent cuts 00'. 

QcKRiEB. — How many tangents can be drawn — 1st When the circles are ex- 
ternal one to the other; 3d, When they are tangent exteraallj; 3d, When 
they intersect each other ; 4tb. When tangent inlemally ; Gth. When one lies 
within the other T 



8O0. To describe a circle tan- 
gent to a given circumference 
and also to a given line at a given 
point 

Bug's.— There may be two cases— 
IsL When the given circle is ext^or 
to the one sought; and Sd. When it 
1b interior. In either case the centre 
of the required circle Is in the perpen- 
dicular AO'. In the former case, O, the 
ccvtie of the required circle, is at 
T -v y fiumC \u&&\&'Caft\^'aO'is 




•t r-.r'ltomC. AC = r, and CO= W = KB' ='r'. 
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801. To construct a trapezoid when the ^ 
four sides are given. 

SuG. — Knowing the difference between the two 
parallel sides, we may construct the triangle AEC, 
and hence the trapezoid. 




802> On a given line, to construct a polygon similar to a given 
polygon. 

Sug's. — One method may be learned from 
(90). Ex. 8, page 152, furnishes another 
method. The following is an elegant method : 
To construct on A' homologous with A, a 
polygon similar to P. Place A' parallel to A, Pig. 427. 

and the figure will suggest the construction. 




803. To pass a plane through a given line and tangent to a given 
sphere. 

Bug's. — Pass a plane through the centre of the sphere and perpendicular to 
the given line. Through the point of intersection and in this secant plane draw 
tlingents to the great circle in which the secant plane intersects the surface of 
the sphere. The points of tangency will be the points of tangency of the re- 
quired planes (?), of which there are thus seen to be two. 



804. Def.^JL Tangent Plane to a cylindrical or conical 
surface is a plane which contains an element of the surface, but 
does not cut the surface. The element which is common to the 
enrface and the plane is called the Element of Contact. 



80S. To pass a plane through a given point and tangent to a 
given cylinder of revolution. 

Bug's. — 1st When the point is in the surface of the cylinder. Through the 
point draw an element of the cylinder, by passing a line parallel to the axis, 
or to any given element Through the same point pass a plane perpendicular 
to this element, making a right section (a circle). To this circle draw a tan- 
gent The plane of the element and tangent is the tangent plane required. 
[The student should prove that any point in the plane affirmed to be tangent, , 
not in the element passing through the given point, is without the cylinder.] 

2d. When the given point is without the cylinder. Pjvss a plane through 
the given point perpendicular to the axis of the cylinder, thus making a right 
section of the cylinder (a circle). In this secant plane draw tangents to the • 
section. Through the points of contact of these tangents draw elements of 
the cylinder. These elements are the elements of contact of the tangent 
planes. Hence planes passing through them and the given point are the tan- 
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gent planes required. [The student should remember that this is but an auU 
line, and be careful to fill it up, giving the proof.] 



806* To pass a plane through a given point and tangent to a 
conical surface of revolution. 



807* To find, with the compasses and ruler, the radius of a ma- 
terial sphere whose centre is inaccessible. 

Sug's. — With one point of the compasses at any point 
in the surface, as A, trace a circle of the sphere, as ojcb. 
The chord Aa is measured by the distance between the 
compass points. In lil^e manner measure three other 
cliords, as ac, ab, and be. Draw a plane triangle having 
these chords for its sides, and circumscribe a circle about 
it. Thus aD is found. Knowing aA, and aD, and remem- 
bering that AaB is right angled at a, the triangle 
AaB can be drawn in a plane (?}, whence AO becomes 
known. 




SECTION III. 

APPLICATIONS OF ALGEBRA TO GEOMETRY. 

808^ The mathematical method which is called technically A'p- 
plicatio7i8 of Algebra to Geometry consists in finding, by means of 
equations, the numerical values of the unknown parts of a geomet- 
rical figure, when a sufficient number of the parts are given numeri- 
cally. 

809* By reference to the Complete School Algebra, pagQ 
238, it will be seen that the algebraic solution of a problem consists 
of two parts : 1st. The Staterne7ity which is the expressing by one 
or more equations of the conditions of the problem, i. e,, the rela- 
tions between the known and unknown quantities (parts of the 
figure) to be compared ; and 2d. The Solution of these equations, 
so as to find the values of the unknown quantities in known ones. 

810* In applying the equation for the solution of such problems 
as are now proposed, we have to depend upon our previously ac- 
quired knowledge of the properties of geometrical figures for the 
relations between the known av\A \xxikv\o\vn c\uantities, which will 
enable us to form the necessary ec^uaWon^., i. e»^ ^.'i TCL?i^5.^ 'Caa Staler 
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Vitnt. The resolution of the equationa thtis arising is effected in 
the ordinary ways. [See Kotb, page 339 of The Complete 
School Alqebba.] 

811. The details of thie method Till he most readily obtained 
from a carefnl stndy of esampies. 




EXAMPLES. 
812- In a right angled triangle, given the hypotenuae and the 
sum of the other two sides, to fiud these Bides separately, 

SOLOTioK. — Let ABC be a triaagle, rigbt aogled 
nt B. Let the Jcnoaa hjpoteniiae be h, Ibe unknotcn 
'base, yj the unknovsn nlttiude, x; and the known Bum 
of the base and iiltitude. *. 

We have here two unknown quantities, and hence 
mnet have tw<f equations, in order to find their 
values. One of these equations is furnished directly ^'"^ ***'■ 

by the statement of tlie problem, whicL says that the sum of Uie base and per- 
pendiuular is to be given. Hence — 

Equation 1 is x + y = i. 

A secoud relation between !c and y and the Itnown quantity h is furnished by 
the relation given lii Part IL [346). Whence — 
Equation 2 is a? + y' = A'. 

Solving these equations we Bnd — 

y = i* ± iyaA' - *', and * = i« T ix/3ft'"- «". 

If A = 10 and «= 14, we find 3!= S, andy = 8; orz = 8, and y = 6, 

Geometrical Solutioh. — It is exceedingly interesting nnd instructive to 

compare the algebraic solution of such problems with tlieirgeometiical solution, 

wiien the problem can be solved ia both ways. The geometrical solution of 

tliis problem ia as follows ; 

Take DC ^ », the sum of the two sides, « 

and make OOC = 45°. From C as a centre, 
with a radius h, the hypotenuse, describe an 
arc cutting DO, as in A and A'. Draw AC and 
the perpendicular A6, also A'C and the per- 
pendicular A' B', Both the truini;lcs ABC and 
A'B'C fulfil Ihe conditions. For AB = DB (?), 
whence AB -)- BC = g. and AC — A, by con- 
struction. 8o,also, A'B'— DB'(V),whenceA'B' 
-1- S'C =», and A'C = Ji, by construction. 

COMFABIBOHS OF THESE SOLUTIONS. — Isl. 

We find in tiie algebfoU solution, that, In 
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general, y may hare two values— viz., \8 + iy'2A' — <*, and \% — i^2A' — <■ ; 

and that when y = ^ + iv^2A' — «*, a? = i« — iy2A* — «■ ; but, when y = 

i« — i^/2A' — «*, aj = i« + iy^2A' — «». Correspondingly, we find in the 
geometrical solution that the base {y) may have two values — viz., BC, and B'C ; 
and that when the base is BC, the altitude {x) is AB; but, when the base is 
B'C, the altitude is A'B'. 



2d. From the algebraic solution, we observe that the base y = ^ ± \^/2h^ — «*, 
may be considered as made up of two parts— viz., a rational part, }«, and a 

radical part, ^^21(? — «* ; and that the altitude, « = ^ T iy^2A' — «', is made 
up of the same parts, only observing that, if the base is considered as the mm 

of these parts — viz., i« + \^s/W — «*, the altitude is their difference — viz. 

\% — i>y/2A* — «=*. If, however, the base is \» — \j^/W^^, the altitude is 

\s + i\/2A' — «*. Now, we can discover exactly the same things ge&metricaUyf 
and can show exactly what is the geometrical meaning of each of the parts of 
the values of y and x. To do this, draw C/* bisecting AA' ; let fall the perpen- 
dicular /e, and draw AA; and fg parallel to DC. C/ is perpendicular to DO (?), 
and hence equal to D/(?). Also, De = eC =fe = i«(?). From the right angled 

isosceles triangle D/C,/C = —tt DC = —p (?). Hence, from A/^, V = 

^2 ^2 



Jk^ -fC* = y A« - ^s* = -^ V2^' - **• -^.gain, from the right angled 



isosceles tiiangle Mef, wo have AA; = ~p A/(?) = i^2h^ - ««. But Ak=fk = 

\/2 

fg = A'^ = Btf = eB', Hence we see that the rational part of the value of y (i») 

is eC, and that the radical part (iy^2A* — «*) is Be, or eB'. In the triangle ABC 
the mim of these parts is the base; and in the triangle A' B'C, their difference is 
the base. In like manner /a represents the rational part of the value of x, and 
fk = A'^', the radical part. 

3d. From the algebraic solution we see that if ^ = 2A*, y = i«, and x =z ^8, 

The same thing is seen in the geometrical solution, for if «* = 2A', A = "7=^1 

^/2 

or/C ; whence the arc stnick from C as a centre, with A as a radius, would be 

tangent to DO, instead of intersecting it in two points. Again, if «^ > 2A', the 

quantity under the radical sign is negative, and the radical becomes inmginary. 

This means, that no triangle can be formed under these circumstances. This 

case appears in the geometrical solution also, for then A < —yzs, or less than 

V2 

/C, and consequently the arc struck from C as a centre, with radius A, will not 
touch DO, and we get no triangle. 



* This part of the construction should not be allowed on the figure till it is wanted— i.«., till 
tbJa stage of the diecuBaion. 
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81S, ScH. — This problem is discussed thus at length as an illustration of 
what way be done by such methods. Of course, all problems are not equally 
fruitful ; but the student should not rest satisfied with a mere determination of 
the values of the unknown parts in known terms, when anything farther is 
revealed, either by the process or result of the algebraic solution. Especially 
should he desire to become expert in seeing what geometrical relations are 
indicated by the form of the answer obtained. 



814. Given the lengths of the medial lines from the acute angles 
of a right angled triangle, to determine the triangle, i. e., to find the 
base and perpendicular. 



Bug's.— Let AD = a, CE = &, AB = 2x, and CB = 2y; then 
4flj» + 2^ = a*,andV + aj» = 5«(?). .\ 2a? = AB =3|/^ 

and 2y = CB =2|/^ZZ. 







A E 



The farm of these results indicates that CB sustains the 
same relation to CE and AD that AB does to AD and CE — a Fio. 481. 

fact which is evident from the nature of the case. 

Again, if 4a^ < 6^, 2a; is imaginary ; and if 46^ < a^, ^ is imaginary. In 
either case the triangle cannot exist. So also if 4ta^ = b*,2x =z / and if 4d^ 
= a», 2y = 0, and there can be no triangle. This may be seen from the figure 
by conceiving AB, for example, to diminish. As A approaches B, AD ap- 
proaches equality with DB, and CE with CB. Hence the Umit is AD = ^CE. 

Thus we see that either medial line must he more than half the othery^& propo- 
sition which is proved by this solution. 



815. The hypotenuse and radius of the inscribed circle of a 
right angled triangle being given, to determine the triangle. 

ButUts. — Calling the hypotenuse h, the radius r, the base x, and the per- 



pendicular y, we haye, x = g'" + ^ ± V h> - 4hr - 4^^ ^^ 

to 



2r + ^ T \A^— 4Jir — 49^ 

y g 

The results being the same in other respects, the double sign before the radical 
indicates that the base and perpendicular are interchangeable — a fact which is 
evident from the nature of the case. 

If the radical is 0, i, e., if A» — 4^r — 4r» = 0, a? = r + W and y = r + \h, 
and the base and pei-pendicular are equal. Let the student show the same thing 
geometrically (from a figure). 

Also, if A« — 4Ar — 4r« = 0, A = 2r (1 ± V2). In this result the negative 
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sign is to be rejected, since it would make h negative, as 

V2 > 1. 

The value A = 2r (1 + -\/2) is readily seen from the figure 
when AB = CB. Thus AC = 2DB = 2 (DO + OB) = 2 (r + 

r v^) = 2r (1 + -v/2) (?). 
F B 

816> A tree of known height standing perpen- 
dicular on a horizontal plane, breaks so that its top strikes ther 
ground at a given distance from the foot, while the other end hangs 
on the stump. How high is the stump ? That is, given the base 
and the sum of the perpendicular and hypotenuse of a right angled 
triangle, to determine the perpendicular. 

Result. — Let a be the height of the tree, & the distance from the foot to the 
point where the top strikes, and x the height of the stump ; then x = 

a? — 1^ J8 J8 

Since — ^ — = |a — — , ^ is the distance below the middle, at which 

the tree breaks. 



817. In a rectangle, knowing the diagonal and perimeter, to find 
the sides. 



818. Knowing the base, h, and altitude, a, of any triangle, to 
find the side of the inscribed square, x. 

Result, X = r. 

a + b 



819. In an equilateral triangle, given the lengths, a, 5, c, of the 
three perpendiculars from a point within upon the sides, to deter- 
mine the sides. 

Sug's. — Find an expression for the altitude in terms of the sides ; and then 
get two expressions for the area of the whole triangle. Equate these. 

Result each side = — ^ — -, 



820. In a right angled triangle whose hypotenuse is 7i, and difier- 
ence between the base and perpendicular d, to find these sides. 

„ ,, - ddt V2h' - d" . , d ^ V2h' - d" 

Resiats, x = ^ , x •\- d = . 

'2 2 
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QuBRiES. — Why must the minus sign of the radical be omitted in the geo- 
metrical interpretation of these results ? What is the least possible value ofdf 
What are the sides of the triangle for these values? What is the superior limit 
of the value of d f What do the sides become at this limit ? 



82 !• In an equilateral triangle given the lines a, S, c, drawn to its 
three vertices from a point within or without, to find the sides. 

Result — Each side = 

( a\ + y + c' =fc V6 (g*y + yg* + gV) - 3 (a* + y + c*) j^ 

The radical is + when the point is within, and — when it is without. 



822. The perimeter of a right angled triangle and the pei'pen- 
dicular from the right angle upon the hypotenuse being given, to 
determine the triangle. 

Sijg's. — Let 8 be the perimeter, p the perpendicular upon the hypotenuse, and 
-a: + y, a: — y the two sides about the right angle. Then the hypotenuse = 8 
— 2x, and we readily form the two equations p {8 — 2x) = x^ — y*, and 

ix + yf + (x- yf = (« - 2xf (?). Hence x = ^~^, and this value substi- 
luted in either equation will give y. 



823> The base of a plane triangle is S and its altitude a, required 
the distance from the vertex at which a parallel to the base must cut 

the altitude in order to bisect the triangle. 

_ ,, a 
Result. —73- 

Query. — What does the fact that & does not appear in the result show ? 



824:. Having given the area of a rectangle inscribed in a triangle, 
can the triangle be determined? Can it, if the rectangle is a 
square ? If the rectangle is a square and the triangle right angled ? 
If the rectangle is a square and the triangle equilateral ? 



825. The sides of a triangle being a, i, c, to find the perpendicu- 
lar upon c from the opposite angle. 



Result, p = X- V2c' (a' + V) 4- "Za^V - a* - b' - c\ 

SuG*s. — Observe that a and b are similarly involved in the result, but e is 
differently involved from either. This is evidently as it should be, since a and 
b are the sides about the angle from which p is let fall ; and are thus similarly 
related to p. But c, the side on which p falls, is differently related to p from 
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either of the others. The student should be able to write the value of the per- 
pendiculars upon each of the other sides, fh>m this one. Thus, that on a if 

2^ V2«* («* + ^*) + 2c»^ - a* - A* -c*. 



826. The sides of a triangle are a, b^ c, to find the side of an in- 
scribed square one of whose sides falls in c. 

Sug'& — The altitude may be found from the preceding, hence may be 

CD 

sumed as known. Call it p. Then the side of the required square is 



c + p 
What is the side of the square standing on a ? On 6 ? 

Query. — Will the square be the same on whichever side it stands ? Observe 
that though the values here found are apparently different, they may not be so 
really, since p is different in each case. But let the student decide. 



827- Having the area of a rectangle inscribed in a given triangle 
and standing on a specified side, to determine the sides of the 
rectangle. 

Result, i being the base oA which the rectangle stands, p the alti- 
tude from this base, and s the given area, we have for the sides 






. /V~ sb ^ Pa /f ^P 

|/_.«^,andy=|=FJ/^--^. 



Sug's. — The ± and T signs indicate that, in general, there can be two equal 
rectangles inscribed standing on the same base. The student will do well to 
illustrate it with definite numerical values, as p = 10, 5 = 6, « = 10. 

h^ sh t)^ 87) 

Again, j must be greater than — , and j- > t-i *'• ^'» « ^Qst be less than ipb. 

That is, the greatest rectangle is half the area of the triangle, since i p& is the 
area of the tiiangle. 



828. The Algebraic solution of a problem often enables us to 
effect a geometrical construction. We will give a few examples. 

Through a given point within a circle, to draw a 
chord of a given length. 

Solution.— Let s be the length of the requh^d chord, and 
P the given point. Since P is a known. point, call AP 
= a, PB = 6, AB being the diameter through P. Let CD 
represent the required chord, and calling CP, «, PD = » — x. 

Then sx — x^ = ub ; whence x = ^a ± -y/i* — ab. 




Fio. 433. 
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To e£fect the geometrical consti'uction, let s be the length 
of the given chord, and P the point in the given circle. Draw 
the diameter through P, and erect PE perpendicular to it 

Make EH = i#; then since P? = oft, PH = -\/i «* — ad. 
Now take HI = i«, and from P as a centre, with a radius PI 

= i« + >v/i«* — abt strike the arc Dl intersecting the circum- 
ference. DPC is the chord required. 




s 

Fie. 434. 



Prom the radical Vi** — ad we see that, if ad > i«', x is 
imaginary, as we say in algebra. In such a case the problem is geometrically 
impossible, as will appear from the construction, for then PE is greater than 

EH, which makes HP, the representative of -\/i»* — ab, impossible. K is* = ad, 
(D has but one value, and the segments are equal. 



829* To find a point in a tangent to a circle from which, if a 
secant be drawn to the extremity of the diameter passing through the 
point of tangency, the external segment shall have a given length. 



Solution. — Let AB = d he the diameter of the 
given circle, DX = a the external segment of the re- 
quired secant, and the whole secant BX = x. Then 

a^ — aa = cP, and x =ia ± -^/d^ + ia*. 
To eflfect the geometrical constniction, construct 
the radical by taking AC = ^a; whence BC = 

-y/d^ + ia". Now make CY = ^a, and with B as a 
c^enti'e, and BY as a radius, strike an arc cutting the 
tangent, as in X. Then is 




Fig. 436. 



BX = a? = ia + V^*Tia*. 
The negative value of the radical is inapplicable in this elementary, geomet- 

Tical sense, since as -y/d^ + ia^ > ia, this would make x a negative quantity. 
Again we see that no real value of a can render x imaginary. 

We can observe the same things from the geometrical construction. Thus, 
if the negative value of the radical were taken, x would be numet'ically less 
than BC, by ia, or AC. But BC — AC < BA. Hence an arc struck from B 
with the required radius would not cut the tangent. We see also that a may 
have any value between and oo . 



830* Given the hypotenuse and area of a right angled triangle, 
to construct the triangle. 



Sug's. — Let h be the hypotenuse, «* the area, and x the 
perpendicular from the right angle upon the hypotenuse. 
Then ?ix = fls^, or ih : s : : 8 : x, and h : 28 : : 2s : 2x. 

The figure will suggest the constniction. 
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831. Through a point between two lines which intersect^ to draw 
a line which shall cat off a triangle of given area. 

Suo's. — Let AY = x, and the required area = ^. 

hx 

We have h :H :: x —h : z, .-. H = r. 

X — 




AndHx = 2^, /. H = — . 

X 



Thus 



To coDStract this, find c = ^-^ i, e., oonstrnct 



a third proportional to A and 9. Then construct ^c{c — 2b), i. «., find a mean 
proportional between e and c — 2b; let this be m. Whence ar = c ± tw. In gen- 
eral, there may be two solutions, if any, since there are two values of a;. [This 

should also be observed from the figure.] But if 25 > v there is no solution. 

If - = 2d, there is but one solution. In the latter case where is the ^ven point 

O f What is the geometrical difiScultj when 2b > -^ Can m be numerically 
greater than e ? 



832. To construct the four forms of the affected or complete 
quadratic equation, viz., (1.) a:* + pz — q = 0, (2.) x' — px ^ q = 
0, (3.) X* — px + q =0, (4. ) a^ -{- px + q = 0, without solving the 
equations. 

FrasT Form, a^ + px — g = 0.— Draw any 
two lines as LM, NP, intersecting in some point 
O. Resolve q of the equation into two factors, 
as r and q'y so that we have x^+px — rx^ = 
0. Take OA = p, OB = r, OC = q'. Bisect CB 
and AO by perpendiculars, and from their in- 
tersection F as a centre, with a radius FB, draw 
a circle. Then DO, or AE, is x, the positive 
root For x{x + p) = r^, or «» + pa; — rg' = 0. 
The negative root is OE. Thus, let OE = (— x\ 
Then DO = AE = (- a? — p\ Hence (- x) 
(— a? — p) = a;* + pa; = rg', or «* + px — rq' 
= 0. 
This construction is evidently always possible irrespective of the relative 
magnitudes of p, r,q' \ a fact which agrees with the statement in algebra that 
this form always has real roots. 

Second Form, x^ —px — rq' — 0.— The construction is the same as for the 

£r8t form ; only, in this case OE is the positive, and DO the negative root 

Tlins forOE = x (positive), we have 00 x OE = (at — -p^j x = x^i , c>\ ^ — ^ - 
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^V=0. For DO =(-«), we have DO x OE = DO(OA-h AE) = D0(0A+ DO) 
= (— a?) (p — aj) = r5^, or «* — ^ — r^ = 0. 

Observe that in the first case the negative root is numerically greater than 
"the positive ; while it is tlie reverse in this form. This agrees with the conclu- 
sions of algebra (See Complete School Algebra, 10^\ 

■ 

Third Form, a;' — /wj + rg' = 0. — 
Draw any two lines, as OM, OP, meet- 
ing at 0. Take OA = p, OB = r or ^', 
and CO = g' or r. Erect perpendiculars 
at the middle points of OA, and BO ; 
and from their intersection F as a cen- 
tre, with a radius FB, strike a circum- 
ference. Then OE and OD are the 
values of x. For OE = rr, OE x OD = 
OE ^ EA = OE (OA - OE) = ar ( p - ar) ^^ ^ 

— rq\ or ix^ — px + r^ = 0. For OD 

= «, 00 X OE = OD (OA - AE) = OD (OA - OD) = a? (p - ar) = rg', or aj» 

— |WJ + rg' = 0, 

Observe that the former value of a; is greater than the latter, but that neither 
is negative. 

So also, we may readily see that the roots may become equal, and also, im- 
aginary. Thus if the cu-cle were tangent to OA, the roots would be equal, and 
if it did not touch OA they would both be imaginary. (See Algebra, as 
above.) 

Fourth Form, a;' + pa? -h ^-g* = 0.— The construction is the same as the 
last, only both values of x are negative. Thus, (— x) [p — (— x)] = (— x) 
{p +x) =:r^,—px — x^ — rq' =0j or a^ + px+ rq =0, 

Sch. — Thus we see that we can construct any equation of the second degree 
containing but one unknown quantity, which has real roots. Hence, if the al- 
gebraic solution of a geometrical problem requires only the resolution of such an 
equation, the algebraic solution will lead to the geometrical construction. 

833. We have now given sufficient illustrations of this most in- 
teresting and important subject, so that the student should have 
caught the spirit of this method of using algebra to subserve the 
purposes of geometrical investigation. We shall simply append a 
list of problems, upon which the student can put in exercise both 
his algebraic and geometric knowledge. But we cannot refrain 
from repeating the advice, that the learner should not rest satisfied 
with the mere algebraic resolution of the problem. He should be 
ambitious to trace, as fully as possible, the wonderful relations which 
exist between the abstract operations of algebra, and the more con- 
crete relations of geometry. 
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EXAMPLES. 

834. Given the perimeter of a right angled t 
y angle and the radius of the inscribed circle, to de- 
termine ihe triangle. 




83S. Given the hypotenuse of a right angled 
triangle and the side of the inscribed square, to de- 
termine the triangle. 

836. In a right angled triangle, given the radius of the inscribed 
circle, and the side of the inscribed square, the right angle of the 
triangle constituting one angle of the square, to determine the 
triangle. 

Sue's. — Letting x and y be the sides, z the hypotenuse, r the radius of the 

inscribed circle, and 8 the side of the inscribed square, we have « = . -— ?— » 

x + y 

wy =zr{x -{■ y + «), and x + y = z + 2r, Whence « = 2r \K——)i ^^^ 



83 V • In any triangle whose sides are «, 5, c, to find the radius of 
the inscribed circle. 



838. Show that the area of a regular dodecagon inscribed in a 
circle whose radius is 1, is 3. 



o ^<^ ^ 839* Find the area of a regular octagon 

*»^ whose side is a. 

Result, 2 (V2 + 1) a\ 




84:0. Find the radii of three equal circles de- 
Fio. 441. scribed in a given circle, tangent to the given 

circle and to each other. 



841. The space between three equal circles tangent to each other 
is a ; what is the radius ? * 



842. In a triangle, given the ratio of two sides, and the segments 
of the third side made by a perpendicular let fall from the angle 
opposite. 
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84:3* In a triangle, given the base and altitude, and the ratio of 
the other sides, to determine the triangle. 

84:4:. Given the base, the medial line, and the sum of the other 
sides of a triangle, to determine the triangle. 

845. To determine a right angled triangle, knowing the perim- 
eter and area. 

SuG*8. «* + y' = 2(*, X + y + z-=:2p, and xy = 2«*, give y + « = 2p — s?, 
st^ + 2xy + y^ =: 4^ — 4pz + «*,»' + 4«* = 4p' — 4pa5 + 2*; whence 

e = . Now use y + jc = 3o--« = ''- , and ary = 2«*. 

P a Mr P 



846. To determine a right angled triangle, knowing the perim- 
eter, and the sum of the hypotenuse, and the perpendicular upon the 
hypotenuse from the right angle. 

Sug'b. aj* + y* = ««, « + y + 2 = 2p, 2 + t^ = a, xy = eu. Then 
x^ + 2xy + y' = 4p* — 4jtw + «'; whence 2xy = 4p« — 4p2, and hence 
2z{a — «) = 4p — 4pZy etc. 

847. The volume, the altitude, and a side of one of the bases of 
the frustum of a square pyramid being known, to determine a side 
of the other base. 



848. To determine a right angled triangle, knowing the perim- 
eter, and the perpendicular let fall from the right angle upon the 
hypotenuse. 

849. To determine a triangle, knowing the base, the altitude, 
and the difference of the other sides. 



850. To determine a triangle, knowing the base, the altitude, 
and the rectangle of the other sides. 

851. To determine a right angled triangle, knowing the hypote- 
nuse and the difference between the lines drawn from the acute 
angles to the centre of the inscribed circle. 

SuG*s. — Let fall CD a perpendicular upon AO produced. 
Now, since the the angles BAC and ACB are bisected, 
and COD = OAC + OCA, and ICD = lAB, they being 
complements of the equal angles CID, lAB, we have, COD 

= OCD, and CD = OD = -^^ CO. Hence, putting AC 

= A, CO = Xy and AO = a? + cf, we have 

(x + d + \/i «)* + ("v/l ^y = ^'' From this a; is readily found. 
The student should then be able to complete the solution. 
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852. Given two sides of a triangle and the bisector of their in- 
cluded angle^ to determine the triangle. 

853. Given the three medial lines^ to determine a triangle. 

854. Given the three sides of a triangle, to determine the radius 
of the circumscribed circle. 



w 

855' Four equal balls whose radius is r are placed on a plane so 
that each is tangent to the other three, thus forming a pyramid; 
what is its altitude ? 



856' Given the base of a triangle, the bisector of the opposite 
angle, and the radius of the circumscribing circle, to determine the 
triangle. 

Sug's.— First to find ED = x. Since 
EM = r — V^* — ^» it may be considered known and 
put equal to c. We then have DM = -v/c* + «* ; and also, 

DM X a = AD X DB = d» - a?«, or DM = ^ "" ^ . 

a 

w __ /»« 

Whence Vc* + «* = ^ and x is readily found. 

Calling ED = «, the student will have no difficulty in 
proceeding with the solution. 




OHAPTEB n. 

INTBOBUCTION TO MOBEJRN GEOMETBT.* 



SECTION I. 



OF LOCI. 

857' The term Locus f? as used in geometry, is nearly synony- 
mous with geometrical figure^ yet having a latitude in its use which 
the other does not possess. The locus of apoiiit is the line (geo- 

* With strict propriety only the latter eections of this chapter belong to the Modem CftOfM-\ 
try, technically po called. But, as the entire chapter is composed of matter which has not 
hitherto found place in our common text-books, and the relative importance of which is be- 
coming more fiiUy appreciated in modern times, the author has ventured to embrace the whole 
andir this title, 
f Tlie word ZocwU the Latin forp/oce. 
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metrical figure) generated by the motion of the point according to 
some given law. 

In the same manner, a surface is conceived as the locus of a line 
moving in some determinate manner. 

Ill's. — The locus of a point in a plane, which point is always equidistant 
from the extremities of a given right line, is a straight 
line perpendicular to the given line at its middle point i 
Thus, suppose AB a fixed line, and Hie locus of a point 
equidistant from its exti'emities is required ; that point 
may be anywhere in a perpendicular to AB at its mid- 
dle point, and cannot be anywhere else in this plane. a 1 B 

This perpendicular is the locus (place) of a point 
subject to the given law. 

Again, a boy on the green is required to keep at just ^ 

SO feet from a certain stake ; where may he be found? j,^^ ^^ 

i. e., what is his locus (place) ? Evidently, the circum- 
ference of a circle whose radius is 20 feet Thus, the locus of a point in a plane^ 
equidistant from a given point, is the circumference of a circle. This is the ■■ 
place of such a point 

What is the locus in space of a point equidistant from a given point? 
What is the locus of a point in space equidistant from the extremities of a . 
given line? A plane. 

What is the locus of a line moving so that each point in it traces a right line ? 
In general, a plane ; if it move in the direction of its length, a straight line. 
What is the locus of a right line parallel to and equidistant from a given line? 
What is the locus of a right line intersecting a given line at a constant 
angle ? * A conical surface of revolution. 
What is the locus of a semicircle revolving on its diameter ? 



PROPOSITIONS AND PROBLEMS IN DETERMININC PLANE LOCL 

[Note. — The student should be required to give every demonstration in form, , 
and in detail. Frequent exercise in writing out demonstrations, is almost the- 
only method of securing a good, independent style in demonstration.] 

8S8. OCheo. — The locus of a point in a plane^ equidistant from 
the extremities of a given line, is a perpendicular to that line at its 
middle point, 

SuG. — To prove this we have simply to show that eveiy point in such a per- - 
pendicular is equidistant from the extremities of the given line, and that no- 
other point has this property (Pabt II., 129). 

* That i8, an anjj^le which remains of the same size. 

19 
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8S9. Pvoh* — Find the locus of a point at any constant distance 
m firom a straight line. Of what proposition iu Part IL is this the 
converse ? 

Sug'8.--To prove the propoiition which the answer to this question asserts, it 
will be necessary to show that every point m the affirmed locus is at the same 

distance fVom the given line and that no other point 
.p S& 9X tliat distance. We affirm that the locus U two 

4—: T ^ right lines parallel to t/ie given line and at a distance 

^_ B m therefrom. The formal demonstration is as follows : 



iP' 



m Let AB be the given line, and OE, OE', perpendiculars 

^? 1* thereto, each equal to m. Through E and E' draw 

CD and CD' pai-allel to AB ; then is CD, CD', the 
Fia. 44S. locus required.* For, by Part II. (156), every point 

in CD, CD', is at the distance m from AB ; and we may 
readily show that any other point, as P or P', is at a distance greater or less than 
m from AB. Hence CD, CD', is the locus required. 



860. Tlieo. — In a circle, the locus of the centre of a chord par- 
allel to a given luxe is a diameter. 

Dem. — ^Let mn be any circle, and AB a given line. 
Then is the locus of the centre of a chord parallel to AB, 
a diameter of the circle. 

For, let DH ^ ^^^ chord parallel to AB. Through the 
centre of the circle C, and P, tlie middle point of DH, 
draw EL Now EL is perpendicular to DH (?), and con- 
Fio 446. sequently to AB (?). Then will EL be perpendicular to 

any and every chord parallel to DH(?), and hence will 
bisect such chord (?). Therefore the locus of the centre of a chord parallel to 
AB is a diameter. 

Again, any point in the circle and out of the line EL is not the middle point 
of chord parallel to AB. Thus, letting P' be such a point, draw a chord 
through P' parallel to AB. As there can be but one such chord (?), and as EL 
bisects it(?), P' is without the diameter (?). 




86 1> Theo. — TJie locus of the centre of a circumference passing 
through two given points is a straight line. 

SuG.— Consult Pakt II. (159, 163, 197). The student should put the 
argument in form. 

862* Tfieo. — The locus of the centre of a circle which is tan- 

* It is important that the etadent think of these two llnee as one locns, or as parts of om and 
the same locus, if this will aid the conception. A locns may consist of any nnmbcr of detached 
parte; all that is necessary being that the given conditions be lUlfllled. In this respect the 
word A?cus baa a. more enlarged meaning thanlYie term geonwetArtoil jtquire* 
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gent to a given circle at a given pointy is a straight line passing 
through the centre of the given circle. 

Dbm. — ^Let C be the centre of the given circle, 
and B the point in the circumference to which 
the circle * shall be tangent, the locus of whose 
centre is required. Through B draw TL tangent 
to the given circle. Now, a circle passing through 
B, and tangent to the given circle, will have TL 
for its tangent (?), and as a radius is perpendicu- 
lar to a tangent at its extremity, and only one 
perpendicular can be drawn to TL through B, 

the centre of a circle tangent to the given circle at B must be in this straight 
line. Moreover, as the given circle is tangent to the right line TL at B, its 
centre is in the perpendicular AX. Hence AX is the locus required. 




803- OOheo- — The locus of the centre of a circle of given radius 
R, and tangent to a given straight line, is ttvo parallels to this line at 
a distance R therefromy on each side. Give proof in form. 



564. Prob- — Find the locus of the centre of a circle of given 
fadius R, whose circumference passes through a given point. Give 
proof in form. 

565. Theo. — The locus of the centre of a line of constant length, 
having its extremities in two fixed lines which cut each other at right 
€inglesy is the circumference of a circle. 

Bug's.— Let MN be the^f^ngth of the 
^yen line, and CD, and AB, the two lines 
intersecting at right angles, in which the 
extremities of MN are to remain. Now, 
in whatever position MN may be placed, 
its middle point, P, is at the same distance 
(iMN) from O (?). To show that any point 
not in this circumference, as tp, is not the 
middle point of a line equal to MN passing 
through it, and limited by the fixed lines, 
from ^ as a centre, with a radius iMN cut 
CD, as in C ; and from C as a centre with 
the same radius strike the arc <pP, If q> is without the circle, CB > MN, if 
within, less. Hence, the required locus is a circumference whose centre is 0, 
and whose radius is ^MN. 




Fig. 448. 



• Observe the fonn of expression. We say "the circle," and not "the circles," usinjf the 
term In a generic eenee, as including all which have the reqaired property, i. e., all which are 
tangent to the given circle at B, 
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866. JProh- — Fiyul the locus of the centre of a chqrd of constant 
lengthy in a given circle. 

SuG.— We say, once again, always give the proof in form. 



867. JProh.—Find the locus of the vertex of the right angle of a 
right angled triangle of a constant hypotenuse. 



868. JProh. — Find the locus of the middle point of the chord in- 
tercepted on a line through a giveii point, by a given circumference^ 
when the given point is without the circumference, wli^i it is in, 
and when it is within tJie circumference. 




869. JProb. — Fi7id the locus of a point the sum of whose dis- 
tances from two fixed intersecting lines is coiistant, i. e., is equal to 
a niven li)fr.. 

c 

Solution.— Let AB and CE be the fixed 
lines, and m the constant distance. Draw 
MN parallel to AB, and at a distance m 
from it. Bisect the angle CPN. Then is 
LR (a part of) the locus required. For 
[the student will here sbow that the sum 
of the distances from any point in LR to 
AB and CE, as PD, P"D" + P"d'\ P'D' 
4- P'd\ P"'d"', P^D" 4- PV, is con- 
stant and equal to m], observe that when 
one of the perpendiculars measuring the distance from a point in the locus, 
changes from one side to the other of the line on which it is let &11, its ngn 
changes. Thus P"D", P"d" being considered 4-, P'd' and P'^D*' are to be con- 
sidered — . This is a general principal in mathematics. See Part U. {215), 
and foot note. 

Finally, LR is only a part of the locus, since there is another line on the op* 
positc side of AB, obtained by drawing the auxiliary MN on that side, which 
fulfills the same condition. The student should show what the result is when we 
draw the auxiliary parallel to CE, and on either side of it, also that any point 
not in oue of these lines cannot fulfill the required condition. The complete 
locus is four indefinite right lines intersecting each other at right angles, so as 
to inclose a rectangle. 



Fig. 449. 



870. JProb. — Find the locus of a point such that the sum of 
the squares of its distances from two fixed points shall be equivalent 
to the square of the distance between the fixed points. 



871. JProb. — Find the locics of the intersection of two secants 
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drawn through the extremities of a fixed 
diameter in a given circle^ one of the secants 
^eing always perpendicular to a tangent to 
the circle at the point where the other 
cuts it 



8uG*s. P being the point, show that PB = AB, 

Jbr any position of AP and BP. Hence, any point 

In the circumference haying B for its centre, and 

AB for its radius, fulfills the conditions. Show that 

any point out of the cbcumference does not fulfill the 

conditions. 




872. JProb» — Find the locus of the intersection of two lines 
drawn from the acute angles of a right 
angled triangle, through the points where the 
perpendicular to the hypotenuse cuts the op- ^^ 

posite sides, or sides produced. / K 

Bug's.— The locus of P is required. Prove that 
ARC is always a right angled triangle, wherever the 
perpendicular EF to the hypotenuse AC is drawn. 

Fio. 451. 




87 3 * Proh» — Find the locus of a point which divides a line 
drawn from a fixed point to a fixed line in a fixed ratio. 

Bug's.— Most problems in finding loci such as are treated in Elementary 
l^lane Geometry, viz., right lines and circles, are readily solved 
by constructing a few points according to the given conditions, 
"^rheoce we can determine by inspection whether the required 
locus is a right line or the circumference of a circle; and, 
having discovered this fact by inspection, it will remain to 
Bhow uihy it slbould be so. Thus, in the present problem, 
being the fixed point, and AB the fixed line, drawing a few 
lines, DC, According to tlie requirements, and dividing them 
in the same ratio (in the figure 3:2), we find a few points 
P in the locus. We then discover at once that the locus is 
a right line parallel to AB, and can easily see why it should 
1)6 so. 




Fio. 452. 



874:. Prob. — Two fixed circumferences intersect: to find the 
locus of the middle point of the line drawn through one of the points 
of intersection and terminated iy its other intersections with the cir- 
cumferences. 
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Sug's. — ^We will firat give an example of the course which the mind of th( 
Btu4ent might take in his efforts to discover the solution. He would naturally 

draw two unegttal* circles, as M and N 
and, through one of the points of intersec- 
tion, as A, draw BC, and bisect it at P. It 1 
the locus of P that is desu'ed. Now, sui^~ 
pose the line BC to revolve about A, B 
passing towards B', and C towards A. It is 
the path of the middle point that he seeks. 
When C reaches A, the line becomes tangent 
to N, and P is the middle point of the chord 
AB'. In a similar manner, he sees that the 
middle point of the chord AC, tangent to M 
at A, is also a point in the locus. 

Again, he observes that as B moves towards M, and C towards N, P moves to- 
wards A, and when AC = AB, P is at A. It now appears probable that the locus 
of P is a circumference. Proceeding on this hypothesis, he reasons, that, if this is 
true, AP' and AP" are chords of the locus, and, bisecting them with perpendicu- 
lai*s, he will have the centre of the locus. Locating thus, he observes that it 
appears to be in the line joining the centres 0' and 0", and about midway be- 
tween them. This leads him to see, whether, by assuming the middle point of 
DO" as the centre of a circle, and DA as a radius, he 'Can prove that any such 
line as BC drawn through A is bisected by this circumference, as at P. This 
he can readily prove by means of the perpendiculars OD, O'D', and 0"0", 
which bisect the chords AP, AB, and AC. For, since these perpendiculars are 
parallel, and O'O = 00", D'D = DD" ; whence D'P = AD", and, adding AP 
to each, D'A = PD", or D'B = PD". Adding to BD', D'P, and D"C (= AD" = 
D'P), there results BP = PC, and the hypothesis is true. 

But, in giving this problem as a recitationy the student will proceed as follows: 
Letting M and N be the two fixed circumferences, intersecting at A, join their 
centres 0' and 0", and bisect O'O" as at 0. With O as a centre and OA as 
a radius, describe a circle. Then is this circumference the locus required. 
For, let BC be any secant line passing through A, we may show that P is the 
middle point of BC- [Having done this, as above, and shown that any point 
not in this circumference is not the middle of the secant line passing through A, 
his solution is complete.] 



87S. JProb. — If the line AB is divided at Cyfind the loctis of P, so 
that angle aPC = angle BPC. 

Sug's. — In seeking for thesdution^ the following would be a natural process. 
Drawing any line, as AB, in the lower part of the figure, taking C, any point in 
it, and conceiving BP and AP drawn so as to make equal angles with PC, we 
would naturally discover that, if a circle were cbcumscribed about BPA, PC 
produced would bisect the arc below AB. Thus we discover a ready method 
of locating P ; i. «., in the main figure, bisect AB by a perpendicular, as ED, and 

* Equal circlee would ptob&bly bave special relations. 
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with any point on ED as a centre, pass a circumference through A and B. Through 
D and C draw a line, and P is a point in the locus (?). Any number of pom^s 
can be found in this way ; and, 
having found a few, as P, P', P", 
P'", etc., the situation of these 
will suggest that, probably^ the 
locus is the circumference of a 
cbcle whose centre is in AB pro- 
duced. If this should he the fact, 
CP is a chord of that circle, and, 
erecting a perpendicular at the 
middle point of CP, its inter- 
section with AB produced, as 
0, will be the centre of the 
locus (?). We will now endeavor 
to prove that any point in this 
circumference, as P', is so situated 
that BP'C = CP'A, and that no 
point out of this circumfer- 
ence has this property. We can 

readily show that the angle ORB = OCR - BRC = OCR - CRA (?). But 
PAC = OCR - CRA (?). . • . Triangle ORB is smular to OPA (?), and 
OA : OR : : OP : OB, or OA : OC : : OC : OB. Now, for any point in this cir- 
cumference, as R', we shall have OA : OP' : : OP' : OB, since OP' = OC, and OA, 
OC, and OB are constant. Hence, wherever R' is taken (in this circumference), 
the triangle OPB is similar to OPA, angle OR'B = R'AB, and BP'C = CRA. 
Finally, that no point out of this circumference possesses this property is evi- 
dent, since the distance of such a point from would not equal OC, and the 
angle OPiB (Pi being such a point) would not equal PiAB. 




Fie. 454. 



876' Prob' — In a fixed circle, any two chords intersect at right 
angles in a fixed point ; find the locus of the centre of the chord join- 
ing their extremities. Give the proof. 

877' JProb* — Find the locus of the point in space equidistant 
from three given points. Give the proof. 

878. Prob. — Find the loctcs of the point in space equidistant 
from two given points. Give the proof. 

879. JProb. — Find the locus of the point in a plane such thai 
the difference of the squares of the distances from it to two fixed 
points tvithout the plane shall be constant. 

Bug's. — Conceive the two points without the plane joined by a right line, 
and a perpendicular to this line drawn from either extremity of it ; the point 
where this perpendicular pierces the plane is a point in the locus (?). The re- 
quired locus is two parallel sti'aight lines. 
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880> JProh. — Find the locus of the middle point of a straight 
line of constant length, whose extremities remain in two lifies at 
right angles to each other, but which are not in the same plane. Give 
the proof. 

881. JProb* — Find the locus of the point equidistant from two 
fixed planes. Give proof. 

Sug'b.— Consider, 1st, When the fixed planes are parallel ; and 2d, when they 
intersect. 



882. JProb. — What locus is the intersection of a plane and the 

surface of a sphere 9 Give proof. 



883. JProb. — What locus is the intersection of the surfaces of 
two given spheres ? 

884. JProb, — Find the locus of the point in space such that the 
ratio of its distance from a given right line to its distance from a 
fixed point in that line is constant. 



SECTION II. 

OF SYMMETRY. 

885. Def. — Tvro points are said to be symmetrical with respect to 
a third, when the right line joining the two points is bisected by the 
point of reference, called the Oentre of Symmetry. 

886. Def. — Two loci, or two parts of the same locus, are sym- 
metrical with respect to a point, when 
every point in one has its symmetrical point 
in the other. 

Ill's.— In (a) P' is symmetriciU with P in re- 
spect to S, if S is the middle pomt of PP'. In (6) 
we obsei've that the semi-circumference Am'B is 
symmetrical with the semi-circumference AmB, 
in respect to the centre S ; for any point P in the 
latter has a symmetrical point P' in the former. 
In (c) the triangle A'SB' is symmetrical with ASB 
in respect t« S (?V 




07 snoorTBY. 




887. Theo. — The tymmetrical of a 
straight line, with respect to a point, is an 
equal straight line. 

Bdo'b. — We commence hy assuming A'S = 
AS, and B'S = BS, and drawing B'A'. We then 
have to show that any point in AB, as P, has its 
eym metrical point P' in B'A'. 



888. Theo. — The symmetrical of an angle, with respect to < 
point, is an equal angle. 

8uG'a— To Bhow the symmetrica] of AOB, with respect to 
S,takeA'S= AS, B'S = BS, OS = OS, and draw O'B', O'A'. 
Then show that any point in DA has its sfmmeiiical in O'A', 
and any point in OB has ils symmetrical iu OB'. Hence, 
A'O'B' is the symmetrica! of AOB, with respect to S, 

Then apply AOB to A'O'B' and show that these symmetricate 
are equaL 

880- Prob- — Having given a polygon, to 
draw its symmetrical with respect to a given 
point. 

890. Theo- — Any polygon is equal to its 

symmetrical with respect to a given point. »^- *S8. 

Sea's.— Proof by revolving the figure about S, keeping it in its own plane, 
each line, as AS, ES, etc., passing through 180°. 

891. Dbf, — The lines AS, ES, BS, etc., are radii of symmetry. 
893- Def, — Two points are symvietrical with respect to a straight 

line in the same plane, when the straight line which joins them ie 
bisected at right angles by the line of reference, called the Axis of 
Symmetry. 

893. Def. — Two loci, or two parts of the same locus, are sym- 
metrica? with respect to a straight line when every point in the one 
has its symmetrical point in the other. 

Ill's.— Thus in (a) P and 
P' are symmetrical points 
with respect lo the right 
line X'X, P» =r P» and X'X -7- 
is perpendicular to PP', So 
the part of (5) above X'X is 
symmetrical with the part (' 
below,!, e., Ihe curve Is sym- 
metrical with rcspeci loX'X- 
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894- Theo- — The symmetrical of a straight line, with respect to 
a rectilinear axis of syminetry, is an equal right Wie. 

Dbm. — Let AB be any straight line, and X'X the 
yig. Let fall Ibe perpendiculars A* and B«, and 
produce them till A* = A«, and B'« = B«. Then is 
AB = A'B', the gymmetrical of AB, For, taking P, 
any point in AB, letting fall Pi, and producing it to 
P', the point P' is symmetrical with P ; since re- 
volving (A'B'» upon X'X, A'B' will coincide with 
Pj^ ^ AB, and P" will fall at P. Hence A'B' = AB, and 

evei? poiot in AB has its symmetrical point im 
A'B' {89^. 

893. Cor. I. — If tioo straight lines intersect, their symmeiricals 
intersect, and the points of intersection are symmetrical. 
The student should show how this follows from the proposition. 

S9fi- CoE. 2. — Two rectilinear symmetricals meet the axis in the 
same point, and make equal angles tlterewilh. 




Stndent give proof. 

897. Dep.— A Trapezoid like A 



equal, ia called Isosceles. 



3' a', having its non-parallel sides 



898. Theo. — Tlte symmetrical of an angle, 
with respect to a rectilinear axis of symmetry, 
is an equal angle. 

Suo'b. — The student should be able lo give the dem- 
onstration from the figure, in a manner altogether 
similar to the preceding ; or, drawing AB and A'B', be 
can base It upon the preceding. 




899- Prob. — Having given a poly- 
gon, to draw its symmetrical with respect 
to a given axis. 

900. Theo. — Any plane figure is 
equal to its symmetrical, with reference 
to a rectilinear axis. 
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901. Def. — Two loci in space, or two parts of the same locus 
(planes or solids), are symmetrical with respect to a point, when every 
point in one has a corresponding point in the other, such that the line 
joining them is bisected by the point called the centre of symmetry. 

Ill's. — Symmetrical triedrals (Part II., 432) aflford ao illustration of solids 
symmeti'ical with respect to a point — the vertex. The two hemispheres into 
which a great circle divides a sphere are symmetrical parts of the solid (sphere) 
with reference to the centre. 

902. Def. — Two points in space are symmetrical with respect to 
a plane called the Plane of Symmetry, when the line joining the 
points is perpendicular to the plane and bisected by it. 

903. Def. — Two loci in space (planes or solids), or two parts of 
the same locus, are symmetrical witli respect to a plane when every 
point in one has its symmetrical point in the other. 

904:. Def. — The corresponding (symmetrical) parts of symmet- 
rical figures are called Homologous parts. 



905. TJieo. — The symmetrical of a right line, with respect to a 
plane, is an eqtial right line. 

Dem. — Let AB be any right line, and MN the plane 
of symmetry. Let fall the perpendiculars &b, Aa, upon 
the plane, produce them, making B'6 = Bd, A'a = Aa, 
and join A' and B'. Then A'B' = AB, and is its sym- 
metrical. For ABB 'A' being a plane figure (?) and ab^ 
the intei*section of this plane with MN, being a right 
line bisecting AA' and BB' at right angles (?), we may 
revolve o^B'A' upon ab and bring A'B' into coincidence 
with AB. Hence A'B' = AB. Again, P being any 
point in AB, draw PP' perpendicular to ab, and upon 
revolution P' will fall in P,and P'« = Ps. Hence, every 
point in AB has its symmetrical in A'B', and the latter 
line is the symmetrical of the former. 

906. Cor. 1. — A right line and its symmetrical, with respect to a 
plane, pierce the plane at the same point. 

Student give proof 




907. Theo. — The symmetrical of a plane angle, with respect to a 
plane, is an equal plane angle. 
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Rem.— Let AOB be aoy plane angle, and MN the 
plane of symnielry. Let P be any point in AO, and 
Pi any point in OB. Let 0' lie the aymmeirieal of O, 
P' of P, and Pi' of Pi ; then is A O' tlie Bymmetrical of 
AO, O'B' of OB, and angle A'O'B' of AOB. Now by 
the preceding proposition the two triangles POPi.and 
PO'Pi', are mutually equilateral, whence AOB = its 
gymmetricaJ A'O'B'. 



908. Tlieo- — Any plane polygon has for its symmetrical, with 

reference to a plane, an equal plane polygon. 

Sdo'b.— ABODE being any plane polygon, and 
MN the plune of Hymmetry, by conatnicting 
A',B',C'.D',E' symmetrical with A, B, C, D, E, we 
have by the preceding propositions A'AX'^E' 
eqnilateral and equiangular wiUi ABCDE ; whence 
it only remaiuii to show that A'B'C'O'E' is a plane 
(not a warped) aui'face. Let F he any point in the 
angle AED, draw HI, and let H' and I' be the sym- . 
metricals of H and I {895y Draw H'l'. Tben is 
the Bymmelrical of F in H'l' (?). as at F'. Now, 
every point in HF within the angle BAE baa iia 
symmetrical in H'F' (905). Thus, by taking three 
points, not in a straight line, in the angle BAE, we 
can show that their symmetrlcals are in the plane 
B'A'E', and also in A'E'D'. In like manner, all 
be shown U> be in the same plane. 

009. Cor, — If tivo planes intersect, their symmetr teals intersect, 
and the two intersections are symmetrical right lines. 
The Btndent should show how this grows out of the proposition. 




tbe angles of A'B'C'O'E' c 




910. Theo. — The symmetrical of a 
an equal diedral. 



Dem. AOB being the measure of tbe diedral A-OC-B, 
and A'-O'C'-B' the symmetrical diedral, and 0' the sym- 
metrical of 0, the symmetrical of AO being A'O', the angle 
A'O'C is right, and io like manner B'C being the symmet- 
rical of BO, B'O'C is right BuLBOA = B'O' A' (»), whence 
the diedials are equaL 
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911- Theo. — Two polyedrons, symmetrical 
with respect to a platte, have their faces equal, 
each to each, and iheir homologous solid angles 
symmetrical. 



Suo'b. — This U an immediate coDseqiience of preced- / 

Inp: propositions. Tlius E' tMing tlie symmetricai solid 



inp: propositions. Tlius E' tMing tlie symmetricai e 
homologous witb E, the homologous plane faces includ- 
ing Uiem are equal (908). Agaio, ihe facial aogles 
being equal, but not similarly disposed, the solid angles 
are symmetricaL 



!? 12. Cor. — Two symmetrical polyedrons can 

he decomposed into the same number of tetraedrons, symmetrical each 




For we can decompose one of the polyedrons into tetraedrons having for 
their common vertex one of the vertices of this polyedron, and each of these 
telraedroos will have its symmetric&l in the other. 

913. Theo. — Ttco symmetrical polyedrons are equivalent. 

Dem.— From Ihe last corollary it will appear that it is sufflcient for the de- 
monstration of tills proposition lo show that two symmetrical tetraedrons are 
equivalent (?). Let S-ABC, and S'-ABC be two tetraedrons symmetrical 
with respect lo their common base. They have a common base and equal alti- 
tudes(?). hence Ihey are equivaletiL 

914- General ScHouuu.—We may speak of two loci, oi two parts of the 
■tame locus, as symmetrical with respect to a line or plane, whenever all the 
points in one have symmetrical points in the 
other, even though tiie line Joining the symmet- 
rical points be not ptrpendumlar lo Ihe asis, or . 
the plane, of symmetry ; observing, however, 
that this line is always bisected by the axis or 
plane. Thus, tlie ellipse in the flgnre is symmet- 
rically divide<l by the line X'X, since every point 
in one portion has a symmeirical point in the 
other, as P« = P'», for every point in the curve. p,g, f^. 

In such a case the parts cannot be brought into 
coincideoce by simple revolution : one put most be lerersed. 
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SECTION III. 




FlO. 469. 




Fig. 470. 



OF BIAXIMA AND MINIMA. 

915> Def. — A JUaxi'tnum value of a magnitude conceired to 

vary continuously in some specified way, is a value 
which is greater than the preceding and succeeding 
values of the magnitude. 

iLL'a — Thus, suppose in a given circle, a chord passing 
through a fixed point, P, revolves so as to take successively 
the positions la, 26, Ac, 3cf, 4e, etc. It is at a maximum when 
it passes through the centre, as Ac. The chord is the magni- 
tude which is conceived to vary in the way specified, and Ac 
is a value greater than the preceding and the succeeding 
values. Again, conceive a circle to be compressed or ex- 
tended, as in the direction mn, so as to take the forms in- 
dicated by the dotted lines, its area will be diminished, 
the perimeter remaining the same. That is, of all 
figures of a given perimeter, the circle has the maxi- 
mum area. 

A Minimum value of a magnitude conceived to 
vary continuously in some specified way, is a value 
which is less than the preceding and succeeding 
values of the magnitude. 

Ill's. — Thus, conceive the varying magnitude to be a 
straight line firom the fixed point P to the fixed line X'X ; 
that is, suppose such a line to start from some position P 1, 
and move through the successive positions P2, PA, P3, P4. 
PA is a minim dm, since it is less than the preceding and succeeding values. 

PROPOSITIONS CONCERNING MAXIMA AND MINIMA. 

917 • Axiom. — The minimum distmice ietween ttoo points is a 
straight line. 

918. Theo. — The minimum distance from a point to a line is a 
straight line perpendicular to tJie given line. 

Student give proof. 

919. Theo. — The maximum line tohich can be inscribed in a 
given circle is a diameter. 
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Proof based on the fact that the hypotenuse of a right angled triangle is the 
greatest side. 



920* Theo^ — The sum of the distances from 
two points on the same side of a line, to a point 
in the line, all being in the same plane, is a mini- 
7num tohen the lines measuring the distances 
make equal angles with the given Tins, 

Student prove AP + BP < AP' + BP. 




Fig. 472. 



921. Theo. — If a triangle have a constant 
base and altitude, its vertical angle is a maxi- 
mum when the triangle is isosceles, 

&UG. — ^By "What is the vertical angle measured ? 




Pig. 473. 



922. Theo. — The base and area of a triangle being constant, its 
perimeter is a minimum when the triangle is isos- 
celes. 



Bug's. — The area and base being constant, the vertex 
remains in a line parallel to the base, for all values of the 
other sides. The figure will suggest the demonstration, 
which is based on the fact that any side of a triangle is 
less than the sum of the other two. 




Fig. 474. 



923. Theo» — The difference between the distances from two 
points on opposite sides of a fixed line to a point 
in that line, is a maximum, when the lines 
measuring these distances make equal angles 
with the fixed line. 

SuG's. P'O = AP - AP ; but PO > A'O (= A'P) 
- AP'. 




Query.— Having the points P, P', and the fixed line 
given, how is the point A found by geometrical construction ? 



Fio. 475. 



924* Theo, — Tlie le^igths of two sides of a 
triangle beijig constant, the area is a maximum 
when the included angle is right. 




P.'fl. 47fi. 
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925- Theo. — The sum of two adjacent sides of 
a rectangle being constant (AB), the area is a maxi- 
mum when the sides are equal. 



ISOPERIMETRT. 

926' Isoperimetric Figures are such as hare equal perim- 
eters, i, e., bounding lines of equal length. 

Problems in isoperimetry are a species of problems in Maxima and 
Minima. Thus, of all figures whose perimeters are m (say 10 
inches), to find that which has the greatest area, is a problem in 
isoperimetry. Again, what must be the form of a pentagon whose 
perimeter is wi, in order that its area may be a maximum ? 

927. Theo* — Of isoperimetric triangles with a constant base, the 
isosceles is a maximum. 

Sug's. — By means of the figure to Theorem (921\ we can readily show 
that any triangle having the same base as the isosceles triangle, and its vertex 
either in or beyond the line through the vertex of the isosceles triangle and par- 
allel to its base, has a greater perimeter than the isosceles triangle. Hence, the 
isoperimetric triangle on tlie given base has its vertex below this parallel, ex- 
cept when isosceles ; and consequently the isosceles is the maximum. 

928. Cor. — Of isoperimetric triangles, the equilateral has tlie 
maximum area {?) 

929. Proh» — Oiven any triangle with a constant base, to con- 
struct the maximum isoperimetric triangle. 

930' Frob. — Given any triangle, to construct the maximum 
isoperimetric triangle. 



931. TTieo. — Of isoperimetric quadrilaterals, 
cT the square has the maximum area. 




B 




Fie. 47a 



Dbh.— Let ABCD be any qaadrilateraL If AD is not 
equal to DC, ADC can be replaced by the isosceles 
isoperimetric triangle AD'C, and the area of the quadri- 
lateral increased. So ABC c-im be replaced by AB'C. There- 
fore AB'C'D > ABCD. In like manner if AD' is not equal 
to AB' , D'AB' can be replaced by the maximum isoperi- 
metric triangle D'A'B'. So also D'CB' can be replaced by 
D'C'B'. Therefore ABCD' > AB'CD' > ABCD. Now, 
A'B'C'D' is a rhombus (?), and the student can show that 
the square on A'B' is greater than any rhombus with the 
same side. 
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932. Prob. — Having given a quadrilateral, to construct the 
maximum isoperimetric quadrilateral. 

933. Theo. — Of isoperimetric quadrilaterals with a constant 
base, the maximum has its three remaining sides equal each to each, 
and the aiigles which they include equal. 

Dem. — Let ABCD be the niaximum isoperimetric quadrilateral on the base 
AD, then AB = BC = CD, and angle ABC = BCD. For, if AB is not equal to- 
BC, draw AC, and replacing the triangle ABC with 
its isoperimetric isosceles triangle, we shall have a 
quadrilateral isoperimetric with ABCD, and greatei: 
than ABCD, i. e., greater than the maximum, which 
is absurd. 

Again, if angle ABC is not equal to BCD, let ABC 
< BCD, whence BCE < EBC, and BE < EC. Take 
EF = EC, and EC = EB, whence the triangles FEG 
and BEC are equal, and PC = BC. Also, since AB 
+ BC + CO = AE + ED - (EB + EC) + BC, and 

AF + PC + CD = AE + ED - (PE + EC) + PC, it follows that APCD and ABCD 
are isoperimetrical, and, since ABCD = AED - BEC, and APCD = AED - PEC, ' 
that APCD and ABCD are equal. Therefore, APCD is a maximum, and by the 
preceding part of the demonstration AP = PC = BC = AB, which is absurd;, 
and there can be no inequality between angles ABC and BCD. 

934» Theo. — Of isoperimetric polygons of a given number o/' 
sides, the regular polygon has the maximum area. 

Dem. — First, the polygon must be equilateral ; for, 
if any two adjacent sides, as AB, BC, are unequal, the 
triangle ABC can be replaced by its isoperimetric 
isosceles triangle, and thus the area of the polygon 
be increased. 

Second, the polygon must be equiangular ; for, if 
any two adjacent angles, as B and C, are unequal, the 
quadrilateral ABCD can be replaced by its isoperime- 
tric quadrilateral with B = C, and thus the area of the polygon be increased. 




Fio. 480. 



93S. Theo. — Of isoperimetric regular polygons, the one of the 

greater number of sides is the greater. 

Dem. — Let ABC be an equilateral (regular) triangle. 
Join any vertex, as A, with any point, as D, in the opposite 
side. Replace the triangle ACD with the isosceles isoperi- 
metric triangle AED. Then is the quadrilateral ABDE > 
the triangle ABC. 

But, of isoperimetric quadrilaterals, the regular (the 
square) is the greater. Hence, the regular quadrilateral (the 
square) isoperimetric with the triangle ABC, is greater than 

20 
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the triangle. In the same manner the regular pentagon isoperimetric with the 
square can be shown greater than the square ; and thus on, ad lihitum, 

936' CoR. — Of plane isoperimetric figures, the circle has the 
maximum area, since it is the limiting form of the regular polygon, 
as the number of its sides is indefinitely increased. 



_^R 



SECTION IV. 

OF TRANSYERSALS. 

937. Def. — A Transversal is a line cutting a system of line& 
A transversal of a triangle is a line cutting its sides ;* it either cuts 

two sides and the third side produced, or the three 
sides produced. In speaking of the transversal 
of a triangle (or polygon), the distances on any 
side (or side produced) from the intersection of 
the transversal with that side to the angles, are 
Segments. Of these there are six. Adja- 
cent segments are such as have an ex- 
tremity of each at the same point. Non- 
adjacent seginents are such as have no 
extremity common. 

Ill's. TR is a transversal of the triangle 
ABC ; aA, aC, dC, hS^ cA, cB are adjacent seg- 
ments two and two ; aC, hB^ck^ and aA, hO, cB 

are the two groups of non-adjacent segments. 

938. The two Fundamental Propositions of the Theory 
OP Transversals. 

939» Theo. — The product of three non-adjacent segments of the 
sides of a triangle cut by a transversal, is equal to the product of 
the other three. 

Dbm. — ABC being cut by the transversal TR, aA x bC x cB = aO x bB x cA. 
Draw BD parallel to AC, and from the similar triangles we have 

oA __ cA ^ 08 _ aC 
BD"S»*°^'SB~ftC» 
whence, multiplying, 
aA __ rtC X cA 
SB~iC X cB' 
or aA x bC X eB =: 




Fki.482. 





T-y 



Fia. 483. 



aC X dB X «A. 



♦ Or, sides produced— this exprew\on be\itt«i \ie\\a\\>j omxUed xti higher Geometry as all Unen 
Mre to be coDeidered indefinite unle»8 l\Tn\\i*d \t\ xY\e vto\>\*'V£\. 
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940. Cor. — Conversely, If three points he taken in the sides of 
a triangle (as a, b, c) siich that the product of three noii-adjacent seg- 
ments equals the product of the other three, the points are in the 
same straight Ime. 

For, passing a line through a and b, let it cut the third side in e' . Then, by 

the proposition, «A x bC x c'B = «C x 5B x e'A, But, by hypothesis 

</B <5A 

aA X bC X cB = aC X bB X cA. Whence -7« = -rr i aiid c and c' must coincide. 

Co (/A 

ScH. — This theorem is known among mathematicians as The Ptolemaic Theo- 
rem^ and is usually attributed to Claudius Ptolemy, an Egyptian mathematician 
and philosopher who flourished in Alexandria during the first half of the second 
century. But it is thought to be more properly due to Mejidaus, who lived a 
century befoi'e Ptolemy. 





941. Theo, — TTie three angle-transversals^ of a triangle, passing 
through a cammon point, divide tlie sides into seg- 
ments such that the product of three non-adjacent 
segments equals the product of the other three. 

Dem. — Prom the triangle ACc cut by the transversal aB, 
we have oA x CO x cB = AB x aC x Oc ; and from CBc 
cut by bA, Oc x bC x AS = CO x bB x cA. Multiplying, 
we obtain aA x bC xcB z^aC x bB x cA, 

942. Cor. 1. — Conversely, If the three angle- 
transversals of a triangle divide the sides into seg- 
ments such that the product of three non-adjacent " Pio. 484. 
segments equals the product of the other three, tJie 
transversals pass through a common point 

For, the sides being divided at a, d, and c, so that aA xbC x cB = aC x bB x 
cA, draw Cc, and A6, and let O be their intersection. Now, let a' be the point 
in which BO cuts AC. Then, by the proposition, a' A x ftC x cB = a'C x bB x cA. 

Whence -rr = -77; » antl a and a' coincide, 
a A a'C 

943. Cor. 2. — If any one of the sides is bisected, the line joining 
the other points of division is parallel to this side. 

^ For, let 6C = bB, Then a A x bC x cB = aC x bB x cA, becomes 

aA X cB =zaC X cA; or Aa :aC::Ac: cB. 

Query. — How does this apply to the second figure ? 

944. Cor. 3. — If the line joining two points of division is par- 
allel to the third side, the latter side is "bisected. 



* The trant^versalfl passin:^ through the angleB. 
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For, if db is parallel to AB, aZ.hZ.'.ak : 6B, whence aC x 58 = 6C x aA. 
And, since ak x 6C x cB == aC x 6B x « A, ck = cB. 

94:5- We will now give a few problems to illustrate the use of 
the theory of transversals. 

946. JPro&. — To show that the medial lines of a triangle pass 

through a common point. 

Solution. —Since a A = aC, ftC = 5B, and cB = cA, by mul- 
tiplying, we have aA x 6C x cB = aC x &B x cA ; whence 
by the last corollary these transversals pass through a com- 
Fi«. 485. mon point 




94:7' Proh. — To shoto that the bisectors of the angles of a tri' 
angle pass through a common point. 

Solution. — In the last figure let aB, M, cC be the bisectors. 
_, aA AB ^►C AC cB CB , . • . aA x bO x cB 

aA X 5C X cB = aC X 6B x cA. Therefore these transversals pass through a 
common point 



948. Proh> — To show that the altitudes of a triangle pass 

through a cominon point, 

SuG*s. — In the last figure, if aB, 5A, cC, were the perpendiculars, there would 

aA AO hO CO cB OB 
be three pairs of sunilar triangles givmg ^ =bo* "cA~AO' aC~CO' 

whence, as in the last 



949. Proh, — To show that the angle-transversals terminating in 
the points of tangency of the sides of the triangle with its inscribed 
circle, jmss through a common point, 

Sug's. — In the last figure, if a, 6, c were the points of tangency we should 
have aA = cA, bC = aC, cB = 6B ; whence aA x iC x cB = aC x &B x cA. 
Which shows that the transversals pass tlirough a common point 

950, Theo. — If ttvo sides of a triangle are divided proportion- 
ally, starting from the vertex, the angle-trans- 
versalsfrom the extremities of the other side 
to the corresponding points of division, in- 
tersect in the medial line to this third sidet 




Dem. — Since AC and CB are divided proportion- 
ally at a and a\ aA x a'C = aC x a'B ; and as 
DB = DA, aA x a'C x DB = aC x a'B x DA, 
the angle-transversal» Aa', Ba intersect in CD. 

The same may be shown of any other angle-transversals from A and B, dividing 

CB and CA proportionally. 
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9S1' Cor. — In any trapezoid the transversal passing throtcgh 
the intersection of the diagonals^ and the intersection of the non- 
parallel sides, bisects the parallel sides. 

SuG. — Joining aa' in the last figure, CD is such a transversal. The student 
will readily see the connection with the proposition. 



952. Proh.— Through a given point to draw a line which shall 
meet two given lines at their intersection in an invisible, inaccessible 
point. 

Solution. — Let Mm, Hn be the two 
given lines which meet in the invisible, 
inaccessible point S, and P the given 
point through which a line is to be lo- 
cated which will meet Mwi, Hn in S. 
Through P draw any convenient trans- 
versal, as BF, and any other meeting this, 
as AF. Now, considering MS as a ti*ans- 
versal of the triangle CDF, we have 
AF X BC X SD = AD X BF x SC ; whence 
SD _ AD X BF 
SC 




AF X BC* 



But, HD being drawn 



Pig. 487. 



11 1 * PC ,, HD SD AD X 
parallel to BF, we have -^= = ^^ = 



BF 



or HD = 



AD 



BF X PC 



PC "" SC "" AF X BC ^ " AF x BC 

whence HD is known, as AD, BF, PC, AF, BC can be measured. The points P 
and H determine the required line. 

9S3. Def. — The Comx)lete Quadrilateral is the figure 
formed by four lines meeting in six e 

points. The complete quadrilateral 
has three diagonals. 

III. — ABC DEF is a complete quadrilat- 
eral, and its diagonals are CF, BD, and AE, 
the latter being spoken of as the third or 
exterior diagonal. 




Pig. 488. 



954. Tlieo. — The middle points of the three diagonals of a complete 
quadrilateral are in the same straight line. 

Dem. — m, n, being the centres of the diagonals of the complete quadrilat- 
eral, in the preceding figure, are in the same straight line. Bisect the sides of 
the triangle FDE, as at I, N, L, and draw IN, IL, LN. Since IN is parallel to BE, 
and bisects DF and DE, it also bisects DB (?) and hence passes through n. For 
like reasons IL passes through wi, and LN through o. Now, AC being a trans- 
versal of the triangle FDE gives CD x BE x AF = CE x BF x AD. Therefore, 
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noticing that iCD = 7/<l, ^BE = wN, 4AF = oL, iCE = 7/2L, ^BF = n\, aod 
^AD = &N, we have m\ x nU x oL = mL x n\ x oU. Hence these three points 
171, n, ^ lie in a transyersal to the triangle ILN. 



SECTION V. 

HARMONIC PROPORTION AND HARMONIC PENCILS. 

955* Def. — Three quantities are in Harmonic Proportion when 
the difference between the first and second is to the difference be- 
tween the second and third, as the first is to the third. 

III. — 6, 4, 3 are in harmonic proportion, since 6 — 4:4— 3::6:3. In gen- 
eral, a, by c are in harmonic proportion, \fa — l>:b — c\:a:c. 



956. Theo* — If a given line be divided iiiternally and externally 
in the same geometric ratio, the distance between the points of division 
is a harmonic mean betiveen the distances of the extremities of the 
given line from the point not included between them, 

Dem. ^- Let AB be the given line ; and let O and 0' be so taken that 

AO : BO : : AO' : BO' ; then is GO' a har- 

' g — g 57 — monic mean between AO' and BO'. For 

AO = AO'-OO', and BO = 00' - BO'; 
^»o. 490. whence AO', 00', and BO' are such that 

AO — 00' : 00' —BO' : : AO' : BO', that is, they are in harmonic proportion. 



957. Cor. 1. — ^aO, AB, and AO' are in harmonic proportion^ ie^ 
AB is a harmonic mean betiveen AO and AO'. 

For AB - AO (= BQ) : AO' - AB (= BO') : : AO : AO'. 

958. Cor. 2. — Wlien AO, 00', BO' are in harmojiic proportion^ 
AO X BO' = BO X AO'. 

9S9> Cor. 3. — Conversely, Wlien a line is divided into three parts 
finch that the rectangle of the extreme parts equals the rectangle of the 
mean part into the whole line, the line is divided harmonically. 

Thus, let AO' be the line, and AO' x BO' = BO x AO' ; then AO : BO : : AO' : 80', 
whence, by the proposition, 00' is a harmonic mean between AO' and BO'. 

Def. — The points O and O' are called Harmonic Conjugates. 
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fi60. Theo. — If two lines he draton, 07ie Msecting the interior and 
the other the adjacent exterior angle 
of a triangle, and meeting the op- 
posite side,* they divide this line har- 
monicallg. 

SuG.— By means of {358, 359, Part 
II.) the student will be enabled to establish 
the relation AO : BO : : AO' ; BO', whence, 
by the last proposition, AO',00', BO' are in harmonic proportion. 

961' Theo. — In the complete quadrilateral, any diagonal is 

divided harmonically iy the other 

two. 

Dbm. — Thus, AFH is divided harmoni- 
cally at C and H. For, considering BH as 
& transversal of the triangle ACF, we have 
HF X DC X BA = HA X DF X BC. And 
CC, AD, FB being angle-transvei-sals of the 
same triangle, we have CF x BA x DC = 

CA X BC X DF. Whence, dividing, ^ = ^, i.e,, AH is divided harmonically. 

Again, if CH is drawn, CA, CC, CF, CH constitute a harmonic pencil, and BH, a 
transversal of it, is cut harmonically at B, I, D, H. Finally, if F and I be joined, 
FH (or FA), FB, Fl, FD constitute a harmonic pencil, and hence CC is cut har- 
monically at C, I, E, Ct 

962. Cob. — An aDgle-transversal of a triangle, and a line passing 
through the feet of the other angle-transversals, divide the third side 
harmonically. 

963. I^rob.—Oiven a right line to locate two harmonic conjugate 

points. 

Solution.— Let AB be the line. may be taken at pleasure between A and 
B. We are then to find 0', so that AO : BO : : AO' : BO'. Taking this by di- 
vision, we have AO - BO : BO : : AO' - BO' (= AB) : BO'. The first three terms 
being known, the other can be constructed. Or, we may first locate O' at 
pleasure, and then find 0. _«_.^ 

964. Theo. — If from the given point C in a line the distances 
CO, CB, CO' be taken in the same di- ^ c 5 b"" o^ ' 
rection, so that CO x CO' = CB*^ J ci7id if p^^ ^^ 

CA = CB be taken in the opposite di- 

rection, AO' toill be divided harmonically at and B. 

Dem. — From CO x CO' = CB', we readily write CO : CB : : CB : CO', 
CB + CO (= AO) : CB - CO ( = BO) : : CO' + CB (= AO') : CO'- CB (= BO'V 

• The bisector of the exterior nnufle meets the side produced; but in higher geometry, as it is 
always understood that lines are indefinite unless limited by hypothesis, such specificationB are 
deemed unnecessary. 
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965. CoR. 1. — Conversely, If a line AO' be cut harmonically at 
and B, and either of the harmonic means be bisected, as AB at c, the 
three segmefits CO, CB, CO' toill be in geometric proportion. 

For, since AO' : BO' : : AO : BO, AO' + BO' : AO' - BO' : : AO + BO : AG - BO, 
or 2C0' : 2CB : :2CB : 2C0, and CO' : CB : : CB : CO. 

966. Cor. 2. — In a given line, as AB, as o approaches the centre 
Ci O' recedes, and when is at c, O' is at infinity, since CO' = ^' 




967» Then, — The geometric mean between two lines is also the 

geometric mean between their arith- 
metic and hannonic means. 

Dem.— Let AO' and BQ' be the two lines. 
On their difference, AB, draw a semicircle, 
draw the tangent O'T and let fall the perpen- 
dicular TO. Then and O' are haimonic con- 
jugates, since CO x CO' = CB* (?), CO' is the 

arithmetic mean (that is, \ the sum) of AO' and BO' (?) and TO' is the geometric 

mean (?). .'. CO' :T0' : :T0' : 00' (?). 

QuEftiES. — Which is the greatest, in general, the aritlimetic, geometric, or har- 
monic mean between two quantities ? Are they ever equal ? 

968. ScH. — This proposition affords a ready method of finding either of the 
liarmonic conjugates O or O', when the other is given. The student will show 
how. 

969. Cor. 1. — The rectangle of the harmonic means and the sum 
of the extremes, is equivalent to ttoice the rectatigle of the extremes. 

For, CO' X 00' = fa* = AO' x BO', whence 2C0' x 00' = 2A0' x BO' ; and. 
since 2C0' = AO' + BO', (AC + BO') x 00' = 2A0' x BO'. 

970. Cor. 2. — TJie rectangle of the harmonic mean and the dif- 
ference of the differences of the 1st and 27id, and the 2nd and 3rd, 
is equivale7it to ttoice the rectangle of these differences. 

That is, 00' x [fAO' - 00') - (00' - BOO] = 2 ( AO' - OC) (00' - 80'), 
or 00' X (AO — BO) = 2A0 x BO. Let the student give the proof. 

971. Cor. 3. — If three quantities are in hartnonic proportion 
their reciprocals are in arithmetic proportion {i,e,, the difference be- 
tween the 1st and 2nd equals the difference between the 2nd and 3rd). 

For, from AO', 00', BO', we have the reciprocals ^^» sr^,> qq,. Now 

1 1 AO' - 00' AO ,1 1 00' - BO' 

and 



00' AO' "" 00' X AO' "" 00' X AO' ' BO' 00' "" 00' x BO' 
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BO 



00' X BO" 

1 1_ 

AO' ~ BO' 



But 

1 
"00'' 



AO 



00' X AO' 



BO . AO 

OO'xBO' ®*"^® AO' 



BO , J^ 



BO' 



• 00' 



972, JProb* — Oive7i the harmonic mean and the difference be- 
tween the extretnes, to find the extremes. 

Sug'8.— We have 00' and AB, {Fig, 493, Art. 967) given. Then CO x GO' 

= 07* = iAB*, and CO' - CO = 00', whence CO'* - 00' x CO' = iAB*. 
From this equation CO' can be constructed (832) y and the problem solved. 



973. Theo. — When tivo circles cut each other orthogonally {i. e,, 
so that the tangents at the common point are at right angles), any 
line passing throtigh the centre of one, 
and cutting the other, is divided har- 
monically by the circumferences. 

Dem. — The tangents being perpendicular 
to each other pass through the centres, 

hence CO x CO' = CT*. But CB = CT. 
Therefore AO' is cut harmonically. 

Fia. 494. 




974. JProh. — To find the altitude of a triangle in terms of the 
radii of the escribed circles touching the adjacent sides. 

Solution. — Let r and r' be the radii of the 
escribed circles, and p the altitude. Now RT, 
AT, and QT are in harmonic proportion ; since, 
considering the triangle ACT, CQ bisects its in- 
terior and RC its exterior angle (?), we have 
QT : QA : : RT : RA. But r, p, r\ sustain the 
same relation to each other as RT, AT, QT; 
hence r, p, r' are in harmonical proportion. 

Therefore, by (469) p (r+r') =8rr'; or p= ^^ , 

r+r^ 




Fio. 495. 



HARMONIC PENCIIS. 

975» Def. — A Pencil of lines is a series of lines diverging 
from a common point. 

Def. — A Harmonic Pencil is a pencil of four lines cutting 
another line harmonically. 

III.— In the following figure OA. OB, OC, OD constitute a Harmonic Pencil, 
if they divide the line mn harmonically at A, B, C. D. 
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976. TheO' — A harmonic pencil divides harmonically every 
line which cuts it. 

Dem.— OA, OB, DC, CD being a harmonic pencil, that is, AD, BD, CD, being 

in harmonic proportion, A'D', any other line 
cutting the pencil, is divided harmonically, so 
that A'D', 6'D', CD', are in harmonic propor- 
tion. Through C and C draw parallels to OA, 
as LK and L'K'. Now, from similar triangles, 
AB : BC : : AO : CK, and AG : CL : : AD : CD. 
3 But AD : CD : : AB : BC, since AD is harmoni- 
cally divided. Hence AG : CK : : AG •' CL, and 
CK = CL. Hence from similar triangles 
CK' = CL'. Again A'B' : B'C : : A'O : CK' (?), 
and A'D' : CD' : : A'O : CL' (= CK') (?), whence 
A'B' : B'C : : A'D' : CD', or A'D', B'D', CD) 
are in harmonic proportion. 

ScH.—If the line through C cut the prolongation of AG beyond O, it is still 
harmonically divided ; and, in fact, it is scarcely necessary to make this state- 
ment, since in all general discussions lines are to be considered indefinite, un- 
less limited by hypothesis. 

977* Def. — The alternate legs of a harmonic pencil are called 
conjugate, as GA and OC^ OB and OD. 




Fig. 496. 



978. Theo. — If two conjugate legs of a harmonic pencil he at 
right angles, one of them bisects the angle included hy the other pair, 
and the other the supplement of this angle. 

SuG. — This is the converse of {962)y remembering that the bisectors of two 
adjacent supplemental angles are at right angles. 



SECTION VI. 

INHARMONIC RATIO. 

979. Def. — The Anharmonic Ratio of four points in a 
right line is the ratio of the rectangle of the distance between the 
first and fourth into the distance between the second and third to 
the rectangle of the distance between the first and second into the 

distance between the second and fourth. 

D 

III. — The anharmonic ratio of the four points 
A, B, C, D is AD X BC : AB X CD. 



B c 
Fio. 497. 
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980* The relation AD x bc : AB x CD is expressed for brevity 

[abcd]. 

III.— Thus [ABCD] means AD x BC : AB x CD ; [ADBC] means AC x DB : 
AD X BC; [BACD] means BD x AC : BA x CD; etc. The ratio [ABCD], or 

AB A D 

AD X BC : AB x CD is evidently th« same as ^z: - 7^. 

981. ScH. — The appropriateness of tlie term anharmonic (wo^harmonic) 

AB AD 

will be seen when we observe that, if AD is Iia?*monicaUy dividiidy =^ equals ^^. 

AB AD 

If, therefore, s^ ^ ^*^ equal to ^, which is the general case of division, irre- 
spective of the position of the points B and C, we may consider the ratio of 

AB AD 

HC ^^CD' '^^^ general ratio, or, what is the same thing, AD x BC : AB x CD, 

is called the anharmonic ratio. 



982. Theo. — Tlie anharmojiic ratio of four points is not changed 
hy intercJianging tivo of the letters, provided the other ttoo be inter- 
changed at the same time. 

Dem. [ABCD] = [DCBA] =fBADC] = [CDAB], /. e„ AD x BC : AB x CD 
= DA X CB : DC X BA = BC x AD : BA x DC = CB x DA : CD x AB, which 
are evidently identical. [The student should notice the different segments of 
the line indicated by the different forms.] 

983. ScH. — But [ACBD] is a different anharmonic ratio from [ABCD] ; since 
AD x CB : AC X BD is not necessarily equal to AD x CB : AB x CD. Now, as 
there can be twenty-four permutations of four letters, there may be formed six 
different anharmonic ratios from four given points in a line. 



984. Theo. — If a pencil of four lilies is ctct hy any traiisversal, 
the anharmonic ratio of the four points of intersection 
is constant. 

Dem. SL, SM, SN, SO, or, as we may read it, S-L,M,N,0, 
being such a pencil, and AD any transversal, draw through 
C NP parallel to SO. Then, 

ADxBC:ABxCD::|JC;ABj,^jCN:ASj,,j.^,j.p. 

But CN : CP is constant for all positions of C on SM. There- 
' fore AD x BC*' AB x CD is constant for any transversal. 

985. Sen. — Other constant ratios may be written from the preceding prop- 
osition and scholium. The anharmonic ratio [ABCD] is called the anharmonic 
ratio of the pencil. The angles of the pencil are the six angles included by the 
rays. 
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986. — Cor. 1. — If two pencils are mutually/ equiangular their 

anhannonic ratios are equal. 

Query. — Is the converse of this corollary true ? 

987- Cor. 2. — If two pencils have their inter' 
sections in the same right line, their anharmonic 
ratios are equal. 




Fio. 499. 



988. Def. — The anharmonic ratio of four 
points on the circumference of a circle is the anharmonic ratio of 

the pencil formed by joining these points with any 
point in the circumference. 

III. — Thus, the anharmonic ratio of the points A, B, C, D is 
the anharmonic ratio of the pencil 0-A,B,C,D, it being im- 
material where in the circumference the point O is taken, 
since by Cor. 1, preceding, the ratio is the same for any posi- 
tion of (?). 




BC 



Fig. SOO. 



989. Theo. — If four fixed tajigents to a circle are cut hy a fifths 

the anharmonic ratio of tlie four j^oints 
•V of intersection, called the anharmonic 
ratio of the tajigents, is cotistant. 4 




Dem. a, B, C, D being the fixed points of 
tangency, any transversal,, as TV, cutting the 
tangents, has the anharmonic ratio [LMNP] 
Fig. 601. constant. For the pencil 0-L,M,N,P has its 

angles constant. Thus LOM is measured by \ arc (AX — BX) = ^AB, which is con- 
stant. And in like manner MON is measured by \ arc BC, and NOP is measured 
by I arc CD. Hence, by the first of the preceding corollaries, the anharmonic 
ratio [LMNP] is constant 



990. The theory of anharmonic ratio is applied with great facility 
to the demonstration of theorems showing that several points are 
in a right line, and that several lines intersect in a common point 
We give three specimens of each class. 

991. Theo. — If two pencils have the same anharmonic ratio 

and a homologous ray common, the 
intersection of the other homolo- 
gous rays are in the same right 
line. 



Dem.— Let S-A,B,C,D and S'-A , B',C',D' 

be two pencils having the same anharmonic 




M A . 



FiQ. 502. 



AN HABMONIO RATIO. 
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Fio. 503. 



ratio, and the rays SA, S'A coincident; then the intereectionfl E,F, H are in the 
same right line. Let the line passing through E and F intersect SA in K, and sup- 
pose it intersect SD in H', and S'D' in H". Then, since the anharmonic ratios 
of the two pencils are equal [KEFH'] = [KEFH"] ; whence H' and H" are the 
same point, and must be the intersection of the two lines SD, S'D', that is, H. 

992. Theor—If in two right lines four poiiits in the one have 
the same anharmonic ratio as four points in the other ^ and one ho- 
mologous point in cmnmon, the three lines passing through the other 
pairs of homologous poi7its meet in a common 

point. 

Dem.— Let A be common, and [ABCD] = [A'B'C'D']. 
Draw SA and SD'. Call the point in which SD' 
cuts AL D" (for the time being). Then [AB'C'D'] 
= [ABCD"]. But by hypothesis [AB'C'D'] = [ABCD]. 
Therefore [ABCD] = [ABCD"], and D and D" are one 
and the same point. Hence the three lines which 
pass through B and B', C and C, D and D' meet in a 
common point S. 

993. Theo. — If the lines passing through the corresponding ver- 
tices of two triangles meet in a common pointy the intersections of their 
homologous sides lie in the same right line. 

Dem.— Let ABC and A'B'C be 
two triangles so situated that the 
lines AA', BB', CC meet in the com- 
mon point S ; then L, M, N, the in- 
tersections of the homologous sides, 
are in a right line. For the pencil 
S-L, B, A, C being cut by the 
two transversals LD, LD', gives 
[LBAD] = [LB'A'D'] {984). But 
C.L,B,A,D, and C'-L,B'A,D', have 
these anharmonic ratios, hence C-L, 
0,M,N, and C'-UO,M,N, their equiv- 
alents, and having a common ray 
CC', have equal anharmonic ratios, 
and consequently L, M, N are in the 
same right line (991). Fio. 604. 




994:. Theo* — If the inter sect io7i of the corresponding sides of two 
triangles are in the same right line, the lines passing through their 
corresponding angles meet i7i a common point. 

Dem.— In the last figure, if AB and A'B', AC and A'C, BC and BX' have their 
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intersections in the same right line, as LN, the lines passing through B and B', 
A and A', C and C meet in a common point, as S. By {987) C-L,0,M,N has the 
same anharmonic ratio as C'.L,0,M,N, whence [LBAD] = [LB'A'D'], and the 
truth of the theorem follows from (992). 



99S. Theo. — The opposite sides of an hiscrihed hexagon have 
their intersections in the same straight line. 

Dbm. — The anharmonic ratios of the 
pencils B-A,E,D,C,* and F-A,E,D,C be- 
ing equal {988), LCDE, which intersects 
the fii-st, is divided in tlie same anhar- 
monic ratio as NHDC, which cuts the sec- 
ond, or [LCDE] = [NCDH]. But these 
lines have a common homologous point D, 
hence the lines joining the other pairs of 
homologous points, as LN, CC, EH, meet 
in a common point, as M. Therefore 
L, M, N are in the same right line. 

996. ScH. — This theorem is due to 
Pascal, whose wonderful achievements 
in his brief life of thirty-nine years (1623- 
1662) have been the admiration of all suc- 
ceeding generations. 

Fio.605. 




997' Theo. — The diagonals joi?iing the opposite vertices of a cir- 

cumscrihed hexagon intersect in a 
common point. 

DEM.—Consider AB, BC, CD, EF forar 
fixed tangents cut by ED and FA, Then 
[PN DE] = [AQM F] (989), Hence the an- 
harmonic ratios of B-P,N,D,E,* and 
C-A,Q,M,F are equal (985)\ and since 
they have a common ray (CQ, BN) the in- 
tersections A, O, D, of their homologous 
rays, are in the same right line. Therefore 
the diagonals pass through a common 

™ ►^ * point. 

Fio. 606. *^ 




* The Btudent can conadve the rays BE, BD* •tc,, as drawn, without encumberhig the flg^ora 
iththem. 
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SECTION VII. 

POLE AND POLAR IN RESPECT TO A CIRCLE. 

998* Def. — If a secant to a circle be revolved about a fixed point 
in the plane of the circle, the locus 
of the harmonic conjugate of the 
fixed point, in reference to the in- 
tersections, is the Polar of the fixed 
point. The fixed point is the JPole 
of the Polar Line. The terms pole 
and polar as here used are correlative^ 
and neither has any significance 
without the other. 

III. — Let AP be a secant revolving about 
the fixed point P, and let C be so taken that 
(in every position) AC : CB : : AP • BP, then 
is the locus of the Pdar of P, and P is Pio. 607. 

the PoU of the locus of C. 




999* Theo. — The Polar of a given point in respect to a circle is a 
right line. 

Dem. — Let P be the pole, AP any secant 
passing through P, and a point in the polar. 
The locus of C is required. Draw PL through 
the centre, and let fall the peipendicular 
CC. Draw AL, AH, ACT, and CB. Since 
AC :CB:: AP: BP, C'P bisects the angle 
BC'F, the exterior angle of the triangle 
AC'B (?) ; hence, as LAH is a right angle, AL 
bisects NAC, the exterior angle of the tii- 
angle CAP (?). Therefore, PL is harmonically 
divided at C, and H ; and, C being a fixed 
point, and C any point in the locus, the locus 
is the perpendicular TCCV. 







r 




. \ 




\ 


O C 


J? 

V 



^G. 606. 



1000. Cor. 1. — Since, as the secant revolves, the points a and B 
will vanish in C'» C' is the point at which a tangent from the pole p 
touches the circle. 



1001. Cor. 2.-— Drawing OC", C'P, we see that oc' (or oh') 

OC X OP. 
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1002* CoR. 3. — The polar of a point in the circumference is a 
tangent at that point. 

For, as OC x OP is constant and equal to OH^OP diminishes as OC in- 
creases, and when OP = OH, OC = OH also. 



1003. JProb. — To draw the polar to a given pole in respect to a 
given circle. 

Cob. 1 effects the solution. 



1004. JProb. — To find the pole of a polar to a given circle. 

Through the centre draw a perpendicular to the polar. [The student should 
be able to complete the solution.] 



lOOS- Def. — The point c where the polar cuts the line passing 
through the pole and the centre of the circle is called the Polar 
Point. 

1006. Theo. — The pole and polar 
point are interchangeable. 

Dem. — TV being the polar to P, we are 
to show that T'V, parallel to TV and pass- 
ing through P, is polar to C ; i.«., that any 
secant, as AC'C, passing through C\ is di- 
vided harmonically in the intersections with 
the circumference, C, and the intersection 
with T'Vf. Drawing AP, since P is the 
pole of TV, we have, as in the last demon- 
stration, angle APB bisected by PC ; and 
consequently RPB bisected by PC". Therefore AC : CB : : AC': BC'. Q. B. D. 




1007. Theo.- 




Thia. 510. 



Tlie polar s of all the points in a right line pass 
through the pole of that line; and, con- 
versely, Tlie poles of all straight lines which 
pass through a given point are in the polar 
of that point. 

Dem. — 1st. TV being a given line and P its pole, 
we are to show that the polar to any point, as N, 
passes through P. Draw through P a peipendicu- 
lar to ON ; then P' is the polar point to N. 
For, OP : ON : • OP : OB (?) : whence ON x OP' 
= OPxOB = OA*- Therefore, TV is the polar 
of N (?). 2nd. P being any point and TV 
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its polar, the pole of any line, as TV passing through P, is in TV, as at N. 
Draw ON perpendicular to T'V. Then, as before, 

ON X OP = OPxOB=OA',and Nisthepoleof 
T'V. 

1008. Cor. — The pole of a straight line 
is the intersection of the polars of any two 
of its points ; and, conversely, The polar of 
any point is the straight line joining the 
poles of any two straight lines passing 
through that point. 




RECIPROCAL POLARS. 

1009* Def. — If two polygons be constructed, one within, or 
inscribed in, a circle, and the 
other without, or circumscribed 
about the same circle, such that 
the vertices of the one are the 
poles of the sides of the other, 
the two polygons are called 
MeciprocaZ JPolars; and 
the circle is called the Auxiliary 
Circle. 



The possibility of constructing such 
polygons is apparent from the last the- 
orem. When the points P, P', P",^" 
are in the circumference, TV, TT', 
TV, VV become tangents, as appears from (1002). 




Fio. 513. 



1010. JProh. — Having given one of two reciprocal polars, to con- 
struct the other. 

The student should be able to make the construction. 



1011' By means of the relation between reciprocal polars a large 
class of propositions relating to the relative positions of lines and 
points, become, as it were, double ; i.B.y one proposition being proved, 
another can be inferred. The process by which the inference is made 
is called reciprocation. We will give an example. 



IKTBODOOTIDN TO 



1012. Prab. — Jb deduce the reciprocal of Pascals theorem 
(995). 

BoLTTTioiiT.— Draw tangents at the six rer. 
tices at the inBcrit>ed hexagon. Thna, a dr- 
GuniBcribed hexagon is formed whoee aUes 
are the polars of the vertices of the inacribed 
bexagOD, through the vertices of wbicb thej 
respectively pass (1002). Now, drawing the 
diagonals PM, NQ. OL, th^ are the polara 
of the mleisections of the opposite sides of 
the inscribed hexngon, as PM, polar to the 
iDtereecllon of DE and CB (f); and hence 
they pass through a common point, as V. 
Thus we have Brianchon's theorem, viz. ■ 
The Uttet joining the opponiU angles of a eir- 
mmteribti hexagon pat* through a common 




1013. — The three following theorems are of frequent nae ii 
jtljing the theory pf reoiprqcatioo. 



ap- 




1014. Tfieo. — The angle included by two 
straight lines is equal to the angle included hy the 
lines joining their poles to the centre of the auxiliary 
circle. 

Dbm. — The pole of a line 1)eiiig In the perpendicular &om 
the centre of the auxiliary circle upon the line (1000), Or is 
the supplement ofO; heuceo = 0. 



1015. Theo. — The distances of any two points from the centre 
of the auxiliary circle are to each other as the 
distances of each point from the polar of the 
other. 

Dkm. P, P* being the points, and TV, T'V their 
polata respectively, we are to show that 
CP:CP'::PD''!P'D". 

By (iOOJf) R' = CP X CD = CP' X CD', R bdng 
the radiua of the auxiliary circle. Whence 
CP : CP' : : CD' : CD. But CP i CP' = : CF : CE (f), and 
Uiere follows CF : CE : : CD" = CD, CD' - CF (= PD^ 
: CD - Ce (= P'D'") :: CF : CE : : CP 1 CP. 

Soa.— Tills is known u Saimotii TTioirem. 




RADICAL AXI3 AND CENTREB OF SIMIUTUDE OP CIKCLE8. 



19t6- Theo- — The anharmonic mlio of four points in a straight 
line is equal to that of the pencil formed by the 
four polara of these points. 



Dux. — Ifit The poIsTB posa through a common point 
and thus form a pencil (?). 3d. The aogleB included 
by IheliQeEJoiningthe four points with the. centre, and 
those inclnded by the polara are equal (!), hence the 
two pencils have the same anharmonic ratio. 




SECTION VIII. 

RADICAL AXES AITB CENTRES OF SnULITUDE OF CIRCLES. 

1017- Def. — Hie Fower ofu Poitlt\n the plane of a circle 
is the rectangle of the distances from the point to the intersections of 
the circumference by a line passing through the 
point 

III.— Thus, the junoer qf n point P, withoat the circle, 
isPA K PB;— the power of a point within, as P', is 
PA' X P'B' ; the power of a point in the circumference 
is zero, since one of the distan<«s is then ; — the power 
of the centre is the square of the radius. 




1018. Cob. — The power of a given point with respect to a given 

circle is a constant quantity. 

Thus PA X PB = the square of the tangent from P to the drole, in wbaterer 
portion PB lies, so long aa it passes through P. So also P'A' x P'B' = the 
rectangle of the segments of any other chord pasdng through P'. 



10 19. Def.— The Radical Axis of Ttoo Circles is the locns 
of the point whose powers with respect to the two circles are eqn&L 
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1020. Frop. — The Radical Axis of two circles ia a right Wna. 




Deu— Join the centres of the two circles O, 0', utd take a point R on this 
llneauch thatOR'-Ofl' = OT* - OT^'. or OR*- 07* = 5^' - OT'", and 
erect PR perpendicular to Off. Then P being any point in this perpendicular, 
OP* — or' = O'P' — O'R'- Adding ibis to the preceding equation, we have 
OP* - or' = ffP' - OT''. or Pf = PT''. .-. PT = PT'. PT and PT' being 
langenta to the circles from any point in PR. Hence PV is the radical axis of 
the two circles. 

1021- Cob. — WIten the drclex are exterior to each other, the Radi- 
cal Axis lies between tkcjn, touching neither ; when they are tangent, 
either externally or internally, the radical axis is the common tan- 
gent ; when they cut each other, the axis of the common chord produced. 

1022, ScH, — When the circles Intersect it might eeem that Che sbore de- 
monstration &ils for points within, as in the common chord. But, the powers 
of snj point in this chord are still equal. Thus, at the intersections the powers 
are zero ; and at any ether point in the chord, asa, oi x. a» = ad x. ac, since 
each is equal to ao X a*. 

1023- CoK. There is an infinite nnmier of circles having their 
centres in the same right line, which have the same radical axis as 
any two given circles. 

ThoB, in the first figure, PV being the radical axis of the circles 0, O', letting 
circle O remain fixed, 0' may vary Indefinitely so that 0^* — O'T'' remans 
constant, and equal to OR' — OT*. 

1024. JProb. — Given two circles, to draw their radical aids. 

Solution.— Draw a common tangent, bisect it, and throngb the point of 
bisection draw a line perpendicular to the line joining the centres. When the 
circles are tangent to each other, the distance between the points of langency 
is ; hence ilie perpendicular is erected at this point. When they intersect, 
produce the common chord, or use the first method. 



CEKIBES OF BUCLITUDE. 



1025. Frop. — When two circles cut each other orthogonally, that 
is, at right angles, the square of the radius of either is equal to ilte 
power of its centre with respect to the other. 



Dbm.— The power of with respect lo circle 0' is 
Oa X On = op", and of 0' wiih respect to circle O, 
0'6 X O'nt = O'P' ; siace, as the circles cut each other 
orthogonally, tbeir Itmgeuts are at rigbt aogles, and the 
taogent to either paasea through the centre of the 




1026. Prop.— The radical axes of a system of three circles 
whose centres are not in the same straight line, intersect at a common 
point. 

Dbu.— Since 0, 0', 0" are not 

in a straigtit line, the radical axea 
of O, 0', and O, O", as PV" and 
Let P be their 
□ point Now the power 
of P with respect to O' is equal 
to its power with respect to 0", 
tince each is equal to its power 
with respect lo O. Bence P ia a fis. b»l 

point in the radical azis of O', O", 

1027. Cob. — If the centres are in the same straight line, their 
radical axes are parallel, and the common point is at infinity. 

1028. Def. — The interBection of the radical axes of three circles 
is called their Radical Centre. 




CEKTBES OF SUHLITIIDE. 

1029. Def.— If the line joining the eentreff of iwo circles be 
divided externally, as at c, 
and internally, as at c, 
in the ratio of the radii, 
these points are respectively 
the External and the 7a- 
iernal Centres of Sim- 
ilitude of the two cir- 
cles. ^''- <«■ 

111— If CO ; CO' t r eO : E'O', C is the external centre of similitude ; and, if 
CO ' CO' : : EO : E'O', C is the internal centre of simllitade. 




S2ff INTRODUCTION TO MODERN GEOMETRY. 

The student should construct the figure when tlie circles are tangent exter- 
Jialiy,— when they ane tangent internally, — and when one is wholly within the 
other. 

QxTBRT. — How are the centres of similitude situated in the three different 
relative positions of the circles ? 



1030» Prop, — In ttoo circles the line passing through the ex- 
tremities of two parallel radii on the same side of the line parsing 
through the centres, intersects this line in the external centre of sim- 
ilitudCy and if the radii are on opposite sides of this line the inter- 
section is the internal centre of similitude. 

The proof consists in showing that the line passing through the centres is 
divided as above. Let the student show it for the three different positions of 
the circles. 

1031. CoR. 1. — Conversely, If any transversal be drawn from 
either centre of similitude, the radii drawn to the intersections are 
parallel. 

Thus in the last figure, since CO : CO' : EO : E'O', and the triangles have the 
angle C common, EO and E'O' are parallel. 

1032. Cor. 2. — Tangents drawn at the alternate intersections of 
a transversal through the external centre of similitude are parallel ; 
also, those at the mean intersections, and those at the extreme inter- 
sections, if the transversal he drawn through the internal centre of 
similitude. 

This follows as a consequence of the parallelism of the corresponding radii, 
to which the tangents are perpendicular. Thus, tangents at E and E' are par- 
allel, as are those at F and F'. So, also, tangents D and D', and at E' and E'' are 
parallel. 

1033. Def. — The extremities of two parallel radii on the same 
side of . the line joining the centres are called Homologous Points, 
and those of non-parallel radii where the transversal cuts the 
circumferences, as E, ¥', are called Anti-Homologous Points. 

1034. Cor. 2. — The distances of a centre of similitude from two 
homologous points are to each other as the radii. 

1035. CoR. 3. — Tlie centres of similitude and the centres of the 
circles ave four harmonic points. 



1036. Prop. — If a circle touch ttoo others, the line joining their 
poinds of contact parses through the external centre of similitude of 
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the latter if the contacts are both external or both internal; and 
through the internal centre of similitude if the contacts are the one 
external and the other tntemoL 




Dkm.— Id dther case let 0" be the circle tangent to 0, and 0' ; and throuf[ta 
the points of tangency draw E'C. The angle 0"E'F = 0"FE' = EFO = FEO ; 
whence OE and O'E' are parallel, and the similar triangles CEO, CE'O' give 
CO : CO' ; : OE : O'E'. [The Student should make Uie other conatructions.] 

1037. Prob. — To draw a line parallel to a given line so that the 
distance between the extreme intersections with two given circles nhall 
he a maximum. 

Solution, — Draw a line through the internal centre of Bimllitude and par- 
allel to the given line. Now, at the extreme intersections draw tangents, and 
it will become evident that the line first drawn is a maximum. [The student 
should make the figure and fill out the proof.] 

If the circles are wholly exterior to each other, the distance between the 
mean intereections is a n 



1038. CoNCLUDmo Note. — Our limits preclude ^onr pnr«ning these topics 
forther. We have given enough to make the language of the Modem Geome- 
try intelligible, and to afford some insight into ita character. One of the best 
elementary resources for the English student who wishes to pursue the subject 
at greater length, is Mulcaht's Principle* of Modei'n G&mietrjf, Dublin, 1862. 
It is, however, much to be regretted, Itaal there is no Bngliah treatise which 
presents the elements of this subject with the philosophic elegance of the 
French. The best of the latter is RotiCHfe and Cohbbrocibsb's Treatise on 
Elementary Geometry. For a more extended view of the subject, Salmon or 
WHiTwonTHwilllbmish the English student; but he who would be proficient 
must read (he works of Chabucb and Poucxlet, who «re the great authorities. 
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